Chapter 11 Taylor Polynomials and Infinite Series

11.1 Taylor Polynomials

1. p3(x)=sin0+cos(0)x+_Szlr'lox2 —c3o's0x3: _1x3
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; 1 o x? 1 g x° 11 1
2. p3(x)=e0 —2e xt—e 02 02ty 2 3

X+—x"——x
4 21 8 3! 2 8 48

2 3
3. py(x) =56 410> O x + 2062 % + 4062 % =5+10x+10x2 +?x3

2 3
. . 25
4. p3(x) = cosn+(5s1nn)x—(25005n)%—(12551nn)% = —1+7x2

4x? ¥

5. p3(x)=1+2x—7+24?:1+2x—2x2+4x3
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7. f(x)=xe>; f/(x) = > +3xe>
F7(x) =36 +3e>F +9xe> = 66> +9xe™*
F7(x) =18 +9¢>* +27xe>* = 27> +27xe>

2 3
p3(x) =0+(1+0)x+(6+0)%+(27+0)% = x+3x2 +%x3
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356 Chapter 11 Taylor Polynomials and Infinite Series

11. See Example 3 on page 515 in the text for the

derivation of the Taylor polynomials at
x=0.
fix)and py(x)=1+x

8

12.

f(x) and py(x) = x =

13.

14.

15.

16.

y =sin x

3

v-i-%
2 n
x X
pa(x)=e’ +elx+e’ Tt
2! n!
X x"
=l x+—t et —
2 6 n!

Po(x)=02+2(0)+1=1
p1(x)=1+(2(0)+2)x =1+2x

X2 2
pz(x)=1+2x+27=1+2x+x

Since f"(x)=0 foralln>3,
P, (x)=py(x)= f(x) foralln>3.

S =In(+x2); £1(6) = —rs
1+ x

2(1+x%)—4x?  —2x%+2
(1+x%)? (1+x%)?
x2
P, (x) = In(1) + (0)x + 2757 = x?

S =

1/2
J-1/21 e D= (122 X
0 n( x)x~_|.o X x—3
0
=Lz.0417
24
—sinx
x)=+cosx; f'(x)= ;
S (x) J(x) N
£7(x) = —2cos x+/cos x +sin? x(cos x)_”2
’ 4cos x
2
pz(x)=1+ix—lx—=1—lx2
2() 22! 4
1 1 1 5
j_lx/cosxdx~'[_l(l—zx )dx
1
S
12 , 6
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17.

18.

19.

20.

21.

22,

23.

Section 11.1 Taylor Polynomials 357

1 . ” _ 2 . " — 6
(5-x)72" ! (x)_(s—x)3’ 77 (5-x)*
2 3
514 1 (x-d)- 2 3(x—4) L6 4(x—4)
(5-4)2 (5-4° 21 (5-4* 3

=1+(x—4)+(x—4) +(x-4)°

f(x)= 5#; 1) =
- X

p3(x)=

£ =Inx; f'(x)=1; f”(x)—— 10 =2 D )——

pa(x) = 1n(1)+ (x 1)—L(x2vl) +133(x;1) +1£4(x:“1)

= (x—l)—%(x—l)z +%(x—1)3 —%(x—l)“

flx)=cosx; f'(x)=-sinx; f”(x)=-cosx; f”(x)=sinx; f(4) (x)=cosx
(x-m® . (x-m’

. 1
p3(x) = cos T—sin 7(x — 7T) — cos T 0 +sinm 3 =—1+5(x—1t)2

(x-m*
4!

=—1+%(x—1‘c)2 Lo

x) = p3(x) +cosT
P4(x) = p3(x) o

F)=x>+3x—1 f/(x)=3x2+3; f7(x)=6x; f”(x)=6; f"(x)=0 forall n>3.

(x+1) (x+1)
+6 3

p3(x)=(- ? +3-D-1+Q@G- 1) +3)(x+D+6(-1)

p4(x) = p3(x)

=-5+6(x+1)— 3(x+1) +(x+1)

1) =x; f’(x)=ﬁ; f”<x):-%x—3/2

a9 51 ( _9)——L (x—9)?

1 1
pZ(x):\@JrT(x_g)_f 21 216

3 (3)
9.3 3+———~304958
p2(9.3)= 216

o=t () =1 f~<x)=_i

po(x)= 1n(1)+ (x— 1)_%("2'1)

=(x-1) —%(x— 1)’ = py(8)=-2 —%(—.2)2 =-22

F) =xt+x+1 /(0 =4 +1; f7(x)=12x7; f7(x)=24x; [P (x) =24
FM(x)=0 alln>4.

po(x)=2%+2+1=19

1 (X) =19+ (4(2)° +1)(x —2) =19 +33(x - 2)

2’ =19+33(x—2) +24(x - 2)°

P (x)=19+33(x—2) +12(2)> =L (x— o,
p3(x) =19 +33(x — 2) + 24(x — 2)* +24(2)%= 19433(x—2) +24(x - 2)> +8(x — 2)°

=19+33(x—2)+24(x - 2)? +8(x = 2)> + (x = 2)*; p, (x) = p4(x) forall n>4.

4
Pa(¥) = py(x)+ 24%
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358 Chapter 11 Taylor Polynomials and Infinite Series

n+l
24. f(x)=l;f'(x):_iz; f”(x):%; f7(x) =~ f(rt)(x) D" n!
X X x —x
_12 13 3
pn(x)_l—(x—1)+2(x2ll) _3'(x3l1) ..+(—1)"n!—(xn!1)

=l =D+ -2 = =1+ +(=])"(x-1)"

25. The expression on the right must be the Taylor . 3) 3
expansion of f{x) at x = 0. Therefore, b.  The function /™ (c)= §C

£7(0)=-5 and f”(0)=17.

