Chapter 9 Techniques of Integration

9.1 Integration by Substitution 7. J‘ wa—x2 dx
1. JEx(xz +4)%dx Let u =4—x?; then
Let u=x2+4;thendu:2xdx. du=—2xdx:>—ldu=xdx.
2

l 6

2x(x* +4)%dx = [u® du==ub+C
'[ 6 Ix 452 dx=—l_‘.u1/2du=—lu3/2+c
1 2 6 2 3
=—(x"+4) +C 1 5\3/2

6 =—<(4-2?) T4cC

3
2. j 202x - 1)7dx \

1+1
Let u=2x-1;then du=2dx . 8. J‘de

X
I2(2x—l)7dx=Iu7du=lu8+C 1

8 Let u=1+Inx;then duz—dx.

=%(2x—1)8+c (141
+

J. nx J. 3du—4u +C

3. (2L 4

_ - 4
/x2+x+3 —4(1+1nx) +C

Let u=x* +x+3; then du=(2x+1) dx . j |
9. d.
2xt1 dx = J.—du—2u1/2+C V2x+1

IS

Let u=2x+1;then du=2dx:>ldu=dx.
=2Wx?+x+3+C 2

1 1 du 1 ~1/2
6 dx=—[ZL == d
4. J.(x2+2x+3) (x+1)dx -l.«/zx+1 o 2-[\/; zj.u "
1
Letu=x2+2x+3;then Z(E)(Zul/2)+C:ul/2+C
du=(2x+2)dx:>%du=(x+1)dx. =vJ2x+1+C
6 3 nTe2
.[(x2+x+3) (x+1)dx=%.|.u6du 10. I(x 6x) " (x” ~2) dx
1 Let u=x" —6x; then
7
=—u' +C 1
14 du=(3x> - 6) dx = ~du = (x% = 2)dx.

7
2%(x2+2x+3) +C 1 {
I(xS —6x)7(x2 -2) dx=§Iu7du =§u8 +C

5. [3x2™ Dy
f =i4(x3—6x)8+c

Let u=x3—1;then du = 3x2dx . 2
.[3xze(x3_l)dx = je”du el yC=e" Ny 11. fxexzdx
6. J.zxe—xz dx Let u = x?; then du = 2xdx = %du = xdx .

Let u = —x> ; then du = —2xdx = —du = 2xdx

u
2 P J.xe’cza’x=l_|‘e”a’u=e—+C=le"2 +C
J‘2xefx dx=—J.e"du =—e"+C=-e" +C 2 2 2
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284 Chapter 9 Techniques of Integration

Jx
12. je& dx

Letu = «/; ; then

dx:>2du=de.

1
2\/; X

Jx

€ u u ‘\/;
—dx=2|e"du=2e"+C=2e"" +C
[T ar=2f

du =

13. jM dx

X

Let u = In (2x); then du = L(2) dx = 1 dx.
2x X

2 2
j—ln(zx) dv=[udu="-+C= (@0 |
X 2 2
14. [~ LESFN
X

Letu=Inx; a’u=l dx .

X
_[ In x dxz.[ul/zduzgu3/2+c
X 3
=3(1nx)3’2+c
3

4

15. J. al dx
¥ +1

Let u=x° +1; then

du =5x*dx = %du = x*dx

4
[— FRLY LR AW
x> +1 5Vu 5

=%ln‘x5 +1‘+C

X

16.
J.\/x2 +1

dx

Let u=x2+1;then duszdx:%duzxdx.

X Yoz, (1), 12
I—mdx—zju du (2)2u +C

=u'?+Cc=(*+D"2+C

Let u:1—6x+x2; then

du=(-6+2x)dx = %du =(x—-3)dx.

J.x—_de =%J.ML2 du

(1—6)c+x2)2
Bl
2 u
SR S— +C
2(1-6x+x?)

- __.c

2—12x+2x2
1 5
18. jx*z (— + 2) dx
X

Letu=x"'+ 2; then
du=—-x"dx= —du=x"2dx
1 > u®
Ixz(—+2) dx=—ju5du=——+C
X 6

= —%(x_l +2)%+C

19. jln*/; dx

X

Let u = In x; then a’uzl dx .
X

X
x
=l ln—xa’x=l'|.u du
27 x
=(lj%u2+C=lu2+C

=%(lnx)2 +C=(nVx)2+C

2

2. | Y dx

3—°

Let u= 3—x3; then

du = -3x’dx = —ldu = x2dx

2
j al 3dx:—l ﬂ:—lln|u|+C
3—x 37 u 3

= —lln‘3—x3‘+C
3
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21.

22.

23.

24,

25.

J. x> —3x? +1
Let u = x> —3x” +1; then du =(3x2 —6x) dx

= %du = (x2 —2x)dx

x? —2x 1 ¢du
ﬁdxz_ o
x> =3x"+1 3 u
1
=—In|u|+C
3

zlln‘x3 32 +1‘+c
3

J- In(3x) d
3x
1 1
Let u =In(3x) ; then du =—B3)dx=—dx =
3x x

ldu =de
3 3x

jlngcx)d - jdu_ (;u2)+c

= g(1n(3x)) +C

8x
&
Let u = xz; then du =2x dx = 4du = 8xdx
8x “du=-4e" +C
=4 4 C

J';B dx
(2x+1)

Let u =2x+1; then du=2dx:>%du=3dx

.2
I(2x+1) I3 ( ! )+C
- 4(2x+1)
1
J.xlnxz dx

Let u = Inx? =2Inx ; then

du =de =>ldu =ldx
X 2 X

1 11 1
-[xlnxz dx—EJ.;du —51n|u|+C

=lln‘lnx2‘+C
2

26.

27.

28.

29.

30.

Section 9.1 Integration by Substitution ~ 285

J

Let u = In x; then a’u=l dx .

J

x(ln x)

dx = 2ji4 du = (2)(—%u_3)+C
u
2 2

=-—+C=- ;+C
3u 3(In x)

x(In x)

[3=x)x* - 6x)*dx
Let u = x% —6x; then du = (2x—-6)dx =

—%du =B —-x)dx

2 4 _ 1 4 _ 1 5
I(S—x)(x —6x) dx——EIu du——ﬁu +C

1
= —E(x2 —6x)°+C

dx
".3—5x

Let u =3-5x;then du =-5dx = —%du =dx

f3 5x :"J du

=——ln|3—5x|+C
5

—Liap+c
5

jeX(1+eX)dx
Let u=1+¢e";then du=e"dx.
J.ex(1+ex)dx= J.us du =%u6 +C

1
=—(1+eM)’+C
cd+ed)

J‘ex 1+e*dx

Let u =1+e"; then du=e dx.

J. V1+e® dx—J‘[du—— 2yC

=§(1+e y?+C
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ex
31 [———dx 36.
1+2e"
Let u =1+2¢”; then du =2e“dx = 2du—e
er 1,1 1
—dx=—f—du=—ln|u|+C
1+2e* 2%u 2
=11n‘1+2ex +C
2
X —X
2. [£ 7% i
e —e
Let u=e* —e™*; then du = (e" +e7x)dx
—X
J.idx J. du —1n|u|+C 37.
e’ —e
=Inle* - *|+C
e*x
33. | dx
1-e™™
Let u=1-e""; then du=e *dx
1
_[ ¢ — dx=j—du=1n|u|+C
l-e u
=ln‘1—e_x +C
; 38.
(1+e_x) 3
34, |—L-dx=|(l+e") e Fdx
[*— [{+e)
Let u=1+e ¥; then du=—e “dx
—du =e "dx
3
1+e™™
I—( ) dx = f 3du——l tycC
e 4
39.

z—%(l+e_x)4 +C

35. Il dx . Using hint,
+e*

[

1+e e

de Let u=e "

- +1; then
T+l

du=—-e"dx = —du=e “dx

Jiis

1+e

dx = —Ildu = —1n|u|+C
u

:—ln(e"‘+l)+C

dx Using hint,

et
X

.[ 2x d .‘-2 +Z dx

Let u=e* +e " then duz(ex—e_x)dx

2x dx J. du—ln|u|+C

=1n(e +e x)+C
2x

=ln[e x+l]+c
e

yon x _ X
f(X)_\/x2+9’SO /() J.\jx2+9 dx

Let u:x2+9;then du=2xdx:>%du=xdx.

—lju_l/zdu = (lj2u1/2 +C
2 2

J‘de_
Vx?+9
=u"?+C=(x*+9)"2+C

But f{4) =8,s50 8= 4%+ 9)1/2 + C, hence
C=3,and f(x)=(x*+9)"?+3.

f’(x)=26;“,
fx)= jz*/;H dx=2jdx+j%

_2x+2f+c
But f{4) = 15,50 15=8 + 4 + C, hence C =3,
and f(x)=2x+2Jx +3.

J'(x+5)71/26\/x+5dx
Let u=~/x+5; then du =%(x+5)71/2dx:>

2du = (x+5) 2 ax
J‘(x+5)_1/ze(x+5)l/2dx = 2J.e“du =2e"+C

1/2

=20 4 C
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40. fxsxi

41.

42.

43.

44.

45.

In(x> = 7) dx
7

1

Let u= ln(x5 —7); then du =— . (5x4) dx
-

1 4

= —du=

5 x> -7

4
o In(x> - 7) dx =l'|.u du =(l)lu2 +C
x> =7 5 5)2

_ %[m(f - 7)]2 e

J-xsecz(xz) dx

Let uzxz;thenduZZxdx :>%du=xdx

Ixsecz(xz) dx=ljse02 u du =ltanu +C
2 2

1
=—tanx’+C
2

J. (14 Inx)sin(xInx) dx

Let u = x In x; then
du =(lnx+x(l)) dx=(nx+1) dx.
X

I(l+1nx) sin(xInx) dx = Isinu du
=-—cosu+C
=—cos(xlnx)+C

f sin x cos x dx
Let u = sin x; then du = cos x dx.

)
Sin- x
+C

2
jsinxcosx dxzfu duzu—+C=
2

I2x cos(xz) dx
then du = 2x dx.
_[2xcos(x ) dx = Icosu du=sinu+C

Letu—x

=sin(x?)+C

et g

1
Letu:\/;:nlu:Ex

cos/x
I

“1/2 1
dx=——=dx
2x

dx=2J.c0su du=2sinu+C

:2sin\/;+C

46, [————

47.

48.

49.

50.

51.

Section 9.1 Integration by Substitution ~ 287

COS X

(2+smx)
Let u =2+ sin x; du = cos x dx.

J.L“ dx =J‘u73du = —ltf2 +C
(2 +sin x) 2
=—_¥ 5+C
2(2 +sinx)

fcos3 xsinx dx
Let u = cos x; then du =—sin x dx =
—du = sin xdx

jcos3xsinx dx = —Iu3du = —%u“ +C

1
=——cos*x+C
4

I(sin 2x)e% 2 dx

Let u = cos 2x; then du = -2 sin 2x dx =

- % du = sin 2xdx

. 1 1
J.(sm 2x)e ¥ dx = ——J.e“du =—=e"+C
2 2
_lecos2x +C

J- cos3x

V2 —sin 3x

Let u =2 —sin 3x; then du =-3 cos 3x dx =

- % du = cos 3xdx

_[ cos3x

2 —sm3x __'[\/7

=(—§j(zu”2)+c

:—§\/2—sin3x +C

jcot xdx = .[ Cf)sx dx

sin x
Let u = sin x; then du = cos x dx

1 .
Icotxdx =I— du = ln|u|+C = 1n|smx|+C
u
sin x + cos x
[Sinxtoosy
sin x — cos x
Let u =sinx—cos x; then

du = (cos x +sin x) dx
einrreost, flu
SIn X — COS X u
= 1n|sinx—cosx|+C
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52. f tan xsec’ xdx
Let u =tanx ; then du = sec? xdx

Itanxsecz xdx=fudu =%u2 +C

1
=—tan’x+C
2

53. [2x(x?+5) dx

Let u = x> +5; then du = 2x dx.

