6.1

&

~

o

10.

11.

12.

13.

[9]

14.

15.

16.

=2
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Chapter 6 The Definite Integral

Antidifferentiation 1. J.(x—2x2 +i)dx=f(x—2x2+l-l)dx
1, 3x 3 x
f(x):x::»F(x):Ex +C :J.xdx—ZJ.x2dx+lJ.ldx
30 x
. f(x)=9x8:>F(x)=x9+C =%x2—§x3+%ln|x|+C
_ 3x _l 3x
f(x)=e :>F(x)—3e +C 18. J.(L—i”/;)dx=f(1x_ 1/3jdx
2x° 2
T¢ -
f(x):e‘3x:>F(x)=—%e_3"+C =5fx 3abc—_|‘xl/3a7x
T( 1) _ 1
. ) =3=Fx)=3x+C =‘(“)x g M +C
2\ 2 —+1
f(x)=-4x= F(x)=-2x>+C 3
__foz By
J.4x3dx=x4+C 4

19. [3e X dxe—2e2 40
J.d j d C J E 2 2
X = XX——X+
6

f7dx=7x+C 20. fe_xdx:—e‘x +C

21. |edx=ex+C
jkzdx=k2x+c J

7 70 - 7 _
I dv = f de—z—x +C 22. IZe_zxd“EJe 2de=—Ze ERe

C
23. | —2(e2x + 1) dv =-2[ e*dx - 2[ 1dx

J.x-xzdxzj.x3dx=lx4+C 1
4 =—2(—62X)—2x+C
x 2 x 2
1 1 0.5x
=2f—dv+— [ xdv 24. j[—3e-X+zx—€2 jdx

1
=2ln|x|+—x2+C - 11 os
4 =—3Ie xdx+2fxdx—zje *dx

- 1( 1
f—dx I— —dx——ln|x|+C —3e x+x2_5(a)eo,5x+c

) =3¢ " +x2 " 4 C
J‘X\/;dx = jx3/2dx =§x5/2 +C

25. %[ke‘zf] =2k =5 = k=-2
2 -1/2 12
_+2 d = 2 +2 d
J.(\/; \/;] o .[( X o ) o 26 i[ke’”o}=ikemo=3e’/10=>k=30
= 2I x Py + ZIx1/2dx dt 10
—ax2 43552 4 0 27. i[ke“X‘l |=aket ! =2t s k= 1
3 dx 2

= 4\/;+gx3/2
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28.

-]

29.

30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

dx e3x+1 dx

ke CFHD = 4o GxD) = 2
3

d [ k }:i[ke—(?axﬂ)]:_3ke—(3x+l)

d _ -
LSRR RO
= —5k(5x=7) 2= (5x-7)"2
1
5

d [k(x+1)3/2]=%k(x+1)1/2 —x+)2 >

dx

(o2

3
d k -k 1
L e e
k=-1

Ak |_dTie_
dx{(8—x)3}_dx[k(8 *) ]

= -3k(8—x)*(-1)
=3k@B-x)""=78-0""=
7

k=—
3

d
- [kBx 42’ |=skGr+ ')

=15kGBx+2)* =(3x+2)* =
1

fe=—
15

d
E[k(Zx - 1)4} = 4k(2x—1)* (2) = 8k(2x —1)°

=(2x-1)° :k:é

g aaf=—t =3 k=3
dx 2+x 2+x
d k
E[kln|2—3x|]—m(—3)
-3k 5 5
= =—=k=-=
2-3x 2-3x 3

fo="= 1= %t” +C

f'(f)=£:>f(t):4ln|6+t|+C

f(0)=0= f()=C

40.

41.

42.

43.

44.

45.

46.

47.

48.

Section 6.1 Antidifferentiation 195

f’(t)=t2—5t—7:>f(t)=%t3—§t2—7t+C

/(%) =05e7" = f(x)=-2.5¢" +C
£(0)=0=-25¢?"4+Cc=0=C=25

Thus, f(x)=-2.5¢""%* +2.5.

f(x)=2x—e "= f(x)=x>+e +C
F0)=1=0*+e+C=1=C=0
Thus, f(x)=x>+e".

f’(x)=x:>f(x)=%x2+c

f(O):3=>%-02+C:3:C:3
1 >

Thus, f(x)=§x +3.

f=8x'"= fm=6x*?+c
fh=4=6-1""*+C=4=C=-2
Thus, f(x)=6x*3-2.
f’(x)=x1/2+1=>f(x)=§x3/2+x+C
f(4)=o:>§43/2+4+c=0:>

g-8+4+C:0:>C:—§
3 3

Thus, f(x)zgx3/2+x—§.
3 3
, 2, 12 1 3.2 3
ff(x)y=x"+x =>f(x)=§x +§x +C
f(1)=3:>§-13+§-13/2+C=3:>C=2
1l 3.2 5
Thus, f(x)=—x"+—=x"""+2.
3703

2
f()=[Zdx=2In[+C

X
f)=2=2hf|+C=2=>C=2
Thus, f(x)=2In|x|+2.

f(x)=f%dx=§x+C
f(6)=3:>§(6)+C:3:>C:1

Thus, f(x)= %x +1.
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196 Chapter 6 The Definite Integral

49. d (1+Cj=—iilnx

dx\ x x2

di(xlnx—x+C)=(lnx+1)—1=lnx
X

i(l(lnx)2 +Cj=1n—x¢lnx
dx\2 x

The answer is (b).

50. i(%(x+1)5/2—g(x+1)3/2+C)
dx\ 5 3
:(x+1)3/2 —(x+l)”2

=Jx+1(x+1-D)=xvx+1

i(lxz 2y Cj
dx\ 2 3

2 1
=§x(x+1)3/2 +5x2()c+l)l/2 #xVx+1

The answer is (a).

51. y

|
T 1

53. glx)=flx)+3
g@ =)= g (5= (5= %

54, h(x)=gx)—fix)=fx)+2-fix)=2=

H(x)=0

55. a. [ (96-320)dt =961 161>+ C

The initial height is 256 feet, so C = 256.

Thus, s(¢) = —16¢> +96¢ + 256 .

b. Setting s(f) =0, —16¢> +96t +256 = 0 =

12 —6t—16=0= (t—8)(r+2)=0. The
only solution that is sensible is # = 8

seconds.

56.

57.

58.

59.

¢. Since s'(t)=96—-32¢,s(f) has a
maximum when
sS)=0=96-32t=0=1¢=3.
The ball will reach a maximum height of
s(3) =400 ft.

a. [-32di=-16"+C
5(0) = 400 = —16(0) + C = C =400
Thus, s(r)=—16¢2 +400 .

b. The rock hits the ground when
s(t)=—16t> +400 =0 = 16¢> = 400 =

t? =25 = t= 5 seconds.

c. w(5)=-32(5)=-160 ft/sec

[
P(t)=||60+2t——t" | dt
(1) j[ . )

—60t 12— C
12

P(O):0=>60-0+02—é~03+C:0:

C=0

Thus, P(¢) = 60¢ +¢> —%ﬁ.

P(t) :"-(40+2t—%t2j dt

_40r+ - L sc
15

Assuming the output is 0 at time ¢ = 0, we
have

P(O):0:>40~0+02—%-03+C:0:>
C=0

Thus, P(f) = 40¢ + ¢ —%ﬁ.

f()= IlOe—0.4td[ - _% o0t L o

=254 4 C
F0)=-5=-25¢"401Cc=-5=C=20
Thus, () =-25¢""* +20 and the

temperature at time ¢ is —25¢7%4 4 20°C.