2 s positive
and decreasing for ¢ > 0. Thus for all
1

26. The expression on the right must be the Taylor c>9, ‘ f(3) (c)‘ f(3)(9) == )
.35 648

expansion of f{x) at x = 1. Therefore,

S7M)=3 and f"(1)=-

1
¢. lerror] = R,(9.3) < ®%8.(3)* (from partb
27. a. Iffix) =cos x, then f(4)(x):cosx as | | 2093) 3! (37 ( P )

1 -3 -6
well, so ‘f(4) (c)‘ <lcos(c)| <1 forall c. =Taa X107 <7x10
cos(c) 3) 2
b. R;(0.12)=————=(0. 12) for some ¢ 30. a. f(c )— <(8_)<4 for all ¢ > .8,

between 0 and 0.12. From part (a), it 2
follows that since f (3)(x) =— Is positive and
X

|R3 (0.12)| = |error in the approximation| decreasing for x > 0

2

s%(.lz)“ =8.64x10°°

: 3 1

b. Rz(x)zi(x—l)3 =—(x—l)3 for some ¢
3! 3¢3

28. |R4 (0.1)| = |error in the approximation|

f(s) (c)( 1) between 1 andx By part (a)
IR, (:8) <|— ><10‘3 <.0054 .
for somec, 0 <c<.1.
Now [P (c)=¢¢ <™ forall0<c<.1, R R LS SV S B
. - . 1-
since e” is increasing on [0 1]. Therefore When b = .55, the difference is approximately
g 222-2.11=11.

|error n approx1mat10n| <— ( 1) =021x10 When b = —68, the difference is

approximately .682 — .595 = .087.

<%(.1)5 ~25%1077.

29. a. f’”(x)z%x_S/ 2 ]
Ry(x)= A ;c)( —9)3 [~1, 1] by [-1, 5]
3 c—5/2 —5/2
= (x=9)° = (x-9)°

for some ¢ between 9 and x.
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32.

33.

34.

11.2

1
N _l—x

Vs Slx+x2 400 +xt 0+ 204X

When b = .68, the difference is approximately
3.125-2.982 = .143.

When b = —.77, the difference is
approximately .565 — .495 = .07.

]

(-1, 1] by [-1, 5]

x 1L o 1 35 1 4
yi=e, ¥y, 1+x+2x +6x +24x
Choose b = 1.85. Then the difference is
approximately 6.3598 — 6.1046 = .2552. When
x = 3, the difference is approximately

20.0855-16.375=3.7105.

[0, 3] by [—2, 20]

1
V] =COSX, ¥, =1—Ex2
Choose b = 1.2. Greatest difference over the

interval [-1.2, 1.2] is approximately
0.3624 — 0.28 = 0.0824.

£,

AN

[-4.7,4.7] by [-3.1, 3.1]

The Newton-Raphson Algorithm

. Let f(x)=x>-5, f'(x)=2x.

2 u—
szz; x1=2—2 5:225
2(2)
2 —
Xy =2.25 _2) -5 =2.2361
2(2.25)
2 —_—
x5 =2.2361 _(2236)7 =3 = 2.23607
2(2.2361)

Section 11.2 The Newton-Raphson Algorithm 359

. Let f(x)=x>=7; f'(x)=2x. xp=3;

2 J—
v =3-2"T 1667
23)
2 -—
2y =2.667- 2987 =7 1 6asg
2(2.667)
2 —
vy~ 26458~ 2088 —T 5 64575

2(2.6458)

. Let f(x)=x>—6; f/(x)=3x>.

23—
22? ~1.8333

Xg=2,x =2-

1.8333° -6
3(1.8333)2
_1.81726° -6

3(1.81726)2

x, =1.8333 - =1.81726

x3 =1.81726 81712

. Let f(x)=x>-11; f'(x)=3x2

211
2)?
3 p—
X, =225 —2‘25—121 ~2.2243
3(2.25)
222433 —11
3(2.2243)?

=225

Xg=2;x =2~

Xy ~2.2243 - ~2.22398
f()=x*—x=5; f'(x)=2x~-1
22-2-5
2(2)-1
32-3-5
23)-1
2.82-28-5

X3 =28-S0 =22 227913
2(2.8)-1

x0=2;x1=

Xy =

F(x)=x2+3x—11; f(x)=2x+3

(=52 +3(5)-11 _
2(=5)+3

(-5.1429)% +3(-5.1429) - 11

-5.1429

xO :_5; xl =-5

Xy ==5.1429 -
2(-5.1429) +3
~ —5.14006
- 2 _ _
£y = —5.14006  (75:14000)° +3(-5.14006) -1
2(-5.14006) +3
=~ -5.14005

f(x)=sinx+x? —1; f(x) = cosx +2x
'xO = 09 -x] = 15 -x2 = 66875, x3 = 63707
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10.

11.

12.

13.

Chapter 11 Taylor Polynomials and Infinite Series

f(x)=e*+10x-3; f'(x)=€" +10
o =0, x =.18182, x, =.18025,
3 ~.18025

Y

(0, 2)

xT

Xo = _1, X = _8, Xy = _77143,
x3 = —.77092

y

y=x"+x-1

If x5 =0, then x; =1, x, =.75, and
x3 =.68605. The other two zeros are
complex.

f)y=e ™ =x% f/(x)=—e " -2x
Xo =1, x, =.73304, x, =.70381,
X3 =.70347

f(X)=e" T 4+x-10; f/(x)=—e " +1
There are 2 roots. Starting with x, =3 gives
x; =3.06089, x, =3.06315, x5 =3.06315.
Starting with x, =9 gives x; =10,

Xy =9.99322, x3=9.99322.

The internal rate of return i satisfies the
equation

500(1+1)> —100(1 +i)> —200(1 + i) — 300 = 0.

Puttingx=1+1,

7(x) =500x> —100x> — 200x — 300;
77(x) =1500x2 - 200x — 200

If x5 =1.1, we have

x; =1.08244, x, =1.08208, x; =1.08208.
Thus i = .0821 or 8.21% per month.

14.

15.

16.

17.

18.

20.

21.

22.

The internal rate of return satisfies the
equation 1000(1+7)> —10(1+7) —1050 = 0.
Putting
x=1+i, f(x)=1000x>—10x 1050,
f’(x)=2000x-10, x, =1.1, we have
x; =1.03196, x, =1.02971, x5 =1.02971.
Thus, i =.02971 or 2.971% per month.
The interest rate i satisfies the equation
i) =0, where f(i)=563i+116((1+i)~> —1);
(i) =563 —580(1+1)%. Starting with
ip =0.02 gives i; =0.01323, i, = 0.01062,
iy =~ 0.01003.
Thus the monthly interest rate is about 1%.
The interest rate 7 satisfies f{i) = 0, where
(i) =100,050i +900((1+i) ** —1).
77(i) =100,050 — 216,000(1 + i) !
Starting with iy =.02 gives
i) =.00871, i, =.00757, i3 =.00750. Thus the
monthly interest rate is about .75%.