.[2x(x2 +5) dx = Ju du =%u2 +C
= %(ﬁ +5)%+C
=%x4 +5x2 +%+C

_[2x(x2 +5) dx = J.(2x3 +10x) dx
= %x“ +5x% +C).

The two methods differ by a constant.

9.2 Integration by Parts
1. Jxesxdx
Let fix) =x, g(x)=e>".

Then f’(x)=1and G(x) = %e”‘ .

.[xesxdx = x(%esx)—.l.(l)%esx

=lxesx —Lesx +C
5 25

2. J.xexudx
Let fix) =x, g(x)=¢*'.
Then f”(x)=1and G(x) = 2¢"'2.
J.xeX/zdx = x(2eX/2 ) - J. (1)(2eX/2) dx
=2xe*'? —4e"'? 4 C
3. j x(x+7)%dx
Letfix)=x, g(x)=(x+ 7)4 .
Then f’(x)=1and G(x) = %(x +7)°.
_[x(x+ 7)4dx
= x(%(x+7)5j—.[(l)%(x+7)5dx

1 1
=gx(x+7)5 —%(x+7)6 +C

4. fx(Zx - 3)2dx

Let f(x)=x, g(x)=(2x-3)".

Then f’(x)=1and G(x)= %(2x -3)%.

[x(2x-3)%ax
= x(é)@x —3) - j ) (%) (2x—3) dx
=%x(2x—3)3 —%(é)(zx—s)“ +C
=%x(2x—3)3 —%(2x—3)4 +C

. J.eixdx = J.xefxdx

Letfix)=x, g(x)=¢e".
Then f’(x)=1and G(x)=—-e"".
jxeﬂ‘dx = x(~e %) - j ()(=e™) dx

=—xe F-e*+C

. j x2edx

Let f(x)=x", g(x)=e".

Then f’(x)=2x and G(x)=e".

Ix2exdx =x%e" - j 2xe™dx

The integral J.er"dx itself needs to be
handled by integration by parts:

Let f(x)=2x, g(x)=¢e*.Then f'(x)=2
and G(x)=e".

Ierxdx =2xe* — IZexdx =2xe* —=2e* +C
Combining, we have

J.x2exdx =x%e" - (erx - 2ex) +C

=x%e* —2xe* +2e* +C

.fxdx

x+1
Let flx)=x, g(x)=(x+1)7V2,
Then f’(x)=1and G(x)=2(x+1)""2.

[ xx+l dx = x[Z(x+1)‘/2]—j(1)2(x+1)”2dx

=2x(x+1)"? —g(x+l)3/2 +C
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Section 9.2 Integration by Parts 289

X Combining, we have
8 J. dx 2 oy
N3+2x J.(1+x) e"dx
Let /i) =x, g(x)=(3+20)7"2. - %(1 +x)t e - [lo + x)e? —%ez"dx) +C

Then f”(x)=1and G(x) = 3+2x)"2. 1
1+x)% e - (1+x)eZX+—e2X+C
2( 4

X 1/2 1/2
——— dx=x(3+2x - (MB+2x)" “dx
[ s G2y [mE+2x) 6
X
=x(3+2x)1/2—%(3+2x)3/2+C 11. equ
9. [e*(1-3x) dx Letfly) = 6v, glx)=e™".
’ _ _ 1 -3x
Letf(x):l—3x, g(x):ezx. Then f(x)—6and G(x)—_ge .
Then f(x)=-3 andG(x)=%ezx. ﬁd —6x(——e ) jé(—l 3*)
Jezx(1—3x) dx = 2xe " +(2)Ie 3% dx
e 2 g
:(1—3x)(%ezx)—.|.(—3)[%ezxjdx =2xe™ -3¢ *ic
=(1-3x) ler + 3 Iezxdx x+2
2 2 12. J. o dx
1 2x 3 2x ¢
=(1—3x)(5e )*Ze +C Let fix) =x +2, g(x)=e "
’ _ __l -2x
10. I(l+x)2ezxdx Then f’(x)=1and G(x)= 2e .
+2
Let f(x)=(1+x), g(x)=e> [55 ar
e
Then
| =(x+2)(—le2XJ—j(1)(—le2)‘) dx
f/)=2(1+x)=2x+2 andG(x)zEezx. 2 2
_ _l -2x l -2x
_[(l+x)2ezxdx —(x+2)( Ze j+(2j".e -
1 ) 1 o
=(1+x)2(%)ezx—J.(2x+2)(%ezx)dx =(x+2)(_5€ ? j_ze icC
1 2 2x 2x
2(1"' x)e J.(x+1)e dx 13. Ix\/x+ldx
The integral j (x +1)e**dx itself needs to be Let flx) =x, g(x)=(x+1)"2.

handled by integration by parts:

Then f”(x)=1and G(x) = g(x +1)%2.
Let f(x)=x+1, g(x)=¢>*.Then f'(x)=1 3

and G(@:%e% [x/x +2 Tdx 2
— il 3/2 | <~ 3/2
I(X+l)ezxdx —x[3(x+1) } '[(1)(3(x+1) jdx
2 4
=(1+x)(%62x)_-|'(1)(%e2xjdx :gx(x+l)3/2 —E(x+l)5/2+c

= l(1 +x)e? —lezxdx +C
2 4
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14. J.x\/Z — xdx

15.

16.

17.

Let f(x)=x,g(x)=(2-x)"2.

Then f’(x)=1and G(x) = —%(2 - )c)3/2 .

J.x\/m dx

=x[—§(2 3/2} j(l)(——(z x)m)

2 3/2 5/2
=-Zx2-x-22-0¥2+C
3x( x) 15( x)

f\/Ean} dx
Let fix) =In/x, g(x) =/x .
1

1 12
Then f'(x)= \/_( j Zand

Glx)= 2532
() 3x

J‘\/;ln\/; dx

2 32 112 32
H&Lx J )3
=3x3/2ln\/;—'|%x”2dx
=§x3/21nx/;——x3/2

=%x3/2lnx—2x3/2+C

J.xs Inx dx
Let fix) =Inx, g(x)=x".

Then f’(x)= 1 and G(x) = %xG .
X

_[xs Inx dx = (lnx)(lx6J—J.(l)lx6dx
6 x)6
:lx6 lnx—ix6+C
6
J.xcosx dx
Let f{x) = x, g(x) = cos x.
Then f’(x)=1and G(x)=sinx.
.[xcosx dxzxsinx—f(l)(sinx) dx

=xsinx+cosx+C

18. jxsin 8x dx

19.

21.

22.

Let flx) = x, g(x) = sin 8x.
Then f’(x)=1and G(x)= —%cos 8x .

Ixsin 8x dx

= x(—%cosSxJ —I(l) (—%cosSx) dx

= —lxcos8x+Lsin8x+C
8 64

J.x In5x dx
Let f{x) =
2

Then f7(x)= %(5) = % and G(x) = % .

2 2
[xInsx dx= (1n5x)[%]—jl[%] dx
X

=lx21n5x—lx2 +C
2 4

In 5x, g(x) = x.

".x_3 Inx dx
Letfix)=Inx, g(x)= X
Then f”(x) = L na G(x) = L
X 2
x> Inx dx

= (lnx)(—%x_zj—‘[%(—%x_zjdx

1 _ _
=——x 2lnx—lx 2yC
2 4

fln x*dx
Let f(x)= Inx*, gx)=1.

Then f'(x)= xi4(4x3) = % and G(x) = x.

jln x*dx = (Inx*)(x) - jf(x) dx
X
=xInx*—4x+C=4xInx—4x+C

J In(In x) i

X

Let f(x)=In(lnx), g(x)=x""
1

Then f’(x)= —l and G(x)=Inx.
Inx
j ln(ln x) dx=In(Inx)Inx- I— —ln xdx
X

= ln(lnx)lnx—'[—dx
X
=In(lnx)lnx—-Inx+C
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23. J.xze_xdx

Let f(x)=x,g(x)=e".

Then f’(x)=2x and G(x)=—e".

Ixze_xdx =x2 (=) - I 2x(—e™™) dx
=—x% "+ J2xe_xdx

To evaluate J.erfxdx , use parts again:

Let fix) =2x, g(x)=e".

Then f’(x)=2and G(x)=—e"".

J2xe_xdx =2x(—e ") - f 2(—e™) dx

=2xe F-2e+C
Therefore,

Ixze_xdx =—x?e ™ —2xe ¥ —2¢F +C
=—efx(x2+2x+2)+C
24. J.lnx/x+1 dx
Let f(x)=Invx+1,g(x)=1.
1
Th "(x) =——— and G(x) = x.
en f'(x) 2t D) and G(x) =x
_[ln\/x+1dx
=x1n\/x+1—lJ‘de
29 x+1
=x1n\/x+1—%(xln(x+1)—_“ln(x+l)dx)
=xlnx/x+l—%xln(x+l)

+%(ln(x +D(x+1) - (x+1)+C

:xln\/x+l—x1nx/x+l+1n\/x+l(x+l)

—lx—l+C
2 2

:1n\/x+1(x+1)—%x—%+c

=1n\/x+1(x+1)—%x+C

25. J.x(x + 5)4dx
Use integration by parts: Let f(x) = x,
g(x)=(x+5)*. Then f’(x)=1 and

G(x) = %(x +5)°.

jx(x+5)4dx = x{%(x+5)5}—f(l)%(x+5)5dx

1 s_ 1 6
=—x(x+5) -——(x+5)"+C
S+ =55+ )

Section 9.2 Integration by Parts 291

26. [4xcos(x” +1) dx

Use the substitution, u = x2+1 ; then du = 2x
dx = 2du = 4xdx

j4xcos(x2 +1) dx = 2jcosu du=2sinu+C

=2sin(x> +1)+C

27, [x(x? +5)ax
Use the substitution, u = ¥’ +5 ; then du = 2x

dx = %du = xdx
Ix(xz +5)dx = lJ.u4a’u = (l)lus +C
2 2)5

L +c=i(x2 +5)°+C
10 10

28. [4xcos(x+1) dr

Use integration by parts with f'(x) = 4x,
g(x)=cos (x+1).
Then f’(x)=4 and G(x) =sin(x+1).

I4x cos(x +1) dx
= 4xsin(x+1) - [ 4sin(x +1) dx
=4xsin(x+1)+4cos(x+1)+C
29. [(Gx+Dedx
Use integration by parts with /' (x) =3x + 1,
g(x)=e*"3 . Then f’(x)=3and G(x) =3e"'>.
I(S’x +1)e* 3dx
=Bx+1)3e?) - j (3)3e*3dx
=(Ox+3)e*? 272 + C

5
30. "'M dx
X

_ 1
Use the substitution, # = In x; du =—dx .

X
5
J.M dx =J.u5du =lu6 +C
x 6

1 6
=—(1 +C
¢ (Inx)
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31.

32.

33.

Chapter 9 Techniques of Integration

~I‘xsec2(x2 +1) dx
Use the substitution, u = x2 +1 ; then du = 2x

dx :>%du = xdx

.[xsecz(xz +1) dxzé_[seczu du
=ltanu+C
2
=ltan(x2+1)+C
2
Inx
— dx
i,
Let fix)=Inx, g(x)=x75.
Then f*(x) = LI G(x) = L
x 4
Inx _ 1 -4 1 1 —4
Ix—s dx—(lnx)(—zx )—I;(—Zx jdx
=—lx_4 lnx+l_|.x_5dx
4 4
:—lx_4 lnx+(l)(—lx_4)+C
4 4 4

1
=——x* 1nx—ix_4 +C
4 16

J(xezx +x%) dx = Ixezxdx + .[xzdx

.[xzdx = %x3 +C,

To evaluate fxezx dx , use integration by parts
with fix) =x, g(x)=e**.

Then f’(x)=1and G(x)= %e 2

Ixezxdx = x(lezxj - J.lezxdx
2 2

1
=—xe?*

1
——e¥yC )
2 4
Therefore,

1 1 1
.[(xezx +x2) dx=—xe? ——e¥ +=x3+C
2 4 3

34.

3s.