P(6)=[ (120 =3¢%) dt = 606> > + C

P(0)=100= 60-0> -0 +C =100= C =100

Thus, P(r)=60¢> — 1> +100.
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61.

62.

63.

64.

6.2

[9]

>

g

. Il(Zx—édez(xz—éxj
0 4 4
2 3
2. Iz x——gx dx = X__lxz
-3 9 9 9

. f (3\/; + 4t)dt = _[14 (3t1/2 + 4t)dt = (213/2 + 212)

Section 6.2 The Definite Integral and Net Change of a Function 197

P(x) = j(1.30+.06x—.0018x2) dx

=1.30x +.03x2 —.0006x> + C
P(0)=-95=
1.30-0+.03-0% —.0006-0° + C =95 =
C=-95
Thus, P(x)=-.0006x" +.03x> +1.30x—95 .

C(x) = [(2x+100) dx =.1x> +100x + C
C(0)=200=>.1-0% +100(0) + C = 200 =
C =200
Thus, C(x)=.1x%+100x + 200 .

94

= 5875¢%01%" 1
Since consumption is reckoned from 1980, we
have f{0) = 0 = 5875(1) + C = C = -5875.
Thus,

£(1) =5875¢"016" — 5875 = 5375(60-01& _ 1) '

17.04 00161

_ 0.016x 7, _
T(t) = j 1704010 = =

=1065¢""1 + C
Since consumption is reckoned from 1987, we

have f(0)=0=1065¢"1®" + C = C=-1065.

Thus,
(1) =1065¢"1%" _1065 = 1065(60-01& _ 1)

65. [ C’'(x)dx = C(x) =1000x +25x> + C;

66.

67. F(x) =%62x —e Y +—x

68.

[

C(0)=C, = fixed cost =10,000 =
10000 +25-0? +C; =10,000 = C; =10,000

C(x) = 25x% +1000x + 10,000

F(x)= x2 + 5007002

NP

_--'—'_'_'_'_'_'_'_

[-10, 10] by [-20, 100]

1 3
6

N A

—f

-

~2.4,1.7] by [-10, 10]

Flatl Flokz Flots

=M EfmInt (el -HE
PR PR
Bl imasZ

wha=
wMy=
wHe=
~N =

[-2, 6] by [-1, 1]

The Definite Integral and Net Change of a Function

fidﬁ f X2 = (2612 )‘9 =2(9)2 -2(1)

NS

f(_ % j e J‘lz(_3x‘2)dx = (3x_1)‘12 ) (%)

1

At
2 =[(£_1 .
R

):

{55 |5-3)5-3

- (2(4)3/2 +2(4)2)—(2(1)3/2 +2(1)2)= 48— 4= 44

1

4
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198 Chapter 6 The Definite Integral

5 8

6. J.IS(_X-I-%/;)dx=J.18(—x+x1/3)dx=(_x_+ﬂ]

2 4

2 4 2 4

2(5-2x° 2[5 2% 20 e 5 o\
J‘l( 3 ]a’x—J.1 [x—é—x—é)dx—_'.l (Sx -2x )dx—(—x +x )L

~

)
=
s
N\
=
[§8)

= |
By
N—
Y
—_—
~
7\
= |5

|

‘x
% | =
[38)
N——
&

Il
'_0
———

=

|

X\
=

[\ ]
S—
&

|
VR
|><
(3]

|

)
><b—t
~

[\ ]
N

=]

0 2\
. _[ (363t+1)dt=[e3’+t—] =
-1 2

2
2 2
N a=af = 2(—152’)
2e -2 2 .

2
1

=

=—e +e
-2

()

22 2 5
[[=ax=2mlsf} =21n2-21n1=21n2-0=1n2" = In4
1 X

11.

it

12.

N

B[l;xj dx=J‘:(%+1) de=(in]x+x)|, =(in|-1]=1)(In|-2=2) = -1~ In2+2=1-1n2

1

1 ,X 0.5x 1 X 0.5x 1 —1.5x
e +e e e _ _ _ e
J.de: T+T dxz.[(ex+el'sx)dx= - -

0 e * 0\ e x e * 0 1.5 0

-1.5 0 -1.5
Rk I T N S G
L.5 L.5 e 15 L.5
~ eln2 _e—lnz ~ ﬁ_ef(O)
2 2 2 2

n2 X —-x m2( x —-x X —x
14. I ¢ fe dx:f Ll = &5
0 2 0 2 2 2 2 o

13.

[

4 1 4
15. fof(x)dxzfof(x)dﬁfl f(x)dx=35+5=8.5

16. j_li)f(x)dx=J‘_1i)f(x)dx—£1f(x)dx= 4-0=4
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Section 6.2 The Definite Integral and Net Change of a Function 199

17. f(2f(x)—3g(x))dx=J-13(2f(x))dx—.[( ))ds = 2f 1 (x)dx - 3J' x)dx=2(3)-3(~1)=9
18. J.} 2gx +f(x))dx=.|.3

0.5

(2g (x)) dx + _30.5 f (x) dx = ZJ.-30,5 g (x) dx + .[_30.5 f (x) dx =

4= 2J' dx+0=>J. x)dy =2

19. 2_[2(3x+lx2 —x3)dx+3j.2(x2 —2x+7)dx=.|.2(6x+x2 —2x3)dx+f2(3x2 ~6x+21)dr
1 2 1 1 1

2

=J‘ <6x+x2 —2x° +3x2 —6x+2l)dx
1

2

2

:J‘ (—Zx3 +4x2 +21)dx = (—lx4 +ix3 +21x)
1 2 3

- (_%(2)4 +§(2)3 + 21(2)) - (—%(1)4 +§(1)3 +121(1)j

134 131 137

3 6 6

1

(4x 2) dx + I()l (3x 3) dx
)

1
= [ (4x-2+3x-3)dv = [ (7x-5)ax
0

0[5 o)

2
2

B 3

20. .[;(4x—2)dx+3.[01(x—1)dx fo

|

[\
[\

21. J._Ol(x3 +x2)dx+I;(x3 +x2)dx = J‘_ll(

1 2 1 1 2 2
22. J.(7x+4)dx+.l. (7x+5)dx=J‘ 7xdx+J. 4dx+J. 7xdx+J. S5dx
0 1 0 0 1 1
1 2 1 2
=I 7xdx+.[ 7xdx+_[ 4dx+J S5dx
0 1 0 1

2 1 2
=J. 7xdx+J‘ 4dx+J. S5dx
0 0 1

702> 7(0)

+dafy + 54 = [T _T] +(4(1)-4(0)+(5(2)-5(1)) =23

2
7x*

0

(—2x + 3) dx = (—x2 + 3x)‘3

8. /(3)-r0)=] = (32 +3(3)) - (12 +3(1)) =2

1 1

24. [(4)-£(2)= j2473dx = 73x[; = 73(4) - 73(2) = 146
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200 Chapter 6 The Definite Integral

25. f(l)—f(—l)=J‘_ll(_.5t+e—2t)dt=(_%tz_%e—zz)_ _

2. £(3)-/(0)= J.:(—I%—Ltjdt = (—6# +i,j

=(—6(3)2 +i3j—(—6(0)2 +ei0j=—54+ei3—1 = —55+ei3

2

2 1 2 1 2 T 1 5
27. jof(x)dx—fof(x)dx+jl f(x)dx—.[oldx+jl xabc_x|0+71 =142--=2>

28.