X = 35, Xy = 3.0

Y

2

it /4

! A
72;

m = 4(slope) = f'(x) atx=3,f(3)=17.
_S) 5 175

X1 =Xg

Sy T4 4
m=-2(slope) = f'(x) atx=1,/1)=2;
xy>0
V125 0, V12
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23.

24,

25.

26.

27.

28.

Given any x,, x; will be the zero of f{x).

mxy +b
X =Xg — .
m
mxy +b
f(xl)zm(xo— v )+b:0
m
If the first approximation is a zero of f (x),
then x; = x, =---=x,, since
X=X 0 X
1=%0 =~ 1~ %o
S (xp)

F@ =25 @ =170
1
X0 =1, X1 =1—_=—2,
5)
)
(l)(_z)—zn
3

The iterates diverge.

Vi

X2=—2— =4’ x3=4—12=—8

xo =1L x —1—1—=— ;
(z)0
-1
Xy = —I—T\[: I; x3 =—1; etc.
(3)
Assume that the calculator displays up to

10 digits. For f(x)=x? -4, x, =2 when

n=4.For g(x)=(x— 2)2, x, =2 when
n =31. This difference is due to the
derivatives: f’(x)=2x, whereas

g(x)=2(x-2)=2x-4.
Vi
N

[—6, 6] by [—5, 10]

f(x)=x>=5x,x5=1

The values of x,, alternate between —1 and 1.
The tangent line at x =1 is y =—2x — 2 and at
x=-11s y =-2x + 2. The Newton-Raphson
algorithm starts at x, =1, calculates the
tangent line at (1, —4) that leads to x; = —1.
Then the algorithm calculates the tangent line
at (-1, 4) that leads to x, =1. This repeats

indefinitely, so x3 = -1, x4 =1, etc.

29.

30.

11.3

Section 11.3 Infinite Series 361

[_27 2] by [_27 2]
a. xq =1.1 leads to the zero at x = V2.

b. x,=0.95 leads to the zero at x = 2.

c. xy=0.9 leads to the zero at x =0.

x2

T=r 2

[-3,3]by [-0.5, 1]
Choose xy =1 or xy =—1. Then x; =0.

Infinite Series

.. . 1
The series is geometric witha =1, r = g, SO

the sum is llzé.
-—- 5
6

.. . 3
The series is geometric witha =1, r = Z, SO

the sum is =4,
1-3
4
1 9
a=1,r=——; sum=—7=—
1+- 10
9
1 8
a=1,r=—; sum=——-=—
1-1 7
8
1 2
a=2, r=—; sum=——-=3
3 1-3
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12.

13.

Chapter 11 Taylor Polynomials and Infinite Series

a=3, r=—; sum= =5
1-2
5
1
1 s 1 1
a:—’r:—:—:—
5 % 53 125
: 25
sum = 1 =m
T 125
1
1 1 33 1
a:—z——, }":—T:——
3 9 o 3
1
sum:L:i
+1 12
3
_3
a=3;r:—7:—3
3 7
3 21
sum = ——5 = —
1+3 10
7
-1.2
a=6; r=——=-2
6
sum=——=35
1+.2
24
2 2 - 208
a:—:—;r: = —=
5% 625 2

54

Since |r| > 1, the series diverges.

34
32 9 w9
a=—= —; = - = —
2% 32 Y
25
Since |—|{>1, the series diverges.

a=2>5; r=i; sum:i=25
5 1-4
5
3 125 Ty 25
a:—:—;]/’: 3 = -
3 5 27
3
2 125
sum = 25=5—2
1+E

15 272727 =L 2L 2y
100 100 100
. . . . 27
This is a geometric series with a = —;
100
1 — 27 3
r =——. Therefore 272727 =10 = =
100 -l
100
16. 0173 73=0 4 173
1000 1000°
. . . . 173
This is a geometric series with a = ——;
1000
r= L Therefore,
1000
173
173173 = 1000 — 173
100 099
= 2
17. 02222="4——= =4
10 10% 10’
. . . . 1 1
This is a geometric series with a = g; r= o
_ 1 2
Therefore, 222 =—3 ==,
1-L 9
10
15 15 15

18. 0.151515=——+

—_— _ .
100 100>  100°
This is a geometric series with a = 23—0;

1 — 3 5
r = ——. Therefore, 0.151515=—20— = —,

1
100 -0 33
19. 0.011011=— 4+ L.
1000 10002
This is a geometric series with a = 1 and
1000
11
r=L. Its sum is L‘)(izi,
1000 T 999
Therefore, 4.01 1011=4+ l = M
999 999
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20.

21.

22,

23.

24,

25.

26.

27.

0.44Z:i+i+i+
10 102 10°
1

, r=—.

10

[(TARS)

This is a geometric series with a =

2
. 5 4
Its sum is —— =—. Therefore,

10

sa4i=s5+2-2
9 9

0999 =~ 42+ 2
10 10% 10°
This is a geometric series with
9 1 .
a=—, r=—. Therefore, .999 = 10—,

’ 1
10 10 -1

0.1212 1212 4

0.12121212 = = =—
1-0.0001 9999 33

The additional spending would be
10(0.95) +10(0.95)% +10(0.95)° + ---
~10(0.95)
1-0.95
=190 billion dollars

The effect on spending would be
20(0.98) + 20(0.98)% +20(0.98)° + ---
~20(0.98)

©1-0.98
=980 billion dollars

0.98 — 49,
1-0.98

In this case, the “multiplier” is

a. Y 100(1.0n7*
k=0

b. a=100; r=L
1.01

sum= =$10,100

_ 100
101

The capital value is

N PA+r)" =Y Pl+r)" -P
i=1 i=0
P__,_P

1--L r
1+r

Amount = 1,000, 000[1 + (0.396) + (0.396)?
+(0.396)° +...+(0.396)" +...]

=1,000,000 [;) = $1,655,629
1-0.396

28.

29.

30.

31.

32.

33.

34.

3s.

36.

37.

38.

