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INTRODUCTION TO
DIFFERENTIAL EQUATIONS

1.1 | Definitions and Terminology

10.

11.

12.

13.

14.

. Second order; linear
. Third order; nonlinear because of (dy/dx)*

. Fourth order; linear

Second order; nonlinear because of cos(r + u)

. Second order; nonlinear because of (dy/dx)? or \/1 + (dy/dx)?
. Second order; nonlinear because of R?

. Third order; linear

. Second order; nonlinear because of 72

. Writing the boundary-value problem in the form z(dy/dr) + y? = 1, we see that it is nonlinear

in y because of y2. However, writing it in the form (y? — 1)(dz/dy) + = = 0, we see that it is

linear in .

Writing the differential equation in the form u(dv/du) + (1 + u)v = ue® we see that it is linear
in v. However, writing it in the form (v + uv — ue*)(du/dv) +u = 0, we see that it is nonlinear

in u.
From y = e~%/2 we obtain y = —4e~%/2. Then 2y’ +y = —e /2 +e72/2 = 0.

From y = g — ge_QOt we obtain dy/dt = 24e=2%% so that

dy oq.—20t 6 6 o0\ _
7t + 20y = 24e + 20 5 56 = 24.

3z

From y = €3% cos 22 we obtain 3 = 3e3% cos 22 — 2¢3% sin 2z and y"" = 5e3* cos 2z — 1237 sin 2z,

so that 3" — 6y’ + 13y = 0.

From y = — cosz In(sec x + tanx) we obtain ¢ = —1 + sinz In(sec x + tan x) and

y" =tanz + cos x In(secx + tanz). Then 3’ +y = tan .
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15. The domain of the function, found by solving 42 > 0, is [~2,00). From 3/ = 1+ 2(x42)~1/?

we have

(y—a)y = (y—2)[1+ 2 +2)7"?
—y—z+2y—z)(x+2)"?
—y—az+2z+4@x+2)V? —z](x+2)"?
—y—2+8x+2)(x+2)" V2 =y—z+8.

An interval of definition for the solution of the differential equation is (—2,00) because ¢’ is
not defined at z = —2.

16. Since tanz is not defined for x = 7/2 + nw, n an integer, the domain of y = 5tanbz is
{z |5z #m/2+nr} or {x | x # /10 + nw/5}. From y' = 25sec? 5z we have

y' = 25(1 4 tan? 5z) = 25 + 25 tan® 5z = 25 + 2.

An interval of definition for the solution of the differential equation is (—m/10,7/10). Another
interval is (7/10, 37 /10), and so on.

17. The domain of the function is {z | 4—2? # 0} or {x | # # —2 or # # 2}. From y = 2z/(4—=?)?

we have
1 \? )
/_ pE—
y —2“’(m> = 2oy

An interval of definition for the solution of the differential equation is (—2,2). Other intervals
are (—oo,—2) and (2,00).

18. The function is y = 1/4/1 — sinx, whose domain is obtained from 1 — sinz # 0 or sinz # 1.

Thus, the domain is {z | # # /2 + 2n7}. From y' = —5(1 —sin 2)~3/2(— cos x) we have
2y = (1 —sinz) 32 cosz = [(1 —sinz) " cos & = > cos .

An interval of definition for the solution of the differential equation is (7/2,57/2). Another

interval is (57/2,97/2) and so on.
19. Writing In(2X — 1) — In(X — 1) = ¢ and differentiating implicitly we obtain

2 _dX 1 dX
2X —1 dt X-—1dt

21 \dx
2X -1 X-1) dt

2X —2-2X+1dX _
X -1)(X —-1) dt

- X X )= (X -1 2x),

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed
with a certain product or service or otherwise on a password-protected website for classroom use.

© Cengage Learning. All rights reserved. No distribution allowed without express authorization.



© Cengage Learning. All rights reserved. No distribution allowed without express authorization.