0

J.;f(x)dx=J.01f(x)dx+.[13f(x)dx=I;(l—xz)dx+.[13((l—x)(x—3))dx
=J;(1—x2)dx+j13(—x2 +4x—3)dx=(x—§]

[?23j
(=303 o[22 -3t 20 -200]
5(5))-

2. [ p@a=[" @y [ =" @ iae [ (1-oa

A s

0. [ r@ar=] r@ars [ rwa=[ (2 —l)dr+ [F-na
o e A 12

31. Let s(¢) represent the position function. We know that s’ (¢) =v(t) = =32, so the change in position is given

by s(4)-s(2)= J.24(—32t)dt = (—16t2)E =-16(4) - (—16(2)2) =-192,

The rock fell 192 feet during the time interval 2 <¢ < 4.

3

1

32. a. Let s(t) represent the position function. We know that s () = v(¢) = =32t + 75, so the change in
position is given by

3 3
$(3)=5(0)= [ (-320+75)ds = (16 + 75t)‘0 =(-16(3)" +75(3))=(~16(0) +75(0)) =81.
The ball rose 81 feet during the time interval 0 <¢ < 3.
b. s(3)=5(0)+(s(3)-s5(0))=6+81=87
The ball was 87 feet high at time ¢ = 3.
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33. a. Let s(t) represent the position function. We know that s”(¢)=v(t) = =32t + 75, so the change in
position is given by
3 3
s(3)=s(1)= [ (-32+75)ds = (161 + 75t)| = (-16(3) +75(3)) - (-16(1)* +75(1)) =81-59 = 22.
I

b. During the time interval 1<7 <3, the ball rose 22 feet. Therefore, at time z = 3, the ball is 22 feet higher
than its position at time # = 1.

5 5
¢ s(5)=s()= [ (-320475)dr = (<167 +751) =(-16() +75(5))~ (~16(1)’ +75(1)) = 2559 = -84
1 1
During the time interval 1<¢ <5, the ball fell 84 feet. Therefore, at time ¢ =5, the ball is 84 feet lower
than its position at time 7= 1.
34, Lets (t) represent the position function. We know that s’ (t) = v(t) =45-45¢"% | 50 the distance traveled

during the first nine seconds is given by
9 9 o
9)=5(0)= [ (45-45¢0%)dr = 45[ (1=5)dr = 45| (1 + 57 ‘ = 45](9+5¢%) ~ (0+5¢7) |
3(0)=5(0)=] (4545 Jar = as (1= )ds =5 1 5¢77)| | =as| (9.+57) (04567
=45(9+5¢7 —5)=45(4+ 5077 )~ 2172
The skydiver fell about 217.2 feet during the first nine seconds.
35. a. Let C (x) represent the cost function. The cost increase is given by

C(3)—C(1)=J-ISC'(x)dx=J.l3(.1x2 —x+12)dx = [%—x—22+12x]

3

1
3 42 3 2
= 3——3—+12(3) - 1——1—+12(1) =32.4-11.53=20.87
2 30 2
The cost will increase $20.87 if the company goes from a production level of 1 to 3 items per day.

b. C(3)=C(1)+(C(3)-C(1))=15+20.87 = 3587
The cost of producing three items is $35.87.

36. Let C (x) represent the cost function. The cost increase is given by
20 20 2 2 2
C(20)-C(15)= [ € (x)av=[ |32+ Jav=| 320+ 3| = 32(20)+ 20 || 32(15)+ 2
20 40 40 40
=650—-485.625=164.375

15 15
The cost will increase $164,375 if the company goes from a production level of 15 to 20 items per day.

20

15

37. Let T(t) represent the value of the investment during a given time interval. Then 7”(¢)= R(¢), and the

increase in value is given by

T(10)-T(0)= I;OT’ (r)dt = j;OR (r)dt = .[;0(700e°‘°7’ +1000) dr

= (@ "7 110007
07 .

= (10,0007 +1000(10)) - (10, 000¢"7 +1000 (0))

=~ 30137.50-10,000 = 20137.50
The investment increased by $20,137.50.

10

10
= (10,0008 + 1000;)‘

0
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38.

39.

40.

41.

42.

Chapter 6 The Definite Integral

Let T'(t) represent the value of the property during a given time interval. Then 7”(r) = R(¢), and the
decrease in value from 2015 (= 0) to 2021 (¢ = 6) is given by

1(60)-7(0)= [ 7' (0)ar = [ Re)ae = [ (-8 )ar

6
_[_8 oo

0.04 0

The property decreased in value by $42,674.

a. P(10)-P(0)= J.lo(Let/zs _Let/l6) _ (lez/zs _let/l6)

0 \ 300 80 12 5 0

_ (lelo/zs _1610/16)_(160/25 _160/16) _ (lelo/zs _lelo/léj_(l_lj
12 5 12 5 12 5 12 5

:%(3562/5 —12%8 _23) =~.11325

6
= (2000%)" = (200e‘°'°4(6)) - (200e‘°‘°4(°)) — 157326 — 200 = —42.674
0

10

The population increased about .11325 million or 113,250 from 2000 to 2010.

40
b. P(40)-P(10)= [ (ie’/”—ie’/léj:(lef/%—lef/“’))
01300° 80 ¢ 50 ),

_ (1640/25 _1640/16)_(1610/25 _lelo/l6j _ (les/s _les/zj_ (lez/s _les/s)
12 5 12 5 12 5 12 5
= L gs (35¢%° - 1)—1(e5/2 - e¥%) = 0438182
12 5

The population will decrease by about .043812 million or about 43,812 people due to emigration.

40

__ 41107 oosa0) 41107 1o g
03 03 '

20
20
a. P(20)-P(0)= [ 41107 dr = (——4'101307 e°-°3')
0
: 0

In twenty years you will have paid $112,649 towards the loan.

b.  P(20)= P(0)-(P(20)- P(0))=200,000-112,649 = 87,351

$87,351 is still remaining on the loan.

_ _A1107 o030 41107 50

30 30
c. P(30)-P(0)= I 4110723 gf — (_ 41107 o0y ) I I
0 ' .

03 .

Thus, the principal has been repaid.

41107 05 , 4.1107
03 03

!
t
P(1)=P(0) +f ~4.1107¢"% dr = 200 + (—%em’] =200
0 .

0

~337.023 —137.023¢"% thousand dollars

Let T (t) represent the amount of radioactive material in grams during a given time interval. Then

T’ (t) =R (t) , and the decrease in the amount of radioactive material in the first ten years is given by

T(lo)_T(0)=J.010T'(t)dt=J.010R(t)dt=J‘010(—e_'1’)dt
= (105”)10 = (105"“"))—(105‘1(0)) 10 10=—6321
0 e

The radioactive material decayed by 6.321 grams during the first ten years.
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43. Let T (r) represent the amount of salt in grams during a given time interval. Then 7" (¢)=r(¢), and the

amount of salt that was eliminated during the first two minutes is given by

T(2)-T(0)= J.OZT’(t)dt = .[Ozr(t)dt = J.:(—(t +%)J dt = Jj[—t —%)dz

(-t} 420

Three grams of salt were eliminated in the first two minutes.

44. Let h (t) represent the depth of the water in the tank during a given time interval. The decrease in the depth

6.3

of the water in the tank during the time interval 2 <¢ <4 is given by

h(4)-h(z)=j;hf(t)dt=j24(-%jdt=[-§]: =(-§]-[_§J=-3

The water level dropped by three inches.

1 2
The Definite Integral and Area b. 4 :J' (1-x)dx +J' (x—1)dx
0 1
Under a Graph o i ,
X X
.a. A=w=3(2)=6 :[x‘j) J{T_XJ
0 1

b A=f_°2(—x)dx=——22=0—(-z):z :31@(:623)—3 )-(6(2)-2%)]
Ay s N
> 9. 121nxdx 10. J' _21 e

2
2 N ’ x+l x
=[§+2(2)]—[(_2) +2(—2)] t L( xjd
=6-(-2)=8 12. .[;(x+l)dx+.|.12(3—x)dx

1
(1)(1)"'5(1)(1) =1 13. lzldx = 1n|x||l2 =In2-Inl=In2
X
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14 [ () (-3)ar=

0

0

15.