36.

f(x3/2 +1In2x) dx = J.x3/2dx+jln2x dx
J‘xs/zdx :§x5/2 e
To evaluate fln 2x dx , use integration by parts
with f{x) = In 2x, g(x) = 1.
Then f7(x)= L(2) = 1 and G(x) = x.

2x X

j In2x dx = (In 2x)(x) — jl (x) dx
X

=xIn2x-x+C,
Therefore,

J‘(xex2 —2x) dx = J.)cex2 dx — I2x dx
I2x dx=x*+C |
To evaluate _‘.xe"2 dx , use the substitution,

u=x2;du=2xdx =>%du=xdx

Ixexzdx = %J‘ex2 2x dx = %je”du

1

1 2
=—e"+Cy=—¢" +C
2 279 2

Therefore, J‘(xex2 —2x) dx= %exz -x2+C.

j(xz —xsin2x) dx = .[xzdx —jxsin 2x dx
Ixzdx = %x3 +C;

To evaluate _[x sin 2x dx , use integration by
parts with f{x) = x, g(x) = sin 2x.

Then f’(x)=1and G(x)= —%cos 2x.

'[xsian dx = x[—lCOSZx}—.‘-—lCOSZx dx
2 2

1 1.
=——xcos2x+—sin2x+C,
2 4
Therefore,
j(x2 — xsin 2x) dx

1 1
==y +—xcost—lsin2x+C
3 2 4
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37. The slope is

38.

39.

and

L , SO f’(x)=L
Vx+9 Vx+9
thus f(x) = | \/X’% dx.Let f(x)=x and

g(x)= (x + 9)71/2 .
Then f’(x)=1and G(x)=2(x +9)"%.

dx = 2x(x +9)"? —jz(x +9)2ax

e

= 2x(x +9)/? —%(x +9)? 1=

F(x)=2x(x+9)"? —%(x+9)3/2 +C
£0)=2=
—%(o+9)3/2 +C=2=

-36+C=2=C=38

2(0)(0 +9)"?

Therefore,

F(x)=2x(x+9)"? —%(x +9)¥2 438

Slope is /3 , ;3 , f(x)= Ixe_X/3dx.
By parts.

h(x) = x, g(x)=e™*/3

W (x)=1,G(x)=-3¢""3

f(x)= .[xe_xmdx =3xe 3 + 3'[ e 3dx

=3xe ¥} 973 4+ C
f0)=6,6=-9+C= C=15,s0
f(x)=-3xe 3 —9¢7/3 +15

J- xe*
2

(x+1)

Use integration by parts with f (x) = xe* and

g(x)=—

(x+1)2 '
Then f’(x)=e"(x+1) and G(x) = —%1
J‘ xe* s
(x+1)

= xex(—ﬁj—‘[(— xil)ex (x+1)dx

X X

T,

X

+e"+C

x+1

40.

9.3

Section 9.3 Evaluation of Definite Integrals 293

4
x’e* dx
First, let u = x* Then

du = 4x3dx = %du = x3dv. So, we have

X% dy = l_[x‘*e”du = l_[u e"du

4 4
Now use integration by parts with f (u) =
and g(u)=e". Then f’(u)=du and
G(u)=e".
lfu e'du= lue” —lfe” du
4 4 4

e e

4" 7%

Substitute back:
lue” —le" +C= lx“ex4 —lex4 +C
4 4 4 4

Evaluation of Definite Integrals
14
js 2035 dx

Letu=2x-5;du

u=2(§)—5=0.
2

Whenx=3,u=23)-5=1.

=2 dx. When xz%,

1
3 14 14, 1 s
J.5/2 2(2x—=5) " dx = ‘[ du = s u

0

| T 1
=—(M)"-0=—
15() 15
jé;dx
2 \J4x+1
Let u=4x+1;du=4dx:>%du=dx.
Whenx=2, u=4(2)+1=9. When
x=6,u=4(6)+1=25.
25
25
J. ‘[ 1 _l.zul/z
2 J4x+1 4 9

___=1

2 2
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2
3. jo 4x(1+x2)° dx

Let u=1+x2;du=2xdx = 2du = 4xdx
Whenx=0, u=1+0%>=1. Whenx =2,

u=1+2>=5.
I()24x(1+x2)3 dx = 2_“15143du=%u415
-2 Lo
2 2
4.
J. OVx2+1

Let u=x +1;du=2xdx
Whenx=0, u=0%>+1=1. Whenx =1,
u=12+1=2.

2L 2
dx—.l.lﬁdu—%t ‘1_2\/5—2

e

0Vx+1

Use integration by parts with
f(x)=x, g(x)= \/— Then
f'(x)=1,G(x)=2vx+1

J.\/:dx x(ZH)‘ I2ﬁdx

3
=12—§(x+1)3/2

1
6. J-o x(3+x)° dx
Use integration by parts with
f(x)=x, g(x)=(3+x)". Then

=1, G(x) = %(3 +2)°

1 5
_[0 x(3+x)” dx
1

6 11 6
_—x(3+x) O—Iog(3+x) dx
1
4096 _ 1y,
6 4 0
4096 _(16384 B 2187) 14475 4825
6 42 42 42 14

5
7. J-x x2 -9 dx
3
Letu:x2—9,du:2xdx :>%du=xdx

Whenx=3, u=32>-9=0. Whenx=35,
u=5>-9=16.

5 5
Ix x> -9 dx=lJ. x2 =9 2xdx
2 2J2

:lj%u”zdu: 132 32
270 2)3

Lg%
3 3

16

0

8. f;dx

0(1+2x)*
Let u=1+2x, du=2dx:>%du=dx

Whenx=0, u=1+2(0)=1. Whenx=1,
u=1+2(1)=3
J~1 1 1,31 1 5

o 4a’x= 4du=——u
(1+2x) 27y 6

__l(L_lj_E
6277 ) 81

0. (¥ ~1)(x* ~32)

Letu=x3—3x; du=(3x2—3)dx:>
1. (2

gdu—(x —l)dx

Whenx=-1, u=(-1)> -3(-1)=2.
Whenx=2, u=23-3(2)=2.

J‘_zl (x2 - 1)(x3 - 3x)4 dx = %Jju“ du

{3
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10. J.; (2x - 1)()62 - x)lo dx

11.

12.

13.

Letuzxz—x; duz(Zx—l)dx,
When x =0, u=0>2
u=1>-1=0.

J(2x 1)(x —x)l dx=f(?u10du

—0=0.Whenx=1,

1
J. 2x dx
0x°+3

Let u=x>+3. Then du = 2xdx=>%du = xdx.
WheanO,u:&Whenx:l u=4.

=Ly 4

3 du——lnu
0x2+3 2B 2

3

=—(1n4—1n3)=llni
2 2 3

4 3
[ 8x(x+ 4 dx
Use integration by parts with
f(x)=8x, g(x)=(x+ 4)_3 . Then

£/(0) =8, G(x) = —%(x +4)2
4 -3
jo 8x(x+4) " dx

=—4x(x+4)_2‘ j (~4)(x +4)2 dx
__l6_ | MR . S I
= At ) = ( 1j_

3 3
L x2e* dx
Let u= x3; du =3x2dx=>%du = x2dx.
Whenx=1, u=1°>=1. Whenx =3,
u=3=27.

3 3
_[ x2e* dx—lf ¢* 3x2dx

1 31

27
127 1
=—f e'du=—e"
371 3
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14.

15.

16.

17.

18.

1
I_l 2xe™ dx
Use integration by parts with f'(x) = 2x,
g(x)=e*. Then f’(x)=2 and G(x)=¢e".

1 X pe 1 1 X
I_l2xe dx=2xe —J._l 2e”dx

1
=2¢e+2e ' —2¢" 1

—2e+2e7!

=2¢+2e! =4e7!

f ln—xdx

Let u = Inx; duzldx.
X

When x=1, u=In1=0. When x=e,

u=Ine=1.

Iem—xdx

1
_[ udu =lu2
2

| =

e
L In xdx
Use integration by parts with f'(x) =

g(x)=1. Then f'(x)= l and G(x) = x.

J.lnxdx xlnx|1 J—xdx

:elne—lnl—x|1 =e—e+1=1

z
Io ™™ cos xdx

Let u =sin x; du = cos xdx .
Whenx=0, u=sin0=0. Whenx= r,
u=sinz =0.

V4 0 0
Io &S cos xdx = J.o e'du=e"

=1-1=0
0

/4 /4 sin x
j / tanxdx=J. / —dx
0 0 cosx

Let u = cosx; du = —sin xdx = —du = sin xdx .

Whenx =0, u=cos0=1. Whenx = %,

z 2
U=Cc08S—=—1.,
4 2
4 4 si V2/2
I”/ tanxdxzjﬂ/ Smxdxz j / 1a’
0 0 cosx 1
——1nu|;/5/2

=—In (%J +In(1) = In2
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1
19. J.o X sin Tx dx

Use integration by parts, with f{x) = x,
g(x)=sin nx. Then f’(x)=1 and

G(x)=- L COS TIX.
i

1
_[Oxsinnxdx
1
1
=x[—lcosnx}‘ —I (—lcosnxjdx
T 0 o\
1

T 2

{ 1 } 1.
=|——cosm—0 |+—sinmx
T

0

1 . 1 . 1
=—+—sinT——sin0=—
T T T T

2
20. j”/ sin(Zx—zjdx
0 2
T 1
Letu:2x—5; du=2dx2>5du=dx.

When x =0, u=2(0)—%=—§.When

2
J'” Sln(Zx Ede_%J.”;/r/ sin udu
1 /2
=——cosu
2 -7/2
1 1
=——(0)-|-=1(0)=0
Lo (Lo
/2
21. J.fn/lel—sinzxcosxdx

Let u = sin x; du = cos x dx.

When x = —E, u= sin(—ﬁ) =-1.
2 2

When sz, u =sin(£)= 1.
2 2

/2 1
‘[fnu\/l —sin? x cos xdx = Jllxll —u’du
= the area of the top half of the circle with

radius 1= ~n()2 = &
2 2

2
22. JM/— 4—x*2xdx
0
Let u= x2; du=2xdx. Whenx=0,

u=02=0. When xzﬁ,uz(ﬁ)zzz.

23.

24.

25.

NE) 2
Io 4—x42xdx=IO Va-u’du
= the area of top right-hand quarter of the circle

with radius 2 = %n(z)2 =7

J.i —x? —6xdx= J._06«/9 —(x+ 3)2dx

Let u = (x + 3); du = dx. When x = —0,
u=-6+3=-3. Whenx=0,u=0+3=3.

.|._06\/9—(x+3)2dx _ j; 9—udu

= the area of the top half of the circle with

radius 3 = l11:(3)2 = 275
2 2

y=—x\/9—x2

If y =0, then 9-x2=0 orx=0. Thus, x = -3,
0, 3 are the intersection points with the x-axis.
Area of the portion fromx=-3tox=01s

0
given by J.73—x 9—x2dx.
Let u=9—x2, du = -2x dx.
J.—x 9—x? dlej.ul/zdu
2

1
=—u?iC
3

=1(9—x2)3/2 +C
3
0
0 1
j —x\9 - x%dx =—(9—xz)3/2
-3 3 3
By symmetry, area fromx =0 to x =3 is also 9,
so the total area is 18.

y=x\/4—x2

Ify =0, then 4—x?=0 orx=0. Thus, x=—
2, 0, 2 are the intersection points with the x-
axis. Area of the portion fromx=0tox =2 is

=9

. 2 2 2
given by _[Ox 4—x"dx. Let u=4-x"=
du=-2x dx.