Section 11.3 Infinite Series 363

Total distance
=6+0.7(6) +0.7(6) +0.7(0.7(6)) + -
=6+2(6)(0.7)[1+0.7+(0.7)% +(0.7)° + -]

=6+8.4 (Lj =34 feet
1-.7

6+6(0.7)+6(0.7)> +6(0.7)> + -+

6
=—% _20m
1-0.7 &

5 SN G S
2+2(0.8)+2(0.8) +2(0.8) +""2(1—o.8)

=10 mg
Since we wish to know before a dose is given,
10 -2 =8 mg.

1
1-0.75

3 3V

M+—M+(—j M+~--:M( j:4M
4 4

4M =20, s0 M =5 mg.

M
1-(1-9)

M
=—mg

M+MA-g)+M1-q)* + =

a. S10:3_%:2.5

b. Yes, since lim (3 - E) =3,

n—oo n
1
a. S10:10_5299

. . 1 .
b. No, since lim (n ——) does not exist

n—oo n

Copyright © 2018 Pearson Education Inc.
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o

k+1 oo k
39, 2( 1)"3 _32(__j 3B

40.

41.

42.

43.

44.

45.

46.

Y

k=1

a.

(1)2(1)_1
3 al\e) 1-g 8

(A-r)a+ar+ar’ + - +ar")y=a+ar+ar’ + - +ar" —ar—ar* — - —ar" —ar"" =a—ar"

a_arn+l a arn+l
Thus a+ar+ar’+ - +ar" = = - .
I-r 1-r 1-r

arn+l
Asn — o,

a ar"! a
Ear—hmzar—hm - =
l:l—r 1

n_)ook 0 n—oo 1-r -r

approaches 0 if |r| < 1. Hence, in this case,

n+l
If |r| >1, increases without bound as n — . Thus in this case, the series diverges.
-r

If =1, then the series is a + a + a + -+ which clearly diverges. If » = —1, then the expression in part (a)

. Thus the partial sums alternate between 0 and ¢ and lim 2 ar® does not exist.
n— k=0

a_an"
2

From the hint it follows that 2 > 2 which diverges.

k= 1

2 2 2 2 2 2 2

—— =t —at—ct ==t —+—+
3 32l 3220 323 9 81 729

E

5

x=1

X+l
x=1 9 x:l9

1 1 1

(G T o) S G VR G VN G R GV

1 1
p— p— _+_
2(x+1) 22 23 24 25 26 4 8 16 32 64

2x
DL UL UL S P TP S
2("“) 2 4 8 2 2 2

FBx+) g4 47 510 513 516

Torl g2 T3 T gt s TgE
SR 2(8j)‘_ 216
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Section 11.4 Series with Positive Terms 365

+1 b b
47. 2 "(” ) 3. L S L
2 (x-1)° 2 , 2 2
g:x:ss:M:ss Thus [T——av=L and ¥
x=1 2 2 (x-1)° 2 =2 (k— 1)
converges.
Ex 12752 2000%D _ 1595
b
4. | de=71n(x+100)|’3
100 100(101) 0 x+100
Y x=5050 = ——= =5050 =7ln(b+100)—71n100
x=1
Thus ——dx diverges, so
n ) Jo w5100 x+100 & zk+1oo
48. Y (2x-1)=n d
o 1verges.
3 b2 2 b
Y 2x-1)=1+3+5+7+9=25 5, f—dx=—ln(5x—1)
x=1 15x—1 5 |
10 5 10 2 2
Y @x-)=) 2x-D+ Y (2x-1) =gln(5b—l)——ln4
x=1 x=1 x=6
=254+114+13+15+17+19 Th J.oo g di 2
_ _ us X diverges, So
s =254+75=100 1 5x—1 g Sk—l
2(2x—1)=625 (using a calculator) diverges.
x=1
49, [Eumizeail CRIIN 6. Lx = dx = 2\/1nx‘ =2vInb -2VIn2, so
21,995, 1%
g LrE43IIITET =
n —— diverges.
. 1.644934067 Z,z PN g
7 J‘m;dx —(x2+1)_”2‘b
. Teear i 1) Lnt : 2, 32
et e
IniEs =—-2+)7V2
. 6931471 506 J5
—5 =25 converges.
11.4 Series with Positive Terms b
b 1 1 -2
b b 8. | ——dx=——(2x+1)
1. L %d —6x”2‘1 =6b'"2 -6 L (2x+1)° 4 1
X
:%—%(%H)‘Z
Thus I Idx diverges so 2 \/_ diverges. -
2 2k 13 converges.
— +
b b -
2 | 35/24 =—10x*”2‘ =10-10p""2
Ix 1 9 J-b 1 ——(lnx) 1 _L
- ) 2 1 2 Inb
Thus | > _d=10 and 2 3/2 x(inx)*
N w
SO 2 dx converges.
converges. 5 k(Ink)
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10.

11.

12.

13.

14.

15.

16.

17.

Chapter 11 Taylor Polynomials and Infinite Series

b
b
[ dex:_lx—l _1r
1 9x 9" |, 9 9%
i 1
SO 2 converges.
= (3k)
b b
J’l eB—xdx=_eB—xl =¢2 _e3—b

) 2e3_k converges.
k=1

b
b _y._ 1 5 1 3 1 5
J'lezx 1dx=—§e2“ L B

> 2
S0 Zke k converges.

b b
J‘l x_3/4dx=4x1/4‘1 —4pt4 4

S0 2k73/4 diverges.

k=1

b b
[ 22x—+1dx=1n(x2+x+2)‘
Px“+x+2 !

=In(b*+b+2)—In4

« 2k+1 .
so ) ———— diverges.

i kT k+2

b

b
J. 2L12dx=—l(xz+2x+l)fl
2 (x"+2x+1) 2 5

—i—%aﬁ +2b+1)7"

18
(0] 2% converges.
ioa (K7 +2k+1)
k=0 +k + X

Then f{x) > 0 for all x > 0, f{x) is continuous,
F7(x) ==6x(9+x?) 2 <0 forall x>0, so

fx) is decreasing. Therefore, the series
converges.

18. Let f(x)="5
X

. Fora11k22,+< !
k“+5

. Fork>2,

1/x

. Then fix) >0 forall x > 1.

_%el/x 2 2xe _ Vx

el _2xel/x

f/(x)=—= -
x* x*
<0 for all x > 0, so f{x) is decreasing, positive,

and continuous for x >1

1/x o 1/k
be b e
‘[ dx=—-e"* =e-e"? so 2—
Ix? 1 K2
k=1
converges.