1.1 Definitions and Terminology

Exponentiating both sides of the implicit solution we obtain Ya
41
2X —1
— et 3t
X -1 5l
2X — 1= Xe! — ¢ W
el —1=(e —2)X —TT== >
3 2 -1 [y 1 2 3 =z
t__ 1 1l
x="- |
et — 2 2

Solving e! — 2 = 0 we get t = In2. Thus, the solution is defined on (—o0,In2) or on (In2, o).
The graph of the solution defined on (—o0,In 2) is dashed, and the graph of the solution defined
on (In2,00) is solid.

20. Implicitly differentiating the solution, we obtain YA

dy dy
| 2y = =0

. dx 7Y+ yd:v
—2%dy — 2zydr +ydy =0

2zy dx + (2% — y)dy = 0. o

Using the quadratic formula to solve y? — 222y — 1 = 0 for y,

we get y = (222 £ Vdat +4)/2 =2? £ V' + 1. Thus,
two explicit solutions are y; = x? + Va2t +1 and y, = 22 — V2% + 1. Both solutions are
defined on (—oo,00). The graph of y;(x) is solid and the graph of y, is dashed.

4l

21. Differentiating P = c1e’/ (1 + clet) we obtain

P (1 + clet) cret —cret - cret B cret [(1 + clet) — clet]
dt (1+cret)’ Cltee 1+ cret
t t
__ad [j__ad J_py_p
1+ cret 1+ cret

x
22. Differentiating y = e_mz/ e dt + 616_9”2 we obtain
0

x x
= e 21‘6_:62/ et dt — 2613:'6_”32 =1- 2$6_$2/ et dt — 201:Ue_$2.
0 0
Substituting into the differential equation, we have

T T
y + 22y =1-— 2:Be_x2/ e dt — 2cize™™ + 2:Ue_$2/ e dt + 2cize™™ = 1.
0 0

d 2
23. From y = 162 4+ core®® we obtain d—y = (2¢1 + 02)62”3 + 2029362”3 and d_g = (4cy + 402)62“’ +
T T
4ese®®, so that
d? d
d_:g — 4d_y + 4y = (4e1 + 4eg — 8¢p — 4ea + 401)62‘” + (4co — 8co + 462){[)62‘7: =0.
T T
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24. From y = ezl + cox + csz Inx + 422 we obtain

d
d—y = —clx_z 4+ co+c3+ cglnx + 8z,
x
d2
d_snz = 2012 2 3z + 8,
and
d3
d_asz = —60137_4 — 0337_2,
so that
d? d? d
$3d_:fé+2x2d_:f; —$£+y: (—661+401+01+01)1‘_1+(—C3+203—62—63+62)SL‘
+ (=3 + e3)zInz + (16 — 8 + 4)z?
= 1222
2
] <0 . -2 5 <0
25. From y= 23: . we obtain 1y = oo so that xy’ — 2y = 0.
T4, T > 2, x>0
26. The function y(z) is not continuous at x = 0 since lim y(z) =5 and lim y(x) = —5. Thus,
z—0~ z—07+

y'(z) does not exist at x = 0.
27. From y = ™" we obtain 3’ = me™*. Then 3’ + 2y = 0 implies

me™* + 2™ = (m + 2)e™* = 0.

Since €™® > 0 for all z, m = —2. Thus y = =% is a solution.

28. From y = €™* we obtain 3y’ = me™*. Then 5y’ = 2y implies

mx — 267'7‘[/.’17

2
5 =z
me or m 5

2z/5

Thus y =e > 0 is a solution.

29. From y = €™ we obtain y = me™® and y” = m?e™*. Then v’ — 5y + 6y = 0 implies

m2e™® — 5me™® + 6™ = (m — 2)(m — 3)e™* = 0.

3x

Since e™® > 0 for all 2, m = 2 and m = 3. Thus y = €?* and y = €3* are solutions.

30. From y = ¢™* we obtain 3 = me™® and y” = m?e™®. Then 2y” + 7y’ — 4y = 0 implies

2m2e™® + Tme™® — 4T = (2m —1)(m+4)e™* = 0.

1

Since e™* > 0 for all z, m = 5 and m = —4. Thus y = e”/2 and y = e?

T are solutions.
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