Ix 4—x2dx=—ljul/2du=—lu3/2+C

2 3

= —%(4—;;2)3/2 +C

2
2 1 8
j wWad—xldx=——(4-x?)? =2
0 3 0o 3
By symmetry, area from x =-2 to x =0 is also

8 . 16
—, so the total area is —.
3 3
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9.4 Approximation of Definite Integrals S. 50:”:
40 1
(5-3)_2 T
1. A)C:ngz.4 3(]:
ag=3,a,=34,a,=38,a;=42, a, =4.6, 07
as =35 Rt
0 B e e B A x
— (= 12345678
2. A>c=—(2 1) =§=.6
ag = _1, a = _.4, a, = .2, as = .8, ’ : .
a4=1.4, a5=2 T E— e
IV Gl Gt B 30 -
4
5 20
X = -1 +E = —.75, Xy = —.25, X3 = 25,
X4 = 75 10
4. Ax= G-0) _ 5 01 2 s ’
6 2
% =0 el 25, %, =75, 33 =125, Area =[0+2(15) +2(35) +2(45) + O]E
2 =190
X4 = 175, X5 = 225, Xg = 2.75
B (4-0) e 2 S
7. Ifn=2,then Ax = = 2. The first midpoint is x; =0 +E =1. The second midpoint is x, =1+2=3.
4
Using the midpoint rule, we have fo (x2 +5)dx=[f(D)+ f(3)]-2=(6+14)-2=40.
Ifn=4, then Ax = (420) =1, x, = 0+%= 5, x,=1.5,x; =2.5, x, =3.5. Hence,
4
[ 7+ )de = [£ () + £ (i) + £ () + S (A
=[[(.5)% +5]+[(1.5)* +5]+[(2.5)% +5]+[(3.5)* +5]1(1) = 41
Evaluating the integral directly, we have
4
4
j (x? +5)dx=(lx3 +5x) =8 0=l
0 3 0o 3 3
8. [ (x-Dar
T

Using the midpoint rule with n =2, we have Ax = G=D ; D

jls(x—l)zdx =2[(2-1)2+(4-1)31=20

(5-1) 3
4

Withn=4,Ax= , 2:§’x3:z’x4:2‘
2 2 2

2
5 3V (5 0V (7
L (x—l)zdx:(l){(z—lj +(5—1) +(§_1J + ——1 1 21
o
3

=1. The midpoints are x; =1 +% =

5
The exact value is J.l (x—D2dx = %(x - 1)3 (43 0)=

1
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9.

10.

11.

12.

Chapter 9 Techniques of Integration

J.; e Ydx

-9

Using the midpoint rule with n = 5, we have Ax = =.2 and the midpoints are

2
X =O+5=.1, Xy =3,x3=.5,x4=.7,%5=.9.
1
IO e Ydx = .2[670'1 +e 40 407 4 670'9] =0=.63107

. I _ | 1
The exact value is Ioe Ydx=—e"" . =——+1=.63212.
e

2 1
J.l x+ldx

Using the midpoint rule with n = 5, we have Ax = =.2 and the midpoints are

2-D
5

2
X1 :1+E:11, X9 :1.3, X3 :1.5, X4 :1.7, and X5 =1.9.

2 1 1 1 1 1 1
j dx =2 + + + + ~.40523
I x+1 1.1+1 1341 15+1 1.7+1 19+1

1
x+1

2
The exact value is J.l dx=1In |x + 1||12 =In3-1n2 =.40547.

-3«

Using the trapezoidal rule with » = 4, we have Ax =

@ =.25 and the endpoints are

ay=0,a,=0.25,a,=0.5,a;=0.75 and a4 =1.
2 2 2 2 2 2
1
j x—l) de=|[o=L] +2(25-L] 12 .5—1) +2 .75—1) +(1—l 2 _ 09375
ol” 2 2 2 2 2 2) |2

e o1 1yl ; 3
The exact value is Io(x——) dx=—(x——) =§[.5 —(=.5)"]=.08333.

2 3 2

9

J. ! dx

4x-3

. . o ©-4) .
Using the trapezoidal rule with n = 5, we have Ax = — =1. The endpoints are
ao:4,a1:5,02:6,a3:7,a4:8, anda5:9.

9

j ! dx:[ LD SV S L S SD S S }lzl.86667
4x-3 4-3 5-3 6-3 7-3 8-3 9-3]2

L de=tnfx=3[ =In6-In1=179176.
3 4

9
The exact value is J.4
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51
13. jl x—zdx

Using the trapezoidal rule with n = 3, we have Ax = (53;1) =~ 1.33333. The endpoints are
ay =1, a; =2.33333, a, =3.66667, and a; =5.

51 1 1 1 1 |(1.33333
—dx=|—+(2) +(2) +—}( ):1.03740
J x? [12 233333 3.66667% 57
5
5
The exact value is j idx S —l+ 1=.8.
1 x2 Xl 5
1
14. I_lezxdx
Using the trapezoidal rule with n = 2, we have Ax = a-cn =1 and the endpoints are a;, =-1, a; =0, and

2
a2=1.

1
[ e¥ax= [62(_1) + 2620 4 20 ]1 ~ 4.76220
1 4
With n =4, Ax=%4_l))=.5, ay=-1,a,=-5,a,=0,a3=.5, and a, =1.

1
[ e2tx = 2TV 4262009 420200 1 2209) 1 200 ]55 ~3.92418

1

2x

1
The exact value is j lez"dx = %e = %[ez - e_zJ = 3.62686.

-1
4 3
. X — x; n=
15 jl (2x-3)%d 3

szw=1
3

Midpoint rule: x; =1 +% =15, x, =25, x3=3.5
4
[F@x-3)ax~ [(2(1 5)=3)% +(2(2.5) - 3)° + (2(3.5) - 3)3J =72
Trapezoidal rule: ay =1, a; =2, a, =3, a3 =4
L“ (2x—-3)’dx = [(2(1) -3)> +2(2(2)-3)* +2(23)-3)* + (2(4) - 3)3]% =90

C2M 4T 2(72)+90
3 3

78

‘ , 4 3
Simpson’s rule: -[1 (2x=-3)y'dx=S

4
Exact value: j14(2x—3)3dx=%(2x—3)4 :%[(2(4)—3)4—(2(1)—3)4]:78
1
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16.

17.

Chapter 9 Techniques of Integration

J-201nx _s

(20-10)
5

Ax = =2
S 2
Midpoint rule: x; = 10+E= 11, x, =13, x5 =15, x4, =17, x5 =19

=1.83492

—dx=
10 x 11 13 15 17
Trapezoidal rule: ay =10, a; =12, a, =14, a; =16, ay =18, a5 =20
20
L Inx xz{lnlo+21n12+2ln14+2ln16+2ln18+1n20 2

J~201nx [lnll In13 Inl5 Inl7 lnl9}
+ + + +

—=1.83893
0 x 10 12 14 16 18 20 }2

Simpson’s rule:

20
J- ln_xdx 2M+T _ 2(1.83492) +1.83893 183626
10 3 3
Exact value: j ln_xd
10 x

Letu=Inx, du =ldx. When x =10, u =1n 10, and when x =20, u = In 20.
X

In 20 1
= —[(In20)* —In(10)*] =~ 1.83626

.[20 lnx J-1n20 1 2
In10

udu—
10 In10

2 2
J.o 2xe™ dx; n=4

(2-0)

Ax = =.5

Midpoint rule: x; = 0+§ =.25,x,=.75 x5 =125, x, =1.75

2
I 2xe™ di = 0.5[2(.25)e " 12(.75)e07)" +2(1.25)e12” 12(1.75)e1 7 | ~ 44.96248
Trapezoidal rule: ay =0, a;=.5,a,=1,a;=1.5,a,=2

2 2 2 2 2 2 2
[ 2we” de= [2(0)e° +2(2)(5)e®) 22" +2(2)1.5)eS +2(2)e? E ~ 7219005

2 2M +T  2(44.96248) + 72.19005
Simpson’s rule: _[0 2xe® dr~ S = ;- ( ; =54.03834
2 2
Exact value: -[0 2xe® dx = e* ‘ =e* —1=53.59815
0
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18. J';x\/4—xdx;n =5

@=.6
5

Ax =

.6
Midpoint rule: x; = O+E: 3,x=9,x3=15, x4, =2.1, x5 =2.7

Ijx\/4—x dx = .6[(.3)J4—.3 +(ONA— 9+ (1SVA-1.5+ (2.4 -2.1+ (2.7)\/4—2.7] ~ 6.30390

Trapezoidal rule: ay =0, a; =0.6, ay =1.2, a3 =18, a, =2.4, a5 =3.0

.[(jxx/4—xdx
= [(0)\/4 —0+2(.6)v4—.6+2(1.2)v4-12+2(1.8)Vv4-1.8 +2(2.4)V4-2.4 +(3.0)v4 - 3};6
= 6.19197

2(6.3039) +6.19197
3

=6.26659

3
Simpson’s rule: J.o x\V4—xdx =
3
Exact value: .[0 xv4—xdx

Use integration by parts with f'(x) =x, g(x) =+4—x.Then f’(x)=1 and G(x)= —%(4 - x)3/2 and

3

3 3
jo xA—xdx= —%x(4—x)3/2 —jo —%(4—x)3/2dx = [—%(3)13/2 —0}—%(4—;@5” ~ 6.26667 .

3
0

0

5
19. J-z xetdx; n=35

Midpoint rule: x; = 2+§ =23,x,=29,x3=35x,=41, x5 =47
5
jz xe*dx = .6[(2.3)e>? +(2.9)e>? + (3.5)>” + (4.1)e*! + (4.7)e* "] = 573.41797
Trapezoidal rule: ay =2, a; =2.6,a,=32,a3=38,a,=44,a5=5
5
jz xe¥dx =[2e” +2(2.6)e*° +2(3.2)e>? +2(3.8)e>® +2(4.4)e** + 5e5]§ ~612.10806

_2(573.41797) + 612.10806
3

5
Simpson’s rule: -[2 xe*dx = 586.31466

5
Exact value: .[2 xe*dx

Use integration by parts with £ (x) =x, g(x)=e".
Then f’(x)=1 and G(x)=e".

5 X X X
_.[26 dx =(xe* —e)

5 5 5 5
[ xe*d = xe* = eF(x— 1)‘ = 4e’ - % =~ 586.26358
2 2 2 2
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21.

22,

23.
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5
J'l (4x3 - 3x2)dx; n=2

Ac=CD
2

2
Midpoint rule: x; =1 +E =2,x,=4

jf (4x” =3x%)dx = 2[(4(2)° = 3(2)%) + (4(4)° - 3(4))] = 456

Trapezoidal rule: ay =1, a; =3, a3 =5

jls (4x> = 3x%)dx = [(4(13) —3(1%))+2(4(3°)-333%) + (4(5°) - 3(52))E =588

5
Simpson’s rule: L (4x3 - 3x2)dx =

2(456;+ 588 _ 500

5 5
Exact value: .[1 (4x3 - 3x2)dx = (x4 - x3) = 54 -53 =500

2 3
J.o 1+ x"de;n=4

_2-0_

Ax 5

ay=0,a,=5,a,=1,a;=15,a4=2, x =25, x, =.75, x3 =1.25, x4, =1.75
2
-[0 I+ x dx

z[\/1+03 141425 + 2014 5% +414.75% + 201413 + 441 +1.253

+21+1.5% + 4141753 +\/1+23}§

=3.24124

11

J' 3 d;n=2

0x”+1

m:—(1;0)=.5

aO:Oa01:~5,a2:1,x1=.25,x2=.75

1

| 31 dx"[zl +(4) 31 +(2) 31 +(4) ; + 2Fz.83579
0x” +1 0° +1 257 +1 57 +1 75 +1 1+1°]6

2

J.o Nsinxdx; n=5

m:—(2;0)=.4
ao:O,al:.4,(12:.8,613:1.2,(14:1.6,05:2,)Cl:.2,x2:,6,x3:1’x4:l.4’x5:1.8
2

IO\/sinxdx

~ [\/sin 0 + 4y/sin(.2) +2./sin(.4) + 4./sin(.6) + 2,[sin(.8) + 4</sin 1 +2,sin(1.2) + 4,/sin(1.4)

+ 2,fsin(1.6) + 44/sin(1.8) + \/sin(E)Jg

=1.61347
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28.
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J'11\/1+x4dx;n:4

o 0=CD)
4
ag = _1, a) = _.5, a, = O, as = .5, ay = 1, X = _.75, Xy = _.25, X3 = 25, X4 = 75

jil 14 x*dx ~ [\/1+(—1)4 a1+ (CT9 1201+ (5 + 41425 +23140°

+ 414254 + 2314 5% +41+.75% 441417 }ES
=2.17883
View the distance to the water as a function f of the position x of a point on the side. If a corresponds to the
top of the diagram and b to the bottom, the area we wish to compute is f: f(x)dx. Because the

measurements are taken 50 feet apart, Ax = 50. Thus the trapezoidal rule with n = 4 gives

Jj S (x)dx =[100+2(90) + 2(125) + 2(150) + 200]? =25,750 sq. ft.