. Let f(x)= ix = xe~". Then f{x) > 0 for all
e

x> 1, f{x) is continuous and

6 —xe

f(x)= —<O for all x > 1, so f{x) is

decreasing for x>1.
Integrating by parts,

b _ _ _
L xe Ydx=—-xeF —e x1

=2¢ ' —pe -7,

b

Thus Zke_k converges.
k=1

. The series is convergent, since it is geometric

X
with 7 =§< 1. The integral J. 3—dx must
4 1 g4>

. 3)
also converge, since f(x) = (ZJ = B/ Hx

is continuous, positive, and decreasing, since
=2 Je 0 a2 <o

Therefore the integral test applies.

. The series i

is shown in the text to be convergent. Thus

i 1
,gzk2+

converges by the comparison test.

1 1 1
>——=—.
K21 kP ko
- 1
diverges, so diverges.
k§2 Vi -1

DM
x| =

1
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23.

24.

25.

26.

27.

28.

29.

| &
<—. —- converges. It
ik 2k Z‘l 2k

is geometric with r 1 so i !
27 A2k +k

Fork>1,

converges.

oo

Fork>1, Z
k=

converges

L 1
( geometric with » = )
3) & k3k

converges.

1 km o 1
Fork>1, S—kcos (4) 5k() Zs—k

converges (geometric with » = 1), so

Z—COS (—) converges.

i o ) A

. 4
converges ( geometric with r = gj , SO

- 1
2:‘6 (%)k . (%)k converges.

No; in order for the comparison test to yield

>l for

any information we would need
klnk &k

k> 2, which is false.

Yes; the first series converges, since for

k=3,

1
< — . (Actually to apply the
K*Ink k* Y g
test, we need to start the series at k = 3, since
In2<1).

Area of top set of rectangles: T'
Area of bottom set of rectangles: S
Area of combined set of rectangles: S+ T'

by

5 by p,

ay
G2 | a3 | ay a_-)%

Section 11.5 Taylor Series 367

30. When the height of each rectangle is doubled

the area is doubled. Hence the area of the set
of all the taller rectangles is twice the area of
the set of all the original rectangles.

= gk1ok =g &9
S ‘E(E) +;§o(ﬁ)

k
k=0 10 k=0
o1
TI_8 7_9
=30 =1

=5+10=15

oo

32. We know from the text that 2

convergent. By Exercise 30 2 ( j
k_
also convergent. Since e’ <e<3 forall k>
o 1/k
1, the series Z k_2 is convergent, by the
k=1
comparison test.

11.5 Taylor Series

2
1. = =
S0 = gt 0= ==
" 22 2 . 2323
S7(x) = i3 SVANCIES 3
The Taylor series at x = 0 is
2 3
e )___g +2 2 2 -3!x3

£2_
39 3.1 34.31

3 4
12 4, 2 5 2° ,

T3 9 Tyt Tyt Tyt T
, 3
2. flx)y=In(1-3x); f'(x)=———;
1-3x
3? -3%.2
fl/(x) — ’ f‘/l/( ) — ;
(=307 (1-3x)°
-3%.31
FO0 ==
1-3x)*
The Taylor series at x = 0 is
3.1 4.3
f(x) 0—3x _9L_3 2! 3 3 3.x4+'”

T
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368 Chapter 11 Taylor Polynomials and Infinite Series

30 =0+9"% 0= 30407 0= 0407 0= S0

FOW == 7,

The Taylor series at x =0 is
1 1 5, 13 53 1:3:5 4
xX)=1+=x- x“+ X = X+
/& 27 221 2331 2t.4

4. f()=1+x)7° f/(0)=30+x)7% f"(x)=6(1+x); f”(x)=6; f™(x)=0 forall n>4. The Taylor series
atx=01s
7(x) =1+3x+%x2 +%x3 =14+3x+3x2+x3

1

5, ——=1+3x+(3x)? +(3x)° + -
1-3x

6. L=1+(—x)+(—x)2+(—x)3+(—)c)4+~~=1—x+x2—x3+)c4—...
I+x

7. 12=1—x2+x4—x6+x8—--~
I+x

(using Exercise 6)

x 1
8. =x( )=x—x3+x5—x7+x9—--~

1+x2 1+x2
(using Exercise 7)

9, 1 =—i[ ! }21—2x+3x2—4x3+~--
(1+x)2 de|1+x

(using Exercise 6)

2
10. x3=fd—2[L}=f(o+0+2+6x+4-3x2+5~4x3+6-5x4+.--)
(1-x) Z2dx"[1-x] 2
32 0,435,544 655

=x+ S+
2 2

x/3 by 5(xyY 5(x) s5(x\
11. Se™”” =5+5| - |+=—|=| +=|=| +—=|=]| + -
3) 213 313 413

2 o0 8 7.9 1l
12 ¢ =314+ttt = A+
21 31 41 21 31 4!

_ 2 _ 3 _ 4 2 3 4
. l_e—le_{l_)ﬁ( 0’ 0 () }___
21 31! 4!

—2x)2 23 o4 92,2 2.93.3 o 54 4
329", 3(-29°  3(-2%) +“}_6=_3_6x+3 2 32007 320t

2! 3! 4!

14. 3(e**-2)= [3 —6x+
21 3! 41
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Section 11.5 Taylor Series 369

2 3 4 5

1n(1+x):.|‘de:J.(l—x+x2—x3+x4—-~)dx=C+x—x—+x——x—+x——---
(1+x) 2 3 4 5
P A A
FoerO,ln(1+x):O:C+O+0+~~-;soC:0and1n(1+x):x—7+?—7+?—~-
4 6 8 10
1n(1+x2)=x2 I S (from Exercise 15)

2 3 4 5
3= 1-— (3% + (Bt — -
cos3x = 2!( X) 4!( X)

cos x? =1—ix4+—x8—
2! 4!

3 = 3x— (303 + - (30)° — ...
sin3x = 3x 3!(ch) +5!(3x)

. 1 1 1 1
xsinx? =){x2—§x6 +§x10— } =xd——xT+=x1- ...