16.

y=8—2x

18. Y

19. j;4xdx=(2x2)z

(—x2 + 3x)dx

Chapter 6 The Definite Integral

N

=2

27.

28.

29.

(4)=10 30.

1
2. | 3x2dx=x3rl =1-(-1)=2
-1 —

21. ,[01 (3x2 +x+ Zex/z)dx

2
z[xs +x—+4ex/2)
2

1

0

31.

=(§+4el/2j—4= BENYRE
2 2

22.

23.

24,

25.

26.

i, (x—3)5|4 (4-37 (1-3)
I(x—S) dx = = -
1 5 ‘ 5 5
1
_l_(_ﬂj_ﬁ
5 5 5
J.O - e3x l_e_l_l_L
-1/3 3 oy 3 3 3 3e
_e—1
3e
41b 4
J.x3dx=4:>x— :4:%:4:
b*=16=b=2
b b
b b 3 4
J.xzdxz_“ Pdis =1 =
0 4
0
3 4
b_=b_$i=b
3 4 3
_20_
4

The first midpoint is that of [0, .5] which is
.25, so the midpoints are .25, .75, 1.25, 1.75.

3-0

Ax = 5

The first midpoint is .25, so the midpoints are
25,.75,1.25,1.75,2.25,2.75.

am=2log
5

The first midpoint is that of [1, 1.6] which is
1.3, so the midpoints are 1.3, 1.9, 2.5, 3.1, 3.7.

Av="3_4
5

The first midpoint is that of [3, 3.4] which is
3.2, so the midpoints are 3.2, 3.6, 4, 4.4, 4.8.
Ax=.5

The midpoints are 1.25, 1.75, 2.25, 2.75.
Area

= 5[£(1.25)+ F(175)+ f(2.25) + f(2.75)]
= .5[(1.25)2 +(1.75)2 +(2.25)% + (2.75)2]
=8.625
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

Section 6.3 The Definite Integral and Area Under a Graph

Ax = 1; the midpoints are —1.5, -.5, .5, 1.5.
Area = 1[(—1.5)2 +(=5)2+(5)%+ (1.5)2] =5

Ax = 4; the left endpoints are 1, 1.4, 1.8, 2.2, 2.6.
Area = .4[13 +(1.4)° +(1.8)° +(2.2)° + (2.6)3] =15.12

Ax = .2; the right endpoints are .2, .4, .6, .8, 1.
Area = 2[(2)° +(4)* +(6)’ +(8)* +1° | = 36

Ax = .2; the right endpoints are 2.2, 2.4, 2.6, 2.8, 3.
Area=2[e?? e 4 o0 4o e | = 077278

Ax = 4; the left endpoints are 2, 2.4, 2.8, 3.2, 3.6.
Area = .4[ln2 +In24+In2.8+In3.2+ ln3.6] =~ 2.0169

midpoints: 1, 3,5, 7; Ax=2
[fD)+fB)+ 5+ f(D]Ax=[4+8+6+2]2=40

left endpoints: 3, 4, 5, 6; Ax=1
[fO)+ /(D +f(5)+f(6)|Ax=[8+T+6+4]1=25

right endpoints: 5, 6,7, 8, 9; Ax =1
[fG)+f(O)+ (D +f®)+ f(9)]Ax=[6+4+2+1+2]1=15

midpoints: 2, 4, 6; Ax =2
[fQ@)+ /(@) + f(6)]Ax=[7+7+4]2=36

Ax =.75; the left endpoints are 1, 1.75, 2.5, 3.25.

Area =.75 [(4 -D+@4-1.75+4-25+4- 3.25)] =5.625

The midpoints are 1.375, 2.125, 2.875, 3.625

Area =.75 [(4 -1.375)+(4-2.125)+(4-2.875) + (4 — 3.625)] =45

Ax = .25; the right endpoints are 2.25, 2.5, 2.75, 3.

Area =.25[(2(2.25) - 4) +(2(2.5) - 4) + (2(2.75) - 4) + (2(3) - 4) | =1.25

The midpoints are 2.125, 2.375, 2.625, 2.875.

Area = 25[(2(2.125) - 4) + (2(2.375) - 4) + (2(2.625) - 4) + (2(.875) - 4) | =1

The base of the triangle is 1 and the height is 2, so 4= %bh = %-1‘2 =1.

Ax = .4; the midpoints are —.8, -4, 0, .4, .8.

1/2 1/2 1/2 1/2 1/2
Area = 0.4[(1—(—.8)2) +(1—(—.4)2) +(1—(0)2) +(1—(.4)2) +(1—(.8)2) }z 1.61321
The erroris 1.61321 — 1.57080 = .04241.
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206 Chapter 6 The Definite Integral

44, Ax=.2;the midpoints are .1, .3, .5, .7, .9.
Area = .2[\/1—(.1)2 F1=(3)2 +41=(5)2 + 1= (7)? +4/1-(9)? } ~ 79300
The error is .79300 — .78540 = .0076.

45. A4=20(106)+40(101)+40(100)+40(113)+20(113) = 16,940 ft>

46. First find the total area.
A=10(35+30+25+23+22+25+30+36+42) = 2680 ft*
Therefore, the area of each lot must be 2680/2 = 1340 ft2.

10(35)+10(30) +10(25)+10(23) +10(22) = 1350, so build the fence 50 feet from the left side of the lot.

47, 1422437 4q 2 2D @2n41)

6
:1;12:W:}1:§
n=2:12+22=w:>5=%
n=3:12+22+32:w:}14:%
n=4:12+22+32+42=w:>30=@

The formula can be proven for all values of # using mathematical induction.

48. S, =[f (n)+ [ (x2) -+ / (x,)]Ax

a. Since we are working with right endpoints, we have

1 1 1 1 1 2 1 2 1 3
X =0+Ax=0+—=—, xy=xj+—=—+—=—, 3=X, +t—=—+—=—, ...,
n o n n n n o n n n n o n
1 n-1 1 n
xn:xn,1+—: +—=—.
n n n o n

2] s 3 s ]

n
Substituting into the formula for S, gives

2 2 2 2 2 2 2 2
Sn=[(lj +(g) +(§j ++(£) ]l:[l_z+2_2+3_2+...+n_2jl=%(12+22+32+...
n n n n n n n n n n n

b. Substituting the formula from exercise 47 gives
§ - 1 (12 122432 +m+n2):i(n(n+l)(2n+l)j: n(n+1)(2n+1)

S n 6 6n°
, +1)2n+1) . 20+t + o2 onr
c. lim n(n )(3;1 )= lim " n3 " lim L3+11m n—3+hmi3
Nn—yoo 6n n—soo 6n n—o 6p n—e 6n n—o Gn

= lim l+ lim L+ limL2:l+0+0:l
n—soo n—o 6N n—e Gp 3
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49. F_r1'|Ir1'|+:T':-.=~““": “HEN, M,
TT . 4936d4Ez6E

The area under the graph is about 1.494
50. [FolntoleoOl+Heh
B W o5 £1:T-

The area under the graph is about 1.373.

In exercises 51 and 52, the figures were created on a TI-84 Plus using the program RIEMANN.8xp downloaded
from http://www.calcblog.com. Similar programs are available at www.ticalc.org.

. 2 . . S .
51. There are 20 intervals, so Ax = 0 =.1. Since we are using the midpoints of the subintervals, x; =1.05. On

the calculator, set Y; = xV1+ x%. Use the sum( and seq( as shown to find the sum.