View the depth of the river as a function f of the position x of a point between the banks. If a corresponds to
the bank on which the first reading was taken and b corresponds to the last reading, then the cross-sectional
area we wish to compute is Jf f(x)dx. Using the trapezoidal rule with n = 5 and Ax = 20 (distance between
readings), we have, after converting readings to yards,

jb F(x)dx =[0+2(2)+2(4) + 2(6) + 2(2) + 0]22—0 =280 sq.yd .

(See hint.) using the trapezoidal rule with Az =10, n = 10,

s(10) = ;0 V(0)dt = [0+ 2(30) + 2(75) + 2(1 15) + 2(155) + 2(200) + 2(250) + 2(300) + 2(360) + 2(420) + 490]

2
=2150 ft
(See hint for Exercise 27.)
5
s(5) = J.o v(t)dt with v(f) velocity at time ¢ measured in miles per minute.

jos V(t)dt = [33+2(32) + 2(28) + 2(30) + 2(32) + 35]6)% = 2.6 miles

Y

10
8‘;/
6

f(x)=éx4+3x2; f'(x)=%x3+6x; F7(x)=x>+6

4_

2

b. f”(x)<10 on[0,2],s04 =10

c. a=0,b=2,n=10,4=10

_ 3 —m3
b 1000 8 _ .
24n 24(10)* 240

d. 8.5089 —8.5333 =—-.0244, which satisfies the bound in part (c).
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30.

31.
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a=0,b=2,n=20,4=10
Ab-a)® 102-0)°  10(8) _l(i)
24n? 24(20)%  24(400)  4\240

The bound is quartered.

f(x)=3Inx y
1 - . t 1 + + 4 X
fo)=3(;J=3x1;f”UD=—3x2 e
_5 -+
S =6x7; fP(x)=-18x"* 1ot
_15 £
_20 £

f////(l)z_lg and ]p//u(z):_%’ SO f-////(x)s|_18|=18

a=1,b=2,n=2, 4A=18

PR _1\S
A az _18(2 1)4:18( 1 J: 18 40063510~
2880n 2880(2) 2880(16) ) 46,080

1.1588 — 1.1589 = —.0001, which satisfies the bound in part (¢).
a=1,b=2,n=6,4=18
Ab-a) 182-1° 18 18
28801 2880(6)*  2880(2-3)*  2880(2)*(3)*
The bound is divided by 81.

The area of the triangle on top is %(k — h)l and the area of the rectangle on the bottom

h k is [h. Thus the area of the trapezoid is %(k -l +Ilh= %(h + k)l

\ y= f(x)
\

Ax Ax Ax Az
a= ay ay s as ay=1>0

From part (a) with f(ay) =h, Ax=17and f(a;) =k, we have area = %[f(ao) + f(a;)]Ax.

Applying the result in (a) as in part (b), we see that the sum of the areas of the 4 trapezoids in the figure
1 1
S+ fa]av S @)+ fa)] xS [f @)+ flap]ax+ 2 fa) + flay)]as
is
=[f(ag) +2/(a) + 2 (ay) +2f(a3) + f(%)]%
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32. (alv ﬂal))
L1 %
| \
(aOs f(aO)) i 1}'\ y= f(ﬂc)
I | N
I } !
I I !
| } JERON
a = Gy all 6112 (1113 ay = b

Using the approximation described in the problem,
b Ax Ax
[, FC0dx === f(aq) + Axf (@) + Axf (ay) + Axf (a3) + =~ £ (ay)

- [f<ao)+2f<a1)+zf(a2>+2f<a3)+f<a4)]%

= estimate using the trapezoidal rule withn = 4

33. a y= f(x) y= f(z)
L= //
I ]
|1
ay ag -13]1 ay ag 9J]1 ay

Let 7; be the top triangle in Fig. 15(b) and let T, be the bottom one. Both are right triangles, their bases
have the same length (%), and the angle between the base and hypotenuse is the same in each.
Therefore the area of 7}, A(7}) = A(T,), the area of T,. The shaded area in Fig. 15(a) = area shaded in
15(c) + A(T}) — A(Ty).
b
b. J. f(x)dx <M follows from (a), using the fact that
a

J.ab f(x)dx = J.:l f(x)dx+ J.:lz f(x)dx...+ J.:,H f(x)dx

b b
Decomposing J. f(x)dx as above, T < J. f(x)dx follows from the fact that if fis concave downward,
a a

then each of the trapezoids whose area is summed to obtain 7' is entirely below the graph of f. (See, for
example, Fig. 13(b) in exercise 31, where the first two trapezoids are drawn over a region on which fis

b
concave downward.) Thus, T < J. f(x)dx <M.
a

. . I . R
34. a. R is defined to be the rate at which the heart pumps blood, measured in liters per minute. Thus <0
measures the same quantity in liters per sec. So in A¢ seconds (the length of the ith time interval)

. R . . o .
approximately (E) At liters of blood will flow past the monitoring point.
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b. If (6—1;) At liters of blood flow past the monitoring point during the ith interval and the concentration of

dye in the blood is approximately c(¢;) mg/liter (here we are using c(¢;) to approximate c(f) for all ¢ in

the ith interval), then approximately c(ti)(%) At mg of dye will flow past the monitoring point during
this time.

c. Ifessentially all of the dye flows past the monitoring point during the first 22 seconds, then
D = (R/60)[c(t))+---+c(t,)]At follows directly from (b), since D is the total quantity of dye. The

approximation improves as n gets large, since as At gets smaller, c(f;) becomes a better approximation
for c¢(#) on the ith interval.

d. [e(t))+c(ty)+ -+ +c(2,)]At is a Riemann sum of () on [0, 22]. The result in (c) says that

60
li t)+c(ty))+ - +c(t,)|At =—D.
Atlgo[c(l) c(ty) c(t,)] I

22 22
Thus jo c(t)dt=%D or D= jo ?I:)C(t)dt'

Therefore, Rzzgi.
jo c(t)dt
1
X) = S
S(x) 52
a=3.1—£=3,b=4.9+%=5,n=ﬂ=1o
2 2 0.2
f(x)=sin(x?), a=2,b=6, n=3"2_g
0.5
11
f ld;sz(ll D_,
X 10
Midpoint rule:

X1 :1+% = 15, Xy = 25, X3 = 35, X4 = 45, X5 = 55, Xe = 65, X7 = 75, Xg = 85, X9 = 95, X0 = 10.5

11 i
I ! L+L+L+L+L+L+L+L+L+L}z2.361749156
1 x 1.5 25 35 45 55 65 75 85 95 105

Trapezoidal rule: ay=1,a,=2,a,=3,a3=4,a4,=5,a5=6,a5=7,a7;=8,a3=9, ag =10, a;( =11
1

—}l ~2.474422799

11 (1 1 1 1 1 1 1 1 1 1
L —dx = _I+(2)5+(2)§+(2)2+(Z)g+(2)g+(2)7+(2)§+(2)§+(2)E+ 12

Simpson’s rule:

111 (1 1 1 1 1 1 1 1 1 1 1 1
j —dx = _T+(4)E+(2)E+(4)2_.5+(2)§+(4)§+(2)Z+(4)4_.5+(2)§+(4)§+(2)€+(4)5

1 1 1 1 1 1 1 1 17
+(2)7+(4)ﬁ+(2)§+(4)E+(2)§+(4)§+(2)E+(4)m+ﬂg

= 2.399307037
111 11
Exact value: L —dx= ln|x||1 =In11=2.397895273
X

Error using midpoint rule = .036146117
Error using trapezoidal rule = .076527526
Error using Simpson’s rule =.001411764
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n/2 (E—O) n
38. J. cosxdx; Ax = 2 =—
0 10 20
. (LO) i 3n Sn vk o 11z 131 151
Midpoint rule: x; =0+-" > E, Xy = 40 X3 = 40 Xy _E’ X5 —%, Xe _E’ X7 —E, Xg —E
_17n 197
R R Ty

n/2 T 3n ST i om 1lm 13w
_[ cosxdx =| cos| — |+ cos| — |+ cos| — |+ cos| — |+ cos| — |+ cos| — |+ cos| —

0 40 40 40 40 40 40 40

roos| 27 4 cos[ )+ cos[ 227 | < 1.001028824
40 40 40 /120

Trapezoidal rule: a, =0, a - a _2_11; a _3_1t a _4_71 a —5—n a _6_11: a _7_11' a _8_11;

P C T T T BTy M T B T T 0 T T o0 B T o

on

%, T
9 20 a10 7

J. cosxdx = | cos(0) +2cos )+2cos(2nj+2005(3 J+2cos(4n)+2005(5 )_1_2005(611:)
20 20 20 20 20 20
+2cos(7—nj+200s(8—n)+Ecos(g—n)+cos(£j i(
20 20 20 2)120

(st ()

Jes e ) s (5
(2] 2] o s el
ol o2

=1.000000212

1 )
2

= 0.9979429868
Simpson’s rule:

/2
Io cosxdx = {005(0) +4cos

+4cos (

+4cos

/2 . L .
Exact value: Io cos x dx = sin x|g/2 = sin (5) —sin(0) =1

Error using midpoint rule = .001028824; error using trapezoidal rule = .0020570132
Error using Simpson’s rule = .000000212
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W (3-9)_=
39. J. sec” xdx; Ax = =—
0 10 40
Midpoint rule:
(ﬂ)) b 3n 5t n on 11n 137 157 17n
X =0+ =, Xy S, Ny E o, Xy T o, X =, X =, Xy = Xg =, Xg =
2 80 80 80 80 80 80 80 80 80
o 21om
1077,

/4 11
.[n sec? xdx =| sec’ (lj +sec? (3_n) +sec’ (S_n) +sec? (7_11) +sec? (9_11) +sec? (_n)
0 80 80 80 80 80 80
2(1371) 2(1511) 2(1771) (1911)
+sec” | — |+sec”| — |+sec”| — |+sec
80 80 80 80 /140

oo 4R M o _om _In _8¢
40772740773 T 4077 T 4000 T 40778 400 T T 407 Y T 40”

ij +2sec? (2—“’) +2sec? (S—TE) +2sec? (4_1'5) +2sec? (S—TC)

40 40 40 40 40

6—“) +2sec? (7—71:) +2sec? (S—R) +2sec? (9—71:) +sec? (Ej (l) (l)
40 40 40 40 4 40 )\ 2

j+2secz(£)+4sec ( )+2secz(2n)+4secz(5—n)
40 40 80
J+4sec2(7n) +2sec ( )+4secz(9n)+2sec2(5—n)
80 80 40
)+2S€C( ) ( )+2 2[7—n)+4secz[15—n)
40 80
o roset (o (G oo’ (5o (B[ 5)(E)
80 80 4 40 J\ 6

n/4 2 n/4
Exact value: J.o sec” xdx = tan x|o = tan 4 —tan(0) =1

= 0.9989755866
Trapezoidal rule: a, =0, a; =

on

Ao =—. Ain =
9 > “10
40

N

n/4 2 2 2
_[0 sec” xdx =|sec”(0)+2sec

1

+2sec?

=1.00205197
Simpson’s rule:

ol’-‘

/4
J; sec? xdx = [secz(O) +4sec? (

+2sec?

5|8

—_
._

+2sec?