2 3 4 2 3 4 3 5
m(“_xj:m(1+x)_1n(1_x>: PRSI . PN I DR S . AN P SO S
1-x 2 3 4 3

A f(x)= %w" re ) ()= %(ex —e) [ = %(e" re)

The Taylor expansion at x = 0 is

1 1. x* xt 1 xS 2 oxt xS
hx==—2)+=2)—+=Q2)—+=2)—+ - =l+—+—+—+ -
coshy =5 @5 @5+ B @ 217 4 el
2 3 4 5 2 3 4 5
b. coshx:l(e"+e"‘):l [ Y Y O S S A T
2 2 21 31 41 5! 21 31 41 5!
2ot 46
=l+—+—+—++
21 41 6!
1 X —-X ’ 1 P —-X ”
a. f(X)=§(e —e );f(X)=5(e +te ) ()= f(x)
The Taylor expansion of f{x) at x =0 is
sinhx—1(0)+l(2)x+l(O)ﬁ+l(2)£+l(0)£+1(2)£m —x+£+£+£+
2 2 2 21 2 31 2 4! 2 5! 3t st 7

. | | 2o X 2 X Xt
b. 51nhx=—(e —-e )=— I+x+—+—+—+ |- |l-x+——-—+—— -
2 2 20 31 41 20 31 41

x3 xS x7
=X+ttt
3t 57

Substituting —x for x in the given series yields

Lo 1 13 5 135 5 1357

X X x4+ - atx=0.
1-x 2 2-4 2-4-6 2:4-6-8
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370 Chapter 11 Taylor Polynomials and Infinite Series

26. Substituting x? for x in the given series of Exercise 25 gives

Lo 1o, 13 4 135 ¢ 1357 4

+
.2 2 24 246 2468

27. Substituting x? for x in the given series in the statement of Exercise 25 gives
1 =1_lx2+£x4_1-3-5x6+1~3~5‘7x8
J1+ 12 2 2-4 2-4-6 2-4-6-8

Since ln( +V1+ 2)+C: !
g : J‘\/1+xz

1 1-3 1.3.5 1.3.5.7
1n( +1+ 2)+C: ——x+ 5 - T4 .
* ¥ 03T T4t 2467 T2468090

Since m(0+1)+C=0+C=0+0+---, C=0.

dx, it follows that

28. —> zxil: ! }=x+2x2+3x3+4x4+5x5+~~
(1-;;)2 de|l—x
N2 _ )
Ths L% Um0 w2x@on  Ioxt  TEx g 0021600 42500 4 oo
dx| (1-x) (1-x) (1-x) (1-x)
2 .3
29, ' =ltx+—t o
20 31
2 2.3
i[ex]_0+1+§+3i+,, =l+x+—+"—+...=¢"
dx 1 3] !
30. cosle—ix2+ix4—ix6+~--
2! 4! 6!
Substituting —x for x,
— —I_L_ 2+L_ 4_L_ 6+ —I_L 2+i 4_L 6+ =
cos(—x) = 2!( X) 4!( X) 6!( X) 4= 2!x 4!x 6!x .-+ = COS X.

©)
31. The coefficient of x° in the series must equal % Thus f (5)(0) =5 '(gj =48.

W

4
32. The coefficient of x* in the series must equal % Thus f ) 0)= 4!(2—54) =5.

4
33. The coefficient x* in the series must equal % Thus f ) (0)=4!(0)=0.
34. The coefficient of x? in the given series will be the coefficient of x* in the expansion of f(x). Thus

@
S0 4‘(O)=2; f®(0)=4s.

4 6 .8 3 5 7 9
3s. Ie_xzdxzj{l—x2+x——x—+x——~-1dxzl:x—x— * X * ..1+C

N . T 10 w255 8 my
36. fxex dx=_[ X+x +—+—+ - |dx=| —+—+—+ + - [+ C
21 3! 2 5 820 113!
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37.j1=

1 1
38. J.Osinxzdx=J‘ |:x2 —lx6+%x10— ~}dx

0 3!
S| 1 :
B Y I S | B
3 73! 11-5! o
1 1 1
= — ...
3 731 11.5!
! | 4 6 .8
39. J e_xzdxz.[ I:l—x2+x——x—+x__... dx
0 0 20 31 4

1 1 1 1

3 5.2 731 9.4

7 .10
1 1
40. J. xexxdxzj. I:x+x4+x—+x_+...:|dx
0 0 21 3!

1
25 8
=| =+t 4o
2 5 82! 11-3! o
1 1 1 1
=t —t—+——+ -
2 5 82! 11-3!

2 .3
41 2. e =l+x+—t 4.
21 3!
Since the above expansion is valid for all
x and all of the terms are positive for x >
2 2
0. it follows that ¢* > 1+x+= > %

2
b. Forx>0, e* and % are both positive.

2
Thus from % <e”, it follows that

c¢. Forx>0, from (b) we have

xe ¥ < 2x = 2 Now xe * >0 forall

xzx

x>0.Thus 0 < xe™™ <E for all x > 0.
X

42,

43.

44.

Section 11.5 Taylor Series 371

Since 2 — 0 as x — oo, it follows that

X
lim xe™* = 0.
X—>o0
a. The expansion
2.2 ;3.3
P =1+kx+k2’f +k3’f + - is valid

for all x. Since k and x are both positive,
all terms of the series are positive. Hence
2,2 42,2

forx>0, e > 14 e+ 55 ;

2.2

fex are both

b. Forx>0, e and

.. k2x?
positive. Thus from P

, We may

1 _ 2
conclude ™ <755\ ore fex < 5 -
e (ka) k“x

c¢. Forx>0, from (b) we have

_ 2 2 _
xe kx<—x=—. Now xe ™ >0 for

K2x? k’x

fex <%. Since
k“x

all x> 0. Thus 0< xe™

k% — 0 and x — oo, it follows that
x

lim xe™
X—>o0

ke~

The expression
23 i
e* =l+x+—+—+>"—+--- is valid for all
21 31 4]
x. For x > 0, all terms in the series are positive.
Therefore, for x > 0,
2 .3 3
e* >1+x+—+-—>>"—. Thus forx>0,
2 6 6

1 1 _
<—ore ¥ <

& (2)
6
2
27x<6x

x“e 3= E Therefore, for x > 0,
X X

—» which implies
X

2ot < é Since lim 6 =0, it follows

X X—o0 X

that lim x%e™ = 0.
x—>o0

0<x

Replace x by kx in the solution to Exercise 43.
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45. For any fixed value of x there exists a value ¢

|Sin(c)| |x|n+1

such that |R, (x)| = gy when 7 is
even and |Rn (x)| = MM"” when 7 is
(n+1)!

odd. For any value c, |cos(c)| <1 and

|sin(c)| <1 so in either case we have

|x|n+l
|Rn (x)| < (Dl Now as
n+l
n— oo, (| |+ D1 — 0 and therefore
n !
R, (x)] — 0.