EuNiE?qi¥1=H=1.B
T al556490843
The area is approximately 9.60 square units.
. 2 . . . .
52. There are 20 intervals, so Ax = 20 =.1. Since we are using the left endpoints of the subintervals, x; = -1

and x,, =.9. On the calculator, set Y; = xv1+ x*. Use the sum( and seq( as shown to find the sum.

5%[‘1':59:':'1"1 ¥ 1,
Tt BSzrsatel

The area is approximately 1.55 square units.

6.4 Areas in the xy-Plane

1. 4= Ilzf(x) dx+f34[—f(x)] dx

3
2. A=[ [f(x)-g()] dx

Copyright © 2018 Pearson Education Inc.



208 Chapter 6 The Definite Integral

0 1 2

7 . " . . .
5. f(x) dx is clearly positive since there is more area above the x-axis.
0

7
6. g(x) dx is clearly negative since there is more area below the x-axis.
0

A e e [ (1) e [P 1-?) d(?] [?) (?]
e
)

A==y e =3) v == -1

i = [ (" -3m3)-1]

=-(3-3In3-1)=3In3-2

In3
0
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Section 6.4 Areas in the xy-Plane 209

12. | ‘ 15.
A= le(e‘x + 2) dx = (_e—x + zx)‘z Since y = x?—6x+12 lies above y=1 on
- , 1 _11 [0, 4], we calculate
=(-e? +4)~(=e'-2)=6+e-— =86 . L., 4
e jo((x —6x+12)—1)dx= 3¥ -3+l
13. 2
_8 _igeas—0=2
3 3
16. ‘
Since y = 8 lies above y=2x2 on [-2, 2], we
calculate
2
[28-2x% de = (8x _Zx3) Since y = 2 lies above y = x(2 — x) on [0, 2], we
-2 3 o calculate
2 2
:16_?_(_1“?) [2-x@-0dc=[ (2 -2x+2) dr
2
3 3296 32 et (12)
3 3 3 3 3 .
14. :(§_4+4)_o:§

17.

T

Since y = x% +1 lies above y= —x*—1lon

[-1, 1], we calculate

J‘jl((xz +1)—(—x2 _1)) dx Since y =¢” lies above y :Lz on[1, 2], we

:Iil(2x2 +2) dx=(§x3 +2x)1 2 1 2
2 2 6 J “-z =]t =)
b3 o

calculate

3 3 3 1
{1
X
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18.

19.

20.

Chapter 6 The Definite Integral

-

Since y = e>* lies above y=1-xon [0, 1], we
calculate

I;[ezx —(1-x)]dx= I;(ezx —l+x)dx

To find the points of intersection, solve

x2 =x:>x2—x=0:>x(x—l)=0:>.
x=0orx=1

Thus, we want to integrate fromx=0tox =1

with y = x above y =x%,s0 I;(x—xz) dx.
1
J.;(x—x2) dx=(%x2—%x3) !

111
27376

0

Y
\

Solve 4x(1—x)=%=>4x2—4x+%=0=>

N 41/16—4(4)(%) _axs_

8

8

1 3
X=—orx=—
4 4

Thus, the interval is [%,%} and since

y=4x(1—x) lies above y = % , We integrate

13/4(4x(1 -Xx)— %) dx.

1/4

21.

22,

Solve:

2x-5=—x?+6x-5=
2x=5—-(-x>+6x-5)=0= x> —4x=0=Th
x(x—4)=0=x=0o0rx=4

us, we should integrate over [0, 4] and since

y=—x2+6x—5liesabovey:2x—50n
ar_ 2
[0, 4], we have [ [—x +6x—5—(2x— 5)}dx.
4
J-o [—xz +6x—-5-(2x— 5)]dx

4
4
= J.o (—x? +4x) dx = (—%xB +2x2J

0
- S22
3 3

Solve x> ~1=3=x*-4=0=
x+2)(x-2)=0=>x=-"2o0rx=2
Thus, we should integrate over [-2, 2] and since

y =3 lies above y = x*—1on [-2, 2], we have

[2 -G =n]de= [ 3> +1] de
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23.

24,

Solve x(x>-1)=0= x(x-D)(x+1)=0=
x=0orx=1lorx=-1
We should integrate over [-1, 0] and [0, 1].

Since y = x(x2 —1) lies above the x-axis on
[-1, 0], we have

J.i)l[x(xz -1)- 0} dx = .l.i (x3 - x) dx
0

{4
4 2 _

The x-axis lies above y = x(x2 —1) on [0, 1], so

we have

Thus, the total area bounded by these curves is
1

1 1
—+—=—.
4 4 2

.-l-._i-

x°=2x2 = X3 - 2x? =0:>x2(x—2)=O:>
x =0 orx = 2. Thus, we should integrate over

[0, 2] and since y = 2x? lies above y= x> on

[0, 2], we have

_[()Z(sz —x)dx = (§x3 —lx4)

25.

Section 6.4 Areas in the xy-Plane 211

v

8x? =Jx = 64x*—x=0=
x(4x—1)(16x2+4x+1)=0:>x=00rx=%

(Note that there is no real solution for
16x%> +4x+1=0 .) Thus, we should integrate

over [0,%} and since y = Jx lies above
2 1
y=8x" on O,Z , we have

J.;M (\/; - 8x2)dx = J.1/4 (xl/z - 8x2)dx

0
1/4
_ (sz/z _§xs)
3 37,

_ 2(1)3/ ’ _§(1)3
~3l4 34
1 1 1

12 24 24

Solve

2

i=5—x=>4=5x—)c = x> -S5x+4=0=

X
(x-1D)(x—4)=0= x=1o0rx=4. Thus, we

should integrate over [1,4] and since y =5—-x

. 4
lies above y =— on [1,4], we have
x

4
J. (S—x—ijdx=(5x—lx2 —4lnx)
1 X 2

1
—(20—8—41n4)—(5—5)

4

1

5 4ng
2
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27.

Chapter 6 The Definite Integral

]

First solve x? —3x=0 to find any x-intercepts.

i a. On[l,4], y=— liesbelow y=x" so
x(x —3) = 0 so the x-intercepts are at x = 0, 3. X
2 . . 4
a. y=x"—3x lies under the x-axis on the 4 5 1 (1 531
3 , J.l X" = x—2 de=|—x"+ ;
interval, so calculate j [0—(x =3x)] dx 1
0 64 1 (1
e i “3 G
3
=I (—x2+3x) dx=(——x3+—x2) 3 81
0 3 2 0 =21-2=22
4 4

C.

27,2721 9
3 2 6 2

1.
b. On [%,1}, y =—5 lies above y=x2,so
X

On [3, 4] y=x%-3x lies above the

x-axis so, using results from part (a), we J.l/2 — =X a’x+‘|‘1 X ——|dx
wish to calculate X X X
3 4
j[—(x2—3x)]dx+j (x2 = 3x) dx (L) 8t
0 34 x 3 a2 4
2432 Ll (1), 8503
2.3 2 3 24) 4 24
S o YO -1l 2.
2 3 3 2
y =8z
:2+ ﬁ_24+2 :E
2 \3 2 3
Yy=a

On[-2,0], y= x% = 3x lies above the
x-axis so, using results from (a) and (b) Y=L

0 2 3 2 T
j_2 (x2 =3x) dx + jo —(x? =3x) dx
15 3, 9 . 1 . .
=|=x"—-=Xx +—= First solve: — = 8x . This has a solution at
3 2 L 2 x2
8 12) 9
=—|——=——=|+= x=l.Next solve: L=)c . This has a solution
3 2) 2 2 x2
_26 . 9_79 at x = 1. Thus, the area should be calculated by
3 2 6 the following sum of integrals:

[ @x—xyav+| [ S-x|a
0 (xx)xl/zxzxx

1/2
=(4x2—lx2) +(—l—lx2j
2 0 x 2
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30. Y

. 1 . .
First solve: 4x =—. This has a solution at
X

x= l . Next solve: X l . This has a solution
2 2 x

at x=+/2. Thus, the area should be calculated

1/2 V2
byJ. (4x—£)dx+ (l—ﬁ)dx
0 2 172\ x 2
1/2
:(sz—lxz) +(lnx—lx2)
4 0 4 1/2
:l—i+ln2”2—l— lnl—L
2 16 2 2 16

=lln2—(ln1—ln2) =Eln2
2 2

31. a j§(2t+1) dr = (7 +t)‘z ~30 ft

b.