(
s
(

-lk|0:]°oo

=1.000001048

Error using midpoint rule = .0010244134; error using trapezoidal rule = .00205197
Error using Simpson’s rule = .000001048
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1 —
40. J. 2xex2dx; Ax=M=..l
0 10

1
Midpoint rule: x; = O+5= 05, x5 =.15, x3 =.25, x4 = .35, x5 = 45, x5 = .55, x; =.65, xg =.75, x9 = .85,
xlo = 95
1
X 2xe” dx = [2(.05)e(0'05)2 +2(.15)e®19" 12(25)e(029° 1 2(35)e(039) 4 2(45)e 049

1+2(.55)e®59" 42(.65)et)" +2(.75)e ™" 12(.85)e)’ +2(.95)e9 ].1

~1.712342989
Trapezoidal rule:
a =0,a,=0.1,a,=02,a;=03,a,=04, a5 =0.5, ag =0.6, a; =0.7, ag = 0.8, ag = 0.9, a;, =1
1
X 2xe” di = [2(0)e<°>2 +400.)e0D” 1+ 4(0.2)e0?" +4(0.3)e®Y” 1+ 4(0.4)e O +4(0.5)e D’
+4(0.6)e®9” 1+ 4(0.7¢07" 1+ 4(0.8)e ™8’ +4(0.9)e @) +2(1)eV’ }(0.1) (%)

=1.730179664
Simpson’s rule:

jol 2xe” di = [2(0)e(0)2 +8(0.05)e %" 1+ 4(0.1)e@D +8(0.15)e @19 4 4(0.2)e®?’ +8(0.25)e*’
+4(0.3)eY” +8(0.35)e 3" +4(0.4)e®’ +8(0.45)e 4 +4(0.5)e Y’
+8(0.55)e"5" 4+ 4(0.6)e®0 +8(0.65)e®65" + 4(0.7)e@ +8(0.75)e 7Y’
+4(0.8)e " 1+8(0.85)e*35" 4+ 4(0.9)e®?” +8(0.95)e V" 1 2(1)e™’ }(o. 1) (%)

~1.718288548

Exact value: .[; erx2 dx; let u = xz; du =2x dx.

Whenx=0,u=0. Whenx=1,u=1.

[ 2xe = e"au =" ; —el =¥ =e-1~1.718281828

Error using midpoint rule = .005938839
Error using trapezoidal rule = .011897836
Error using Simpson’s rule = .000006720

Yy
4L f()=— =4 %
1+x 2
S7(x) = =40+ x7) 2 (2x) = -8x(1+ x7) T o
F7(x) = =8x(=2)(1+x*) 7 (2x) + (1+x7) > (-8) . 1
30x2 8 10

TA+x2)} (1+x2)?
LetA=8,a=0,b=1,n=20.
Ab-a)’  8(1-0)°

A bound on the error of the estimate is 3 > = .0008333.
24n 24(20)
42. Same graph as for Exercise 41. Let A =8,a=0,b=1,n=15.
R 3
A bound on the error of the estimate is 22—~ 80=0" _ 157062963 |

1222 12(15)%
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9.5 Some Applications of the Integral

T,
1. Present value = ITZ K(t)e™dt;
1

K($)=35,000, T, =0, T, =5, r=.07.
So

5
PV.= jo 35,000e "7 dt

100 5

= ——(35,000)e "
7 0

=-500, ooo[e‘~°7(5) - eo] ~$147,656

2. K(1=60,000, I, =2,T, =6, r=.06
So

6

P.V. =j 60,000e % g
2

6

1 -
= —%(60, 000)e™%| = $189,244
2
3. K()=12,000, Ty =1, T, =5, r=.1
So
5 5
PV.= L 12,000e ™" dr = ~10(12,000)e """ 1

= $35,797

4. K(1)=25¢"%% 1,=0,T, =4, r=.08
The present value is

4 4
[ (25e79%)e % ar = [ 25¢7V
0 0
4
- —10(25)e‘°-1"O
=-250[¢ " - 1]
~ $82.4 thousand
5. K(1)=80e™ "% 1,=0,T,=3, r=0.11
The present value is

3 3
I (806—0081)6—0111dt — I 806_019dt
0 0

3
100 ~0.19

=2 80)e ™"
T (80)e

0

__ 8(1)80 (057 _1]

~$182,937
6. a. K()=20e""%" 1,=2T,=5,
r=10.06.
5
So P.V.= jz (20¢' 70090067 g

5
b. J.z (2061700’% )6*006tdt

5

= [, 20e"ar

5
100 1-0.15¢

)
15( )e

2
2000

15
=~ $97.297 thousand

[025 077

7. a. K()=30+5,T,=0,T, =2,r=0.1.

2
So P.V.= j LGB0+ 50)e 1% gy

b. Use integration by parts with f(¢) =30+ 5¢
and g(¢)=e"". Then f’(t)=5 and
G(t)=-10e70".
joz (30+56)e "V dr

= (30+ 5t)(—10)e_0'1[‘§ —jozs(—lo)e‘o-”dt
= (~400¢702 +300) - 500~ ‘2

- (—400e‘°~2 + 300) —500e7%2 4500

=-900e""% +800
= 63.1 million dollars

2
8. j (50 + 7)™
Use integration by parts with f'(¢) = 50 + 7¢,
g()= ¢ Then

f'®)=7and G(t) = —10e~1
_[02(50+ 70e " dr
=(50+ 7t)(—1o)e—o.1t‘§ - 02 (D10)e ™y

2
=500— e %2(500 + 140) — 700e -1 ‘0
=~ $102.9 thousand

9. a. D(t)=120e7%6%
5
Population = Io (2m)120e70'65tdt

5
= 240nj0 te 09 gy
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b. Use integration by parts with f'(f) = ¢,
g()=e %" Then f’(t)=1 and
G(t) = ~100 065 _ 20 065t

65 13
5
24011_[O te 09 gy

=240m (—Z—OJ e 00t
13

5

0

_J‘5(_2_0j o065 g,
0 13

=1490.493 thousand or 1,490,493 people

5
10. L (2mt)120e 095 gy

5
= 240m f : te~00% gy
5

=240m (—§) e 065
13 ;

5(20
=) (_E

(using the integration by parts from Exercise 9)
~ 454.920 thousand of 454,920 people

11. D(t) = 60 ¥
5
Population = J.o (2m)60e70'4tdt

5
=120x[ te¥ar
0
Use integration by parts with f(¢) = ¢,
g()=e . Then f’(r)=1 and

—e

G(t) = _10 04 __5 o4
4 2

5
120n_[0 te M dt

= 1201{; (—i)e‘o-‘“
2

=~ 120n(3.712)
~ 1399.391

About 1,400,000 people
y

120
1900 population
v~ density

60

1940 population

¥ density

x

People moved away from
the center of the city

The graphs show that people moved away

from the center of the city.

9.6

5
_J‘S(_é)e—o.mdt
o "0\ 2

Section 9.6 Improper Integrals 311

12. D(t)=11(> +10)72
Amount of lava

10 2 -2
Amt of lava = jl QrOA )2 +10)2dt

e.

10
= zznjl 12 +10)2dt
10

= 227:6)(—1)@2 +10)7"!

1 1
= (—1 lﬁ)l:m—ﬁ:l

= 2 1t thousand tons
10

1

The area of the ring is 2n#(Af). The
population density is 40703 So the
population is

2mt(A1)40e 0 = 80me(Ar)e O
thousand.

dP
— or P'(¢
7 PO

It represents the number of people who
live between (5 + Ar) miles from the city
center and 5 miles from the city center.

P(t + At) — P(t) = 80mt(At)e ™ from
(a).
So, W ~ P'(t) = 80mte >

J.: P’(t)dt = P(b)— P(a) = Jj R07tte 0 dt

Improper Integrals

1. Asb —> oo, % approaches 0.

2. Asb— o, b? increases without bound.

3. Asb— o, —3¢%" decreases without bound.

4. Asb — o, l+l approaches 0+l=l.
b 3 3 3

1 1 1 1

5. Asb — o, ——— approaches ——0=—.
2 PP 4 4

4

6. Asbh — oo, % b increases without bound.

7. Asb—> o, 2—-(b+ 1)_1/2 approaches
2-0=2.
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Asb — o0, =2(b+1)""2 +1 approaches 1.
Thus,

oo _ . b _
9. Asb — o, 5(b*+3)"" approaches 0. j (x+1)>2dx = hmj (x+1)32ax=1.
3 b—ro0¥3

8. Asbh— m, S—ﬁ approaches 5—0=5.

10. Asbh — oo, 41-b7"* hes 4. o
i = 4 ) approaches 18. The given area is L (2x+6)_4/ 3 dx.

11. Asbh >, e /245 approaches 0 + 5 =5. b

b
L Qx+6)™3ax = —%(2x+6)_1/3

12. Asb—m, 2—¢™b approaches 2 — 0 =2. 1

= —§(2b+6)_”3 3
2 4

13. The given area is J‘midx
2 x? 3 -3, 3 3
As b — o, _E(Zb +6) +Z approaches e

b
b
jzlzdx:_l __1.1 )
x X b2 Thus, [~ (2x+6)* dx
1 1
As b — o, ——+— approaches —. o [P 43, _3
P > —blgr:ojl @x+6) " dx =2

oo b
Thus, j L= tim (L=l
2 x2 b— oo 2 x2 2

b
b
19. jl (14x +18) 3 ax = %(14” 18)!/3

1

. . had -2
14. The given area is -fo (x+1)“dx. =i(l4b+18)1/5 5
b 14 7
[PaenZar=——] -4 5 5
o = x+10_ b+1 As b — oo, ﬁ(14b+18)1/5—7increases
1 o
Asb — o0, == +1 approaches 1. without bound. Thus, L (14x +18) ™3 dx

diverges and the area under the curve

y=14x+ 18)_4/5 for x > 1 cannot be
assigned any finite number.

oo _ . b _
Thus, jo (x+1) 2dx=b15130j0 (x+1)2dx=1.

oo

15. The given area is J.o e 4.

b
b - 3
b b U3 0 y2/3
.[0 e 2dx = —Ze_xu‘o =-2¢"242 20. J.z (x=1) """dx 2 (x-1) ,
- 3 3
As b — o, e 240 approaches 2. :E(b_1)2/3 -

o b
Thus, | "™ 2dx = lim [ e™/?dx=2. 3 s 3 ,
0 h—o0v0 As b — o, E(b -7 - B increases without

16. The given area is -‘.0 4e~Hdx. bound. Thus, J;O (x—1)""3dx diverges and
b

J.(f de™Mdx=— | =—e* 41 the area under the curve y = (x—1)"""? for
0

n x > 2 cannot be assigned a finite number.
Asb — oo, —e" " +1 approaches 1.

o b - b
Thus, f 4 dx = limf 4e ¥ dx =1. 21. J' L= tim [ L= tim |~ L2
0 h—3e090 13 hoeedl 3 b !
17. The given area is J.oo(x+1)_3/2dx = lim —lb_2 +l 1L
) 3 ' boeo| 2 2] 2

b b
[ e e =2+ 1)‘”2‘3
=20b+1)2 41
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o 2 . b 2
22. J.l x37dx=hlg'[:° lx37dx

b
= lim [—4x_1/2‘ }
b—rco 1

= lim[-4b™"% +4]=4

b—oo
oo b
B [T dr=lim [ ax
0 (2x+3) b—e"0 (2x +3)
b
= lim l:——(2x+3) }
b—oo 0

= lim [—l(Zb +3)7! +l} =
b—oeo| 2 6

)

AN =

24, ["edy= lim jbe*“dx: lim {—%eh

b—oo b—yoo
b
0

= lim [—le_% +l}=l
boeo| 3 33

2 j ey = hmj e dx = lim Pe”

o

b—soo b—oo| 2

— Jim | Lo L
b—yeo| 2 2

As b — o, leZb

1. .
- 5 increases without

bound. Therefore, I:ezxdx diverges.

) (P2
26. fo (x +1)dx—blglzoj.0 (x? +1)dx
b
. x3
=lim|—+x
b— oo

0

3
= lim [b—+b—0:|
b—oo| 3

3

As b — o, — + b increases without bound.