46. For any number c, the n + 1 derivative of e”

evaluated at ¢ is e“. By the Remainder
Formula there exists a number ¢ between 0

C
and x such that R, (x) = — € x"! Then,

(n+1)!

since |c| < |x| we have

e‘c‘ n+l e‘x‘ n+l
(n+1)!| ™= (n+1)!|x|

| |n+1

[, (0] =

Since lim =0 we can conclude that

xes (n+1)!

lim |R, (x)|=0 as well.
X—>o0

Chapter 11 Fundamental Concept Check

Exercises

1. The nth Taylor polynomial of f(x) atx=ais

f”(a) 2
a)+T(x—a)
f(n) (a)(x

n!

pa(0)= (e Lo

+-.-- 4+

derivatives of order up to n agree at x = a.

That is, f(a)z Py (a), f’(a)z 28 (a), cee
7 (@)= p" (a).

(n+1) c
R, (x)=f(x)=p,(x)= f(nfl()')

where ¢ is a number between a and x.

(X _ a)(l’t+l)

B

_ a)ﬂ )

. The values of f(x) and p, (x) and their

10.

11.

The algorithm is defined by
 (*o4)

Xnew = Xold ~ f/ (x ld)
o

zero of f (x), start by guessing a value x, that

. To approximate f, a

is close to r. Determine x; by substituting x;,
into the formula. Next, determine x, by
substituting x; into the formula. Continue in

this manner to obtain a sequence of
approximations Xx,, X, X,, ..., which usually

approach as close to r as desired.

The nth partial sum of an infinite series is given
by S,=a +a,+ - +a,.

Form the partial sums S, forn=1,2, .... If the
values of S, approach a limit as n increases
indefinitely, then the series is convergent. If S,
does not approach a limit as # increases

indefinitely, then the series is divergent.

The sum of a convergent infinite series is the
limit of its partial sums S,,.

. The series a +ar+ar® +--- is a geometric

series with ratio ». The series converges if
|r| <l.

The sum of a convergent geometric series is

given by S = a.
I-r

The Taylor series of f (x) at x =0 is given by

JRORWAOR

S ()= 100+ 21

Given any power series 2 akxk, we have:
k=0

Case 1: The series converges only for

x = a and diverges for all other values of x.

Then, R=0.

Case 2: There is a positive constant R such that

the series converges for |x| < R and diverges

for |x| > R.

Case 3: The series converges for all x, so
R =oo,
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Chapter 11 Review Exercises

1.

O e

f(x)=x(x+1)*"?

/)= (x+1)? +%x(x +1)!/2

1) =%(x+1)1/2 +%(x+1)1/2 +%x(x+1)*”2

=3(x+1)"2 +%x(x+l)_1/2

B 3 20 3,
pz(x)—0+x+2!x —x+2x

Fx)=@x+D)¥?%; f(x)=32x+1)"2
S =32x+1)72;

() ==3Q2x+1)>'2;
FPx)=902x+1)7'2

3x2 3% ox*
I TR TRATY

:1+3x+§x2 —lx3 +§x4
2 2 8

Foralln>3, p,(x)= x*—7x? +8.

1

NSRS )

_+(§)3+ 3]

X X
=l+—+|—=
(3]
3 1 n

X 1 2 1
So pn(x)=1+5+2—2x +2—3x +-~-2—nx .

f)=x2, f/(x)=2x, f"(x)=2,

M (x)=0 forn=>3.

py(x) =32 +2(3)(x—3)+%(x—3)2 +0
=9+6(x—3)+(x-3)°

f(x)=e* =" (x) foralln>1.
2
p3(x)—e +e (x 2)+—(x 2) + (x 2)

Chapter 11 Review Exercises 373

7. fif) = —In(cos 21), f(t)—an;; 2tan2s,
0S

7= 4sec’ 2t

4
py(t) = 0+—t+2—t2 =2¢?

_[01/2 F(t)dt = _[01/22t2dt = Gﬁ)

_E(l)_L
3(8)" 12

8. flx)=tanx, f'(x)= sec? x,

L
2
0

f7(t)=(2secx)secxtan x = 2sec? xtan x
Pr(x)=0+x+0=x
tan(.1) = p,(.I)=.1

9. a. f(x) = xl/z; f’(x) - _x—l/z
S = a2

pa(x) =3+~ (x 9)—ﬁ(x 9)?

b. 87) =3+ (-3)——— (=3
P28.7)= ( ) 216( )’
~2949583
¢ f(x)=x?-87; f'(x)=2x
x0=3,x1=3—§=2.95,

2
Xy =2.95 _@9) =87 5 949576
2(2.95)
10. a.  f(x)=In(1-x); f’(x)z——
£y = () = ——
(1— x* (1-x)°
1 , 2 4
p3(x)=0- (l)x——'x —3!x
=—x—lx2—lx3
2 3

In(1.3) = f(=3) = p3(=3)
—(-3)- L3tz
=—(=3)-7E3)7 =363
=.264
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11.

12.

13.

14.

15.

16.

17.

18.

Chapter 11 Taylor Polynomials and Infinite Series

b. f(x)=e" -13;f'(x)=¢e";x,=0
O pa—
_o_¢ 01.3 -3
e
03 _
X, = 0.3—6T31'3-- 2631
o
f(x)=x*-3x-2, f'(x)=2x-3
Xg = 4
2 f— —
PO Gl OO ST S
2(4)-3 5
2
3y =36-20 73007237556
2(3.6)-3 105
fx)=e* —e =1, f/(x)=2e> +e*
.xO =0
2001
x =0 200 0o -
207 e 3
X, =.2832
. . 3
The series is geometric witha =1, r = wh
The sum is 13 =£.
+= 7
4
The series is geometric with
2 25
=5—=2,r=§.The sum is —%—=25.
6 6 6 -3
6
1 1
The series is geometric with a = I r= ry
g 1
The sum is 81 =—.
~177
8
4 8
The series is geometric with a = = r= =
so it diverges.
The series is geometric with
a =;, rzl, so (since m > 0) it
m+1 +1
i 1 (m+1
converges to —H_ = =1.
1--2 m+1{ 1
m+1
1 1
The series is geometric with a =—, r = ——,
m’ m

so it converges if m > 1. In this case, the sum
1

is 2—= ;1 It diverges if m < 1.