5

32. a. Jj(ﬂ—%tjdt = (2lt—§t2)
2

oo (o4

273
=—— =54 mowers

Section 6.4 Areas in the xy-Plane 213

8
33. a. j 3 224200 |dx
232

8

= Lx3 —lx2 +200x
32 2

2
=16—32+1600—(%—2+400j
=$1185.75

b. It is the area under the marginal cost curve
fromx=2tox=8.

8 2
34. a. js (100 + 50x — 3x2) dx

8
= (100x + 25x> —x3)‘5

= (800 +1600 — 512) - (500 + 625 —125)
= $888

b. It is the area under the marginal profit
function fromx =5 to x = 8.

48
35. I44 M (x)dx represents the increase in profits

resulting from increasing the production level
from 44 to 48 units.

100
36. Io M (x)dx represents the total variable costs

of producing 100 units of goods.

2
37. a.j 1242 dt:(lzt—ij
0 (t+3)° t+3 ),

:24_i_(_i)
AE

2

_360_12 20
15 15 15
_308 45
15

b. The area represents the amount the
temperature falls during the first 2 hours.

38. a. jg 40+ —3 | ar=[a0r--2-
! (t+1)% 1+1

8
=360-——(40-4
10 ( )

3232

9

1

=323.2

b. The area represents the distance traveled
during the time from¢#=1tot=9.

20 20
39. jo 76.2@0'03tdt=254060'03t0

=~ 2088 million cubic meters
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40.

41.

42.

43.

44.

Chapter 6 The Definite Integral

From exercise 39, we have c(¢) = 76.2¢"%  We

are given g(¢) =50- 6.03¢"%". Thus,
20
[ 762" - (50~ 6.03¢" ) ar

-[ 020(76.2e°-°3f ~50+6.03¢" ).

J.SIOMZ (x) dx—J.SlOMl (x) dx

=I;O(M2 (x) - M (x)) dx

- jslo((zx2 ~24x+8) - (26 ~3x+1 1)) dx

5 10
10 6x—3)dx= '6L—3x
I
5 2

(.3x2 - 3x)‘150

- (_3(10)2 —3(10))— (.3(5)2 - 3(5))
=0-(-7.5)=175

The net change in profit is $7.5 thousand or
$7500.

y

5

MPy = —x?+ 14x - 24

MP, =—x*+12x-20

| | x

I 6 8

f:[(_)ﬂ +14x-24) = (—x? +12x-20) | dr

8 2 8
=[ x4 dr=(x —4x)‘6 =20

The company should not adopt the new plan.
The area is 20, and it represents the additional
profit from using the original plan.

A is the difference between the two heights after

10 seconds.
)
= 2
=
=1
e | v
g 17
=
-
Y= 'UB<t)
1 1 1 t
1 2 3
Hours

a. The area between the two curves from

t=0to ¢t =1 represents the distance between

the two cars after 1 hour.

45.

The distance between the cars will be the
greatest after 2 hours.

1%
v() =202 =3+ 1

—_

WA ULNADI0OO

i
I
|
I
I
I
|
I
I
I
I
I
|
|

t

1 2 3

Let s(t) represent the position of the object
at time ¢, measured from its initial position.
The required displacement is s (3)—s(0),
the net change in position over the interval
0<r<3.

s(3)-5(0)=[ (2% ~30+1)ds

3
203 312
=| -+t
3 2
0
3 2
2
2B 30° s
3 2
The object is displaced 7.5 feet higher after

three seconds than it was at the start.

Note that v(¢) <0 for %Stﬁl. So, the

object changes direction at time ¢ = %, S0
we must compute the net displacements on

the three intervals [O, ﬂ, B, 1], and

[1, 3]. On the interval [0, %J the net

displacement is

12
f;/z(th —3t+1) dt = %—%+t}

0
EOREONN
3 2 2
_5
24

The object moved % ft upward during this

time interval.

(continued on next page)
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(continued)

46.

On the interval B, 1], we have

_[11/2 (2t2 3+ 1) dt

26 342
S e B R
3 2

1

12
+1 —i: L
24 24

The object moved i ft downward during

3 2

this time interval.
On the interval [1, 3], we have

jf(zﬂ “3r+ 1) dt

23 342
o e B R
3 3 X

[ﬁﬁﬂlé

3 2 6 3

3

The object moved % ft upward during this

time interval. Thus, the total distance

1,22 91 7.583 ft.

5
traveled was —+—+—
24 24 3 12

v
v =2 +1-2

—_

I
|

I

I

|

|

I

I

I

I

i

} t
3

= | —NWAULNANOD

Let s(¢) represent the position of the object
at time ¢, measured from its initial position.
The required displacement is s(3)—s(0),

the net change in position over the interval
0<¢<3.

47.

Section 6.4 Areas in the xy-Plane 215

The object is 7.5 feet higher after three
seconds than it was at the start. The value of

the definite integral over the interval [0, 3]

is equal to the area above the z-axis bounded
by the graph of v(¢) minus the area below

the t-axis bounded by the graph of v(t).

Note that v(¢)< 0 for [0, 1], so we must

compute the net displacements on the two
intervals [0, 1], and [1, 3]. On the interval

[0, 1] the net displacement is
32
fl(tz +t—2)dt LA
0 3 2 o

=(l+l—2)— =—l
3 2 6

The object moved % ft downward during

1

this time interval.
On the interval [1, 3], we have

LESUIEE

The object moved % ft during this interval.

Thus, the total distance traveled was
%+ ? = % = 9.83 ft. In terms of area, the

total distance traveled is equal to the area
below the 7-axis bounded by the graph of

v(#) from 0 to 1 plus the area above the

t-axis bounded by the graph of v(r) from 1
to 3.

nterseckion
H=l V=1

Intersgction——————
W=i.z3eBRE  Y=10.34e6E5

ET%EE%P'L" *H2B2 | [htersect at x = 0
5.999998834)  and x = 2.3367
area~ 3.9100
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48.

49.

50.

6.5

Chapter 6 The Definite Integral

Intersection——————
w=l.EFEL:PE  W=4.BLE9%E7

nkerseckion
n=n =1

fhlntovi—Yea#.8.
1.57212
1.483125589

Intersect at x =0 and x = 1.5721

area =~ 1.4032

Inll:-zr's-zcti-:-n Inksrseckion

W= =i =g 3EEEL Y=1.831177z
frlntoi-Yz.®. 8,

2.33322

2. 267355869

Intersect at x = 0 and x = 2.3532
area~ 2.2676

P

Inkgrseckion
W= 2B19660L Y= 61H02Y

frInbive="1.%..3
220, 2. 61887
1.429234682

Intersection
W=Z.ELB0ZY W= ZE196601

Intersect at x = .3820 and x = 2.6180
area~ 1.4293

Applications of the Definite Integral

1 b 103,
Average—mj.a f(x) dx—g.l‘ox dx
3

o
9
0
1 1)
_ S22
1_(_DJ._l(l—x)dx— (x 2x j_l

10.