Therefore, .[: (x2 +1)dx diverges.
o 1 b 1
217. ————dx=lim | ———dx
.[2 (x_1)5/2 b—)m"-z (x_1)5/2

= lim {—%(x—l)_su

b—>eo

= lim [—3(1;—1)3/2 +3} _2
b—eo| 3 3

Section 9.6 Improper Integrals 313

oo b b
28. J.2 e ¥dx = lim .I.z e’ *dx = lim [—ezx 2}

b—eo b—eo

= lim[-e™?
b—>oo

+1]=1
° b
29. [0.01e™dx = lim [ 001" ax
0 b—00v0
b
]

— llm _e—O.le
b—oo

= lim[-e %" +1]=1
b—>oo

oo b
30 [T—ar=tim [ —
0 (2x+1) b—"0 (2x +1)

. b
= lim | -(2x+1) ‘
b—>oo 0
= lim[-(2b+1) 2 +1]=1
b—yoo
S b
31. J. 6e! ¥ dx = limI 6e! 3 dx
0 b— oo
b
0}

= lim[-2¢' 73 + 2¢] = 2¢
b— oo

= lim [—261_3x

b—>oo

32 [T = tim | b o 02x gy

b—>oo
b
1
= lim [-5¢70% 4 50702]
b— oo

= lim [—Se_o'zx

b—oo

=5¢7%2 = 4.09365

2 2
o X b X
33. ————dx=lim | ———dx
J.3 Vxd -1 b_>°°'|‘3 Vxd -1
To evaluat fb X’ d the substituti
0 evaluate —F/—dX, USC € Ssubstitution
3 \/x3—1

u=x3—1, du = 3x2dx. When x = 3,
u=33—1=26' when x = b, u=>b%-1. Thus,

b -1
|
I I26 ! du—(l)Zul/z
Vx? Ju 26
:g(b3—l)——\/_
2.3 2 2 -
As b — o, E(b -1) —E\/% increases

2
. o X
without bound. Therefore, L ﬁdx

diverges.
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34.

3s.

36.

37.

Chapter 9 Techniques of Integration

dx = lim dx

J.2 xInx b—e?2 xInx

b oy
To evaluate Iz ———dx, use the substitution

xlnx

=Inux, du=ldx. Whenx=2,u=1n2;
x

when x = b, u=1n b. Thus,
J~b 1 dy = lnbl —In | ||lnb

2 xInx
= ln(ln b) In(In 2)

As b — oo, In(In b) — In(In 2) increases without

bound. Therefore, Jj

dx diverges.
xlnx

o _xz . b _x2
J.o xe ~ dx= lim o xe dx

b—>oo
b _2 _
To evaluate Io xe " dx, use the substitution

u= —xz, du=-2xdx. Whenx=0,u=0;

whenx=5b, u= -2

_p?
b _ 1 ¢-b*
_[ xe x2dx=——.‘- e'du=——¢é"
0 2Jo o
1 _
=——e b2 +l
2
Thus 'f xe ™ dy = lim | ——e? +l :l'
b—oo 2 2
J-m 2x dx = lim 3 dx
0 x*+1 b—eo"0 x2 41
b X _
To evaluate J.o 3 1alx, use the substitution
X+

u=x2+1, du=2xdx. Whenx=0,u=1,

when x = b, u=hb>+1.
2

P41 1 b +1
J.Om Z—I —du——ln|u|l

L2 4n-0
5 I +1)

As b — o, %ln(b2 +1) increases without

bound. Thus, 'f: dx diverges.

X
2 +1

oo b
f 2x(x2 +1) 2 dx = lim j 2x(x2 +1) 2 dx
0 bh—00¥0

b
To evaluate .[o Zx(x2 + 1)_3/ 2dx, use the

substitution u = x> + 1, du=2x dx. Whenx =0,

u=1;whenx=b, u=5b%+1.

b b+l
J.o 2x(x2+ 1) 2dx = L w2y

RSl
- ou 1/2‘

1
=20b*+1)7" 242

Thus,
[T2x(x? +)7 Pdx = lim [-2(67 +1)7"? + 2]
0 b—>oc0
=2
oo b
38. [ (Sx+D)tdx = lim [ (Sx+1)"dx
1 h—oo¥l

1 b
= lim|-—Gx+1)
b—eo| 15 1

= lim [——(Sb +1)7 +L}
1 3240

=——=.00031
3240

0
39. [ eMax= hmj edx= lim | Lo

b——oo b——oo

0 0
4.f 8 Sdv = 1imj 8 S dx
= (x=5) b——co¥b (x=5)

0

T hoe| (x-3)],
. [8 8} 8
= lim |=4+—=|=—
b—-=|5 b-5] 5

0 0
a1. | — = 1im ) S
= (1-3x) b——b (1-3x)

N4 -x i

= lim [—4+2ﬂ}
b——co

As b — —0, -4+ 2+/4 - b increases without

0
bound. Thus, J. dx diverges.

1
A4 -x
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—X

e
43. ————dx=1lim | ———dx
IO (e +2)? ,HJO (7 +2)?

b —-X
To evaluate J. —2dx, use the
0 42

44.

45.

(e +2)
substitution u =e ¥ +2, du =—e “dx.

When x =0, u = 3; when x = b, u=e"l+2.

J-b e ¥ g _J-e”’+2ﬂ= = e’ 42
0 (e +2)? 3P 3
__ 1
et+2 3
Thus,
b =X
_[ ¢ 2dleim[ bl —l}
0™ +2) b—eo| e’ +2 3
_1 1.1
2 3 6
J.—oo(e_x+2)2
o e ¥ 0 e "
= -Xx 2 +J. X 2 X
0 (™ +2) (e +2)

—X
_[ e—zdx = 1 (See exercise 43.)
0 (™" +2) 6

0 —-X b —X
.[ _e 2dx=_J. _e 5 dx
b(ex+2) O(ex+2)

Combining these gives

-X
-[ —C;Z dx = l + l
(e +2) 6 3

f:ke"“dx= lim j;’ke"“dx

b— oo

b
= lim {—e_kx‘ }
b—rco 0
= lim[-e * +1]

b—yoo

Ifk>0,asb— o0, — approaches 0. Thus,

in this case J.: ke Fdx =1.

Section 9.6 Improper Integrals

oo b
46. | %dx= lim fldx= lim {—xk‘ }
- posedl Lk Pares 1
= lim[-b7F +1]

b—o0

Ifk>0,as b — oo, -b7* approaches 0.

Thus, in this case _[

dx=1.
1 xk+l

o k b k
47. ———dx=lim | ————dx
L x(In x)**! wae x(In x)**!
b
—k
= lim (k)(lni
b—oo -k .

= lim[-(Inb) ¥ +1]
b—oo

Ifk>0,as b — oo, (In b)fk approaches 0.

Thus, in this case "m#dx =1.
¢ x(Inx

48. f : 5000e 01 gt

b
= lim [ 5000e""ds

b—>oo

b
= lim [—50, oooe‘o-”u

b—oo

= 1im [-50,000¢~"'* +50,000]

b—oo

=$50,000
49. Capital value = '[: Ke " dt

b
= lim K(—lj j —re " dt
b—>o0 r )Y0

b
__K lim [e_” }
¥V b—oo 0
K . _ K
=—Z lim[e™ -1]==
v b—oo r

50. Present value
= [710,000¢" %% (712 a
0

b
= lim | 10, 000e 9% g4

b—oo
b
= lim {10,000(—@)(30‘08’ ]
b—yoo 8 0
= lim [—125,000e‘°-°8b +125, 000]
—>oo
= $125,000
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316 Chapter 9 Techniques of Integration

Chapter 9 Fundzfmental Concept Check 9. a. Present value = ITZ K (t)e"dr, where
Exercises h

K(?) dollars per year is the annual rate of

income at time ¢, $ is the annual interest

rate of invested money, T} to T, (years)

1. Integration by substitution is an integration
process that is based on reversing the chain

rule. . . . .
is the time period of the income stream.
2. Integration by parts is an integration process

that is based on reversing the product rule. b. Population = J' b 272D (t)dt, where D(7) is
a
3. Suppose that we use the substitution u = g (x) the density of population (in persons per
when evaluating the integral square mile) at distance ¢ miles from the
city center. The ring includes all persons
.[ flg ’(x)dx. The limits of the new who live between a and b miles from the
1ntegral inu become g(a) and g(b). More city center.
. . g(b) o _ o b
precisely, the integral becomes _[g(a) S (u)du. 10. fa f(x)dx is convergent if bh_r)rzo Ia f(x)dx
exists.
4. Ibf(x)g x)dx . .
a , Chapter 9 Review Exercises
- G(x)dx.
x)|” J.a / x) (x) 8 1. J.xsin3x2dx
b _ 1.2 _
5. J.af(x)dxzI:f(xl)+f(x2)+...+f(xn):|Ax’ #;tu—?)x . du = 6x dx.
en
where the x;'s are the midpoints of the 5 1 1
subintervals and Ax is the length of a Ixs1n 3x%dx = g_‘.smu du = _ECOS“ +C
subinterval. 1 324 C
=——cos3x” +
b 6
6. j f(x
=[f a0+2fag Z.IJbﬁhhzigmﬂfQ+C
+2f (a,_ g+j" )]Ax, .
where the a;'s are the endpoints of the 3. J. x(1=3x7) dx
subintervals and Ax is the length of a Let u =1-3x%, du=—6x dx. Then
subinterval.

1 1
a2\ g A5, 16
7. Simpson's method for approximating the .[ H(1=3x7)"dx 6 I u”du 36 u+C
definite integral is a weighted average of the
approximation from the midpoint rule, M, and

the approximation from the trapezoidal rule 7.

1 2.6
=——(1-3x +C
36( )

5
8. The error for the midpoint rule is at most 4. J' Md

A(b—a)3
24n*
x)| < 4 forall a < x <b. The error for

A(b-a)’

, where 4 is a number such that Letu=1Inx, du= l dx. Then
x

J‘@dx = Iusdu =%u6 +C
12n2 ’ =l(lnx)6 +C
|< A for 6
all a < x <b. The error for Slmpson s rule is
A(b—a)5
2880n*
f””(x)| <4 forall a<x<h.

the trapezoidal rule is at most

at most where 4 is a number such

that
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2
5, J‘de
x
Letu=Inx, du =ldx. Then
x
2
J-_(lnx) dx=J.u2du=lu3+C
X 3

=é(lnx)3 +C

1 1 1/2
6. | ——dx=—(“4x+3 +C
‘I.\/4x+3 2( )
7. Jx 4-x2dx

Let u= 4—x2, du =-2x dx. Then
.[x 4—x2dx=—%.[\/;du=—%u3/2+c
=—§(4—x2)3/2+C

8. J.xsin3xdx

Use integration by parts with f'(x) = x,
g(x) = sin 3x. Then

f'(x)=1,Gx)= —%cos 3x and
. 1 1
_[xsmS’xdx = ——xcos3x+—_‘.c053xdx
3 3
= —lxcos3x+lsin3x+ C
3 9

3
9. [x%e ¥ dx

Let u= —x3, du = -3x°dx. Then

10 Jxln(x2+1)dx
) x“+1
2x

x2 +1

Let u = ln(x2 +1), du = dx.

Then

In(x? +1 1 1
I%ﬂdxz—fuduz—u2+C
x“+1 2 4

= %(m(x2 +1))2+C

Chapter 9 Review Exercises 317

11. fxz cos3xdx

12.

13.

14.

Use integration by parts with f(x) = x2,
g(x) = cos 3x. Then

S(x)=2x, G(x) = %sin 3x and

1 . 2 .
_[xz cos3xdx =—x’ 51n3x——jx51n3xdx.
3 3
To evaluate Ix sin3x dx integrate by parts
again:

_[xsinS’xdx = —lxcos3x+1_‘.c053xdx
3 3

= —lxcos3x+lsin3x+ C.
3 9
Thus,
Ixz cos 3x dx

=lx2 sin3x+2xcos3x—isin3x+c
3 9 27

J‘ln(lnx)dx
xInx
Letu=1In(Inx), du = dx.
xlnx
2
.[de=.‘-udu =L i
xInx 2

= %(ln(ln x)2+C

flnx2dx = IZlnxdx = 2jlnxdx
To evaluate fln xdx, use integration by parts

with flx) =Inx, g(x) = 1. Then f’(x)= l,
b

G(x)=xand
Ilnxdx: xlnx—.[dxlenx—x+Cl.