1+1
m

19.

20.

21.

22,

23.

24,

25.

26.

This is the Taylor series for e¢* with x = 2.

Thus the sum is e”.

.. . . 1
This is the Taylor series for e¢* with x=—

Thus the sum is e'/>.

. 1
Since 2 — converges to l—_i = 3 and
k=0 3
o o\
Z | convergesto —— =3,
=0\ 3 3
1 2 1+2 3 9
ELT (3”‘2 A
k=0 k=0
o 3F st a3y a5
2 7 :2(7j +2(7)
k=0 k=0 k=0
1 1 7 7 21
IR Ry
7 7
b
[T = lim [ -=x7
1 x3 b—yoo 1

The given series converges by the integral test.

The series is geometric with a =% and r = %,
so it converges.
2
J- ln_x gy = 1 (In x)
1
2
= lim [—(lnb) }:
b—>oo 2
Thus the series diverges by the integral test.
3 3 3
4k T =% k y Sk—8=L5 fork>1.
k" +D k°+2k7+1 k k

=

. 1
Thus since 2 k_5

converges by the integral
oo 3

test, converges by the

Lt +1)?

comparison test.
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27.

28.

29.

30.

31.

32.

33.

34.

3s.

Chapter 11 Review Exercises

. e 1 .
The series converges if _[1 —pdx converges (by the integral test).
X

}: lim {L(bl"] —1)}
b—e| 1=p

b
x—p+l

L xP b—w| —p +1

=1 e lim[
1

This limit is finite if p > 1.

. . . . 1 .
This is a geometric series with » = — . Thus it converges when |—|<1 or | p| >1.
p
. . . |
Replacing x by —x* in the series for —— gives 7=1- x4 xtr -
I-x I+x
d 3x?
L In(1+x*)] =", so
dx +Xx

ln<l+x3)=J.[3x2 =30 +3x% =3 4 3x 14 - --~]dx= x° —éx6+§xg—ix12 + - |+ C
6 9 12

3 in Exercise 29.)

(using the expansion of "
+Xx

In(1)=0=0+0+--+C;s0C=0.

1n(1+x3)=x3—lx6+lx9—lx12+...,|x|<1
27 37 4
%zli{;}zli[l+3x+32x2+33x3+-~~]=1+6x+27x2+108x3+~~-
(1-3x)° 3dx[1-3x] 3dx
ef -1 1| x* X 1 1 5, 1 4
=—|x+—+—+ - |=l+—x+—x"+—x"+ -
x X 21 3! 207310 4
2 4 6
a. cos2x=1—i(2x)2+i(2x)4—i(2x)6+---=1—2—x2+2—x4——x6+---
21 41 6! 21 41 6!

2 4 6
b. sinzle(l—cos2x)=l—10032x=l—l 1—2—x2+2—x4——x6+~--
2 2 2 2 ! !

20 2 Tt T
3 5 3 5
_22 24 2 6 o2 2 4 2 6
2! 4! 6! 4! 6!
1 2 1 4 1 6 2.3 4 3%
a. cos3x=1-—CBx) " +—0Cx)" ——Bx)°+ - =1l-—x"+—x"——x"+ -
2! 4! 6! 2! 4! 6!

375

b. Adding the first three terms above to the corresponding terms in the expansion of 3 cos x and multiplying

1 1 3203 5 (3 3) 4| 3, 7.4
bnglVCS p4(x) —Z[(1+3)—(z+ajx +(Z+Z X —I—EX +§x .

1+x 1 x
= + =[l+x+x2+x3+-~-]+[x+x2+x3+x4+~~-]=l+2x+2x2+2x3+-~-

l-x 1-x l-x
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 11 Taylor Polynomials and Infinite Series

Using Exercise 32,

1/2¢* - 1/2
_[ ¢ ldxz_l. l+lx+lx2+ix3+--~ dx = x+lx2+Lx3+Lx4+--~
0 x 0 2 3! 41 4 343 414

1/2

0

LUV SN S S
2 4.2% 313.2° 414.2¢
a. x’
b. 0
1 1 1 N U It
c. f sinxzdxzj e = X7 = =22 < 3095
0 0 6 3 42 3 42 42
(exact value to four decimal places: .3103)
N R
pa(x)=x 3!x
a. [(xX)=2x+4x> +6x° + -
. . . . 1 , 2x
b. The series given for f{x) is the Taylor series of L Thus f (x)=1 5 and f (x)=m.
- X -X -Xx

a. J.f(X)deJ.[x—Zx3 +4x° —8x” +16x° - -~-]dx =[%x2 —%x“ +%x6—x8+§x10— ~--J+C

b. The series given for f(x)=x[1—- 2x2 422x =230 4248 - --+] is the Taylor expansion of

1+2x2°

X

Thus f(x)=
J@) 1+2x2

and jf(x)dx = %ln(l+2x2)+ C.

100

100 +100(0.85) + 100(0.85) +100(0.85)> + --- = g5 = 006666667

The amount beyond the original 100 million dollars is $566,666,667.

100 + (0.85)(100) + (0.80)(0.85)2 (100) + (0.80)>(0.85)>(100) + -
=100 + 85 + (0.80)(0.85)(85) + (0.80)2(0.85)(85) + - -
85

=100+ —— >
1-(0.80)(0.85)

=365.625 million dollars

oo ) k -0.08
10,000¢ %% = % 10,000( )" = % ~ $120,066.66
k=1 k=1 —-e

5 < k -0.08
10,00000.9)“ ™% = 10,000(0.9¢ %) = 10,000(0.9)e

) 2 00,0 " $49,103.30

oo oo k —-0.08
310,000(1.08)* e %% = 3 10,000(1.08¢ 0% )" = 1E000LIDe g5 565 603.18

—-0.08
k=1 k=1 1—1086

Copyright © 2018 Pearson Education Inc.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (ColorMatch RGB)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 99
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 2400
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 2400
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