1 4 1 4
— ["100e5%ax = —(—ZOOe_O'SX)
4-0J0 4 .

= %(—200{2 + 200)

=50-50¢72 = 50(1 - e*z)

1 1 1
m.‘.oz dx = 2x|0 =2

3
zé(ln3—lnlj
3 8 3

=§(ln3+ln3)=éln3
8 4

1 31 3
—3_% 1/3; dx =§(lnx)

9 9
L dx=lfl x V2 ax

9-141 Jx 8
9
Lo\ 1 1
S(x )1 5(0-2=73
12
i_[ EUTRE A P
1270 3
12
=i(47t+2z2—1t3) =55°
12 9

1 50, 002 1L 3 oo ¥
—j 3¢ dt=—-——-¢"
5040 50 (.02)

= 5.1548 million

0
P(t) = P(0)e"
Find k: 1= 21690 — % — 1690k _

1690k = ln%: k =-.00041.

The average value

_ L 1000, 50,-000041c 4,
100070
| o-0-00041r 1000
=10 Zoooar| - baerams
0

Recall that 4 = Pe" for when interest is
compounded continually.

20

Se.OSt

20
ij 100e%dr=="—| =~$171.83
2090 .05

0
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11. p(20)= 3—?—:1

=40-20=$20
12. p(20)=2-20+50=32

20( 2
j A x+50-32|dx
o | 200

20

_ 8000 _ 200+360 = $173.33
600

500
40+10

40
) (500 —3—7)dx
0 \x+10
40
=] (500 —10de
0 \x+10
= [500In(x +10) - 10x]"
=5001n 50 — 400 — 500In 10 = $404.72

13. p(40) = —3=7

14. p(350) = /16— (.02)350 =3

Jsso[(16—.02x)1/2 -3 Jax

- (3(_i)(16—.02x)3’2 —3x)
3002

) 163/2
3002 3
15. p(200) = 0.01(200)+3 = 5
jozoo [5—(01x +3)] d

350

0

= $183.33

200
= jo (2-.01x) dx

200
= (Zx —ﬂxzj
2 0

=400 -.005(40,000) = $200

Section 6.5 Applications of the Definite Integral ~ 217
9
16. p(3)=§+1=2
2 2
3 3
[ [2—("—“]} dv = (1—’“—] dx
0 9 0
3
3
=lx-2 | =3-1=%2
27 0

17. p(10)=%+7=12
jlo(lz—(fw)) dxzjlo(S—f) dx
0 2 0 2
[ xz)lo
=|5x——
4
0

=50-25=925

18. p(36) =1+%J% =4

36 36
‘[ (4—(1+1x1/2)j dx=f (3—lxl/2jdx
0 2 0 2

=(3x—lx3/2)
3

216

36

0

=108 ———=2836
3

19. First find the point of intersection of the
functions:
-2 =245

50 20
=2 200 =7x = x =100
100
100
100)=12-——=10
p(100) 50

X X
=T=—+—=
50 20

Thus, the functions intersect at (100, 10).

100
c.s.=f 12-2 10| ax
0 50

2
= IIOO(Z—i) dx=| 2x———
0 50 100

=200-100=2$100

100
P.s.=j 10| X 45| ax
0 20

2
= floo(S—ij dr=|5x-
0 20 40

=500-250=3$250

100

0

100

0
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218 Chapter 6 The Definite Integral

20. First find the point of intersection of the
functions:

V25— 1x=+/1x+9-2
25— 1x=.1x+9+4—-4/.1x+9

4V Ix+9=2x-12

16(.1x +9) = .04x> + 144 — 4.8x
04x2 —6.4x=0=>x>-160x=0=
x(x—=160)=0= x=0orx=160
x = 0 is an extraneous solution.
p(160)=+/.1-160+9-2=3

Thus, the functions intersect at (160, 3).
Verify graphically:

p Demand curve

p=V25-.1x

Supply curve
p=V.Ix+9-2

X

CS.= j;éo[(zs 1" 3] dv
) 160
= (—3(25 R 3x)
: 0

=_—32(27)—480+%(125) =$173.33

PS.= j;éo[s (1 +9)"2 - 2) | dv
160 12
=j0 G-(lx+9)"?) dx

2 160
= (5x——3(.1x+9)3/2)

0
=800 —%(125) +33(27) = $146.67

For exercises 21-26, the future value of a continuous
income stream of & dollars per year for N years at
interest rate » compounded continuously is

_[N Ke" N Dy,
0

3
21 [71000e"Cdr = ~20,000" %"
= $3236.68

3

0

2 2

22. [ 2000”7 = _33,33360-06@—0‘0
= $4249.90

4 4
23. j . 16,000e* %84t = 200, 000e°-°8<4“)‘0
=$75,426

6
24, 1614’ 000e%045(6=0) g, — _ 14,000 0:045(6-1)
0 0.045

=$96,433

0

25. Solve 140,000 = IJSOOOe'l(x_l)dt for x.

140,000 = —50, 000 1=9

X

=
0
140,000 = 50,000 (1 - e‘“")

28=e"" 12" =38
0.1x=In3.8= x=10In3.8=13.35
It will take about 13.35 years until the value of
the investment reaches $140,000.

10
26. Solve 100,000 = jo xe%042500-0 gy for x.

100,000 = J';Oxeomzs(]o_t)dt

10
100,000 = __* 0.0425(10-1)
.0425 0
100,000 = _L(l _ 60.425)
0.0425
4250 _ Q0425 ¢
X
4250
r= 05| = $8025.07

About $8025.07 should be invested per year.

For exercises 2736, recall that the volume of the
solid of revolution obtained form revolving the
region below the graph of y = g(x) fromx=atox=25

b 2
about the x-axis is J.a 7] g(x)] dx.
2 5 2, ,
27. J. ﬂ'(x+1) dx = ﬂ'.[ (x +2x+1)dx
0 0

2
X3 2
=7T|—+x +x
3 0

=7z(§+4+2)—0=26—”
3 3

28. .[01 ﬂ(—xz + 1)2 dx = 7Z'J.01 (x4 —2x2 4+ l)dx

Copyright © 2018 Pearson Education Inc.



29. j_zzzz[\M— x? T dx
3
= J.Z 7z(4—x2)dx = (47”_&)
-2 3
:(87[_8_”)_(_87[4_8_”\):32_7[
3 3 3

30. J.jrﬂ'(\/r2 —x? )2 dx

2

-2

31. fzﬂ(xz)z dx = .|.127Z'x4dx = %xs 12

_ 32z n_ 3z
5 5 5

h
h
32. fo 7(kx)? dx = %ﬂk2x3
0

Lk
3

33. J4ﬂ(\/;)2 dx =.|.(j7rx a’xz%x2

34. I;ﬂ(Zx—xz)z dxzfzﬂ -4y’ +4x2) dx

1 1
35. jo 7(2x+1)%dx = jon(4x2 +4x+1) dx
1
= ﬂ(ix3 +2x? +x)
3 0

=7Z(i+2+l)=13—”
3 3

1
T

36. J.; ﬂ(e_x)z dx = J.; e P dx = —Ee_zx

0

=_£e—z+£=£(l_L)

2 2 2 e?