Thus, 'fln x2dx =2xInx-2x+C.

J. xx + 1dx
Use integration by parts with f'(x) = x,
g(x)=~x+1. Then

F(x)=1, G(x) = %(x+ 1)*'? and
.[xx/x+ldx —gx(x+1)3/2 —g.[(x+l)3/2dx
3 3

2 32 4 5/2
=—x(x+1 ——(x+1 +C.
3 (x+1) 15( )
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318 Chapter 9 Techniques of Integration

2 2

L x*(Inx)® «x X
15. dx P 8 x
J. 3)6 -1 ) 5 nx+ 2 + C
Use integration by parts with f'(x) = x, 2 i |
g(x)=(3x—1)_”2. Then =?{(lnx) —1nx+5:|+C.
"(x) = _2 1/2
F =1 6= 5(3)( —D7" and 19. Integration by parts: ' (x) =x, g(x)= X
x
.[ Aol dx 20. Integration by parts: f(x) =x—3, g(x)=¢™*
- %’“3 =)' - %f Gx=1'"?dx 21. Substitution: 1 =x+1

4

— %xax_ 1)1/2 _E(3x_1)3/2 +C 22. Substitution: u = x> —1

23. Substitution: u = x* —x*+4
16. fxz In x2dx .

) ] ] 24, Integration by parts:
Use integration by parts with 1
f(x)=Inx?, g(x)=x>. Then f)=Inv5-x= Eln(S - x), g) =1

3
(v) = 2_x - E _r 25. Repeated integration by parts, starting with
S (x)== , and G(x) 3 g y g
X X

. ) f6)=Gx=1?% g(x) =e™
J.xz lnxzdx=x—lnx2—_“2idx 2
3 3

3

26. Substitution: u =3—x

=% Inx? —2x3 +C. 27. Integration by parts: f(x) = 500 — 4x,
3 9 g(x) — e*x/z
1 T d
7 I (1-x)> o 28. Integration by parts: f(x) =Inx, g(x)= x/?
Use integration by parts with f (x) = x, 29. Integration by parts: f(x) = In(x + 2),
g(x)=(1-x)". Then f’(x)=1, g(x)=Vx+2
G(x)= %(1 - x)_4 and 30. Repeated integration by parts, starting with

f)=x+D?, glx)=e

[— 5dx:lx(l—x)“‘—lj(l—x)“‘dx
(I-x) 4 4 31. Substitution: u = x° + 6x

1 1 _3

- Zx(l —X) - E(l —x) " +C 32. Substitution: # = sin x

TR

18. fx(ln x)2dx 33. Substitution: u =x" -9

. . . 34. Integration b ts: =3-x, =sin 3
Use integration by parts with f(x) = (In x)z, ntegration by parts: /ix) ¥ g(x) =sin 3x

2 35. Substitution: u = x> — 6x
g(x)=x.Then f’(x)= 2lnx’ G(x):x— and
x 2 36. Substitution: u =Inx
2 xz(lnx)2
Ix(lnx) dx=——J.x1nxdx 1 2x
37. [ ———dx
0.2 3
) ’ ’ (x=+1
x“(Inx) X X )
T, 71nx—J.§dx Let u=x"+1, du=2xdx.
] ] Whenx=0,u=1;whenx=1,u=2.
sing parts again
(using parts again) Loy v 1 L
J.ﬁ Y=), 35U
0(x"+1) Ly 2 1
1 1 3
=4 —=—
8 2 8

Copyright © 2018 Pearson Education Inc.



38.

39.

40.

41.

42.

/2
J.o xsin8xdx

Chapter 9 Review Exercises

Using integration by parts with f{x) = x,

g(x) =sin 8, we have f’(x)=1, G(x)= —%cos 8x and

/2 . 1
J. xsin8x dx = ——xcos8x
0 8

2
J‘O xe—(l/2)x2 dx

/2

1 ¢m/2 1 1.
+—.|. cos8xdx =—| —xcos8x +—sin8x
870 8 8

Let uz—%xz, du=—-xdx. Whenx=0,u=0; whenx=2, u=-2.

2 _ 2 -2 -2 _
_[ xe /D dxz—j eldu=—e"| =1-e¢7
0 0 0

1
f In(2x+3)
/2 2x+3

Letu =1n(2x + 3), du = >

1
| InQx+3) 1
12 2x+3 2

2
L xe ¥ dx

J-ll’l5
In4

m/2
:l[_z_o}:
o 8L 2

2 dx. When le, u=In(4), whenx=1,u=1nS5.
x+3 2
21n5 |
w1 2 2
udu=", | 4_4[(1115) (In4) ]
n

Use integration by parts with /' (x) =x, g(x)=e¢ >*. Then f’(x)=1, G(x) = —%e_zx

2 1 =
J. xe Pdx = ——xe 2"
1 2

1[5
=——|—e
212

2 _
L x 2 Inxdx

1
4 3
2

2
12 _ | 1 _
+—I e Fdr=|——xe P ——e
291 2 4

4 4

= 3 5, 5 _
—ez}— e e

2
__ 1 e [x+l)
L2 2

|

Use integration by parts with f'(x) =Inx, g(x) = x73'2. Then f(x)= l, G(x)= —2x7"2 and
X

2 2 2 2
L x> Inxde=-2x""21n x‘l + L 2x732dx = (—2x_1/2 Inx— 4x_1/2)‘ =-2

.

V2

1

1n2+2—2}=—\/§1n2—2\/§+4
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Chapter 9 Techniques of Integration

—4, A=07D,

43. J.ngx; n=
1y 4

44.

45.

46.

2
Midpoint rule: x; =1 +5 =2,xy=4,x3=6, x4 =8

}(2) 3.93782

I [IJ‘II

Trapezozdal rule: ag=1,a,=3,a,=5,a;=7,a,=9

—= 4.13839

e i v S A ]

Simpson’s rule: J- —dxz 2(3.93782) +4.13839

1y 3

(10-0)
5
Midpoint rule: x; =1, x, =3, x3=5,x4=7, x5 =9

10
[, e‘/;dxz[e“ﬁ +eB iy +e*/6}2z103.81310

Trapezoidal rule: ay =0, a;,=2,a,=4, a3=6,a, =8, a5 =10

j;o fdx{ V0 420V 42V 1000 100 8 \/—]5~104.63148

= 4.00468

10
J.o e\/;dx;nIS,Ax= =2

2(103.8130) +104.63148
3

= 104.08589

Simpson’s rule: _[ ‘rd

4 o
[ —dx; n=s, Ar=3206
I x+1 5

Midpoint rule: x; =13, x, =1.9, x3 =2.5, x4, =3.1, x5 =3.7

}(o 2) = 1.55747

4 X [ 13 1.9 2.5 3.1 3.7
[ Edr =[St S S+ S+ S {(0.6) = 12.84089
I x+1 23 29 35 41 47
Trapezoidal rule: ay =1, a; =1.6, a, =2.2, a3=28,a,=3.4,a;=4
PR i 1.6 22 2.8 3.4 4
[ E—ax = e el 20 (20T 20 L€ 103)= 1320137
I x+1 2 26 3.2 3.8 4.4 5
4 o
Simpson’s rule: _[ ¢ _dx= 2(12.84089) +13.20137 ~12.96105
I x+1 3
1
j U en=5 Ax=2=04
11+ x? 5
Midpoint rule: x; =-0.8, x, =-0.4, x3 =0, x, =0.4, x5 =0.8
1 _
[ Logee|—1 v b U b o b loa)=157746
+x | 1+(-0.8)" 1+(-0.4)° 1+0° 1+(0.4)° 1+(0.8)
Trapezoidal rule: ay =-1, a; =-0.6, a5, =-0.2, a3 =0.2, a4, =0.6, a5 =1
11 [ 2 2 2 2
.[ 5 dx = >t 2T 2T 2T 2T
4 x L 1+(=D?  14(=0.6)> 1+(-02)> 1+(0.2)> 1+(0.6)> 1+1°
Simpson’s rule:
11 2(1.5774 1.5574
_[ zdx: (1.57746) +1.55747 ~1.57080
4y 3
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47.

48.

49.

50.

) b
j Oy = lim j O3y 51.
0 0

b— oo
Letu=6—3x, du=-3dx. Whenx =0, u = 6;
whenx=b, u=6-3b.

b 6-3b
_[ e6_3xdx=—l_|. el = — Lo
0 376 3

6-3b

6
1 6=
__66 3b

1
+=ef
3

52.

6 6
Thusj Sy = lim | -1 6 4 & |2
0 b—oeo| 3 3 3

oo _ . b _
J. x 2 3dx = llm_[ x 723 dx
1 b— oo 1

b
= lim [3;&””: lim [3b'/3 3]

b—oo b— oo

As b— oo, 36"3 increases without bound.

53.

Thus, JTO x23dx diverges.

o b
J. #dxz lim.[
U x“+4x-2 !
Letu=x2+4x—2,
du=2x+4)dx =2(x+2)dx. Whenx =1, u =3;
whenx=b, u=b>+4b-2.

b b*+4b-2

_[ x+2 dx:lj‘ + d_u

23

U x? +4x-2 u
b*+4b-2

x> +4x-2

:EIn|u|

3
=l[ln‘b2 +4b—2‘—ln3}
2

As b— o, In ‘bz +4b— 2‘ increases without

o +2 .
bound. Thus I 2x—dx diverges.
I x"+4x-2
o b
J 2 dx=lim [ x%™ dx
0 b—o0

Let u= —x3, then du = —3x’dx .

When x =0, u =0; when x = b, u=-b>.

b -b 3

J. xze_x3dx=—lj. e”du=—l[e_b —1}
0 370 3

1 e_b3
3 3
I
oo 3
ThusJ. x2e ¥ dr=lim|=-%—|==.
0 b—eo 3 3

54.
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oo b
j (x+3)*dx = 1imj (x+3) 7 *ax
-1 hreod -1

b
= lim [—4(x+3)_1/4‘ 1}

b—oo

= lim [ 274 —4(b+3)7]
b— oo
— 27/4

= lim j %dx
b——e?b (5-2x)

. L0
= lim |2(5-2x) ‘
b——oco b

2 e a2
[2—5 2(5-2h) }

.[O : 3 dx
< (5-2x)

Using integration by parts with f{x) = x,

gx)y=e; fl(x)=1, G(x)=—e"" gives
b b b

J xe Ydx=—-xe " +.[ e Ydx
1 1 1

b
1

=(-xe " —e™)

=2¢ ' —pet —e?

Thus
©  x 12
J.l xe “dx= lim {——be —e }z

b—oo| €

Q| N

(since lim be™? = 0).

b—oo

o _ . b _
_[ xe Py = llmj xe P dx
0 b—o?0

Using integration by parts with f{x) = x,
T 1
g)=e™™; f'(x)=1, G(x) = ——e*,

we
k
have
b
b - b
J. xe_kxdx=—xe_kx +1_‘. e dx
0 k o kJ0
X 1 b
g
k k2 o
1L b w_ 1w
k? k k2
Thus

wae_ladxz lim l l—be_kb—le_kb
0 b—e| k\ k k

= %(since lim be ¥ = 0).
k b—rco
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322 Chapter 9 Techniques of Integration

55. The present value is
J-4 50¢0-08,=012¢ y J-4 50002 gy
0 0
=-250 —0_2;‘4 b. M(tl)e_o'”‘ At+--+ M1, )e*0~1tn At
_ o 2 0.1t
= fo M(t)e™dt

2
57. a. M(tl)Az+--.+M(tn)At:j0 M (t)dt

250 — 250708
$137,668

0

. . 58. 80,000+ [ ~50,000¢ " dr
56. Using the method of Example 3, section 9.5, the 0

total tax revenue is

10
jo (2mt)50e~"20dy

10
=100nj0 te™20gy
10 10
=100n[—20te‘”2°‘ +f ZOe_[/zodt}
0 0
10
- IOOR[—ZOte” 20 _ 400¢~" 20‘0 }

=100m[400 — e (600)]
=~ $11,335 thousand
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