Section 6.5 Applications of the Definite Integral ~ 219

37. [8257+875° +9.25% +9.75% |(5)

n=4 a=8=>1%8=.5=>b=10;f(x)=x3

38. ‘:§+i+é+i+§+i:|(5)
1 15 2 25 3 35
n=6;a=1=>E=0.5=>b=4;f(x)=3
X

39. [(5+es)+(6+e6)+(7+e7)}(1)
n=3; a=4:>¥=1:>b:7
f(x)=x+e*
40. [3(.3.)2 +3(.9)% +3(1.5)% +3(2.1)?
+ 3(2.7)2}(.6)
b-0 s
n=5;a=O:T=.6zb=3;f(x)=3x

41. The sum is approximately

3 2, (3.2
jo(s—x) dx_jo(x —6x+9) dx
1 3
=(§x3—3x2+9xj

=23—7—27+27=9

0

42. The sum is approximately

1
J.;(Zx+x3) a’xz(x2 +%x4)

0

=1+

1.5
4 4

3

3
43. a. 1] 1000 dt = 1000 =@(e3r—1)
370 3r 0 3r
b. Solve w(e” —1) =1070.60 using a
3r
graphing utility.

=

Inkgrseckion
WEO44EFZEL YS1070.E

[0, .06] by [1000, 1100]
r= 045 =4.5%
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220 Chapter 6 The Definite Integral

X

2500
o004

X

44. Avg. amt.= 1
X

[ ;lOOeO'Omdt =

0
_ @(Eo.om _1)

2500
e —

Solv (™% _1)=122.96 usinga

graphing utility.

Inkgrseckion
Lk O R oy o el | Jp—

[0, 15] by [0, 150]
x =~ 10 years

6
6
45. a. joloooe’“—f)dt:@er(s—o

— .
1000/ 4
= — 1—
—,(1=¢")
1000 [ ¢,
=—— (e -1
(e -1)
b. Solve @(e“ —1) =6997.18 using a
r
graphing utility.

Inkgrseckion

w=anEkaoonl?  Y=p997 .18
[0, .1] by [6500, 7500]
r=0.05= 5%

10
4. | ;°3oooe”“°‘”d¢ _ 3000 rao-)

-r

0
:M(elor_l)

p
o 3000

r
graphing utility.

Solwv (elo" - 1) =36,887 using a

Inkgrseckion
REON0QONFE Y=:EEBT

[0, .1] by [35,000, 38,000]
r=0.04

N
®

Chapter 6 Fundamental Concept Check

Exercises

1. To antidifferentiate a function /(x) means to

find a function F (x) such that F’(x)= f(x).

r+l
X
+C

. J.h(x)dx=

r+1

b. jh(x)dxzelk“+C
c. J.h(x)dx=1n|x|+C
d. Ih(x)dxzjf(x)dx+fg(x)dx

e [h(x)dv=k[ £ (x)ax

3. a denotes the left endpoint of the interval,

b denotes the right endpoint of the interval,
n denotes the number of intervals, and Ax
denotes the length of one subinterval.

4. Suppose f(x)=0. To approximate the

b
integral j / (x)dx, which represents the area

under the graph of f, above the x-axis, from a
to b, we can use rectangles of equal width Ax

and height f (xi). Each rectangle has area
f (xi ) Ax.

The sum of the areas of the rectangles is the
Riemann sum

f(x))Ax+ f(x,)Ax +-+-+ £ (x,) Ax, which

approximates the area of the region under the
graph of f.

5. The area under the rate of change function

f (x) is equal to the net change in the
function F (x). For example, the area under
the velocity function v(¢) froma to b is equal

to the net change in position or s(b)—s(a).

6. The definite integral has the form

J.bf(x)dx =F(b)-F(a), where F is any

antidervative of f.
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Chapter 6 Review Exercises 221

7. An indefinite integral has the form

) ] 2. J.(x2—3x+2)dx=lx3—§x2+2x+C
J.f(x) dx = F(x)+ C. It is the family of 3 2

antideri}:/atives of /. A definite integral has the 3 J- St ldx= 2 (x+1) 324 ¢
formJ. f(x)dx=F(b)-F(a). Itisa 3
number. 4. J. i4dx=2ln|x+4|+C
x
8. Suppose fis a continuous function on [a, b]. |
The Reimann sums of fon [a, b| approach the S. 2_[ (x* +3x% —1)dx = Ex4 +2x° = 2x+C
value of the definite integral
b ST Ta gL D 6/5
I f(x)dx=F(b)- F(a) as the number of 6. J. x+3dx—g(x+3)/ +C
partitions of the interval [a, b] increase 7 J.e”‘/z dr= 2024 C
indefinitely.
5
9. F(x)r;:F(b)—F(a) is the value of the 8. J. x_7dx=10Vx—7+C

definite integral of fon [a, b]. 3
9. [Bx* -4’y dr=Zx"—x*+C

10. The area of the region bounded by the graph 5
of y = f(x) on top, the graph of y = g(x) at ; ) .
the bottom, from x = a to x = b is given by 10. J.(Zx +3) dx = E(Zx +3)"+C

b
j f(x)—g(x) |dx. If the limits a and b are
[ ] 1. [Va-x dr=-2@4-x¥21C
not given, we determine them by finding the 3
first coordinates of the points of intersection

2
of the graphs of fand g. 12. I(é_gj dx=51n|x|—)lc—0+C
11. a. The average value of a function is given *
1 n 1
. 1 1
by b_afaf(x)dx~ 13, [ eDPde= @) =3-0=3
-1
b. The consumer’s surplus for a commodity "
having demand curve p = f(x) is given 14 J‘l/8 edx = §x4/3 _3_ 0= 3
4 " Jo 47 |, 64 64
by J. [ Sf(x)- B] dx, where the quantity
0 2 2
demanded is 4 and the price is 1s. J_l V2x+4dx =2 J_l Vx +2dx
— 2
B=f(4). :Eﬁ(x+2)3/2
c. The future value of a continuous income 3 -1
stream of K dollars per year for N years at _ g\/z(43/2 3 1) _ E\E
interest rate » compounded continuously 3 3
is IN k'™ ar. i 2
0 16. 2 - dx
0\x+1 x+4
d. The volume of a solid of revolution is = [4In(x+ 1)~ 2In(x + 4)]|1
given by ﬂj-b [f (x)}2 dx. ’ 16
a :41n2—21n5—(41n1—21n4):2ln?

Chapter 6 Review Exercises 5
7 [ Ra--Lt --Lop=2
Ty x* 16 16

1. j32dx=9x+c
1
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222 Chapter 6 The Definite Integral

8
2 (8 4 32 4 104
18. = | Vx+ldx=—(x+1 =12-—=—
310 gt o 9 9
4
4
19. fiabc=—l S P
1x2 XN 4 4

20. | 3662_(X/ Dy = -3e> 3>E =-3+3e=3(e-1)

5 o, 1 1 1 1
21, [ (5+3x)'dx=<In(5+3x) =-In20—-In5=—In4
0 3 3 3 3

5
0

2
e

2 1 1
=24——(1+1)=
;=3

In3

" :3_1_(2_1)21

In2 3 2 6
1“3__1_L_(_1_1)_@
. 3 8l 3) 8l

=—3e‘1+e—(—3+1)=2+e—§
e

2 3 1
2. J.‘2 2e T 2¢%

In2 I
3. (eX—e*X)dx=(eX+e*X)0“

24, J.llrjlj (ex + e_x)dx = (ex - e_x)

m3e* +e* S
25. [TETC k=] e e
0 e2x 3

J'l3+ezx

0 o

26. dx = (—3e_x + ex);

1 1 1 15 5

2

2 _ 1 _
27. [(Bx-27 dx=| ——0Gx-2)? | =———+—-="="—
L(x)x(6(x)j 616 6 9 32

1

9
’ (232 _ 2Y .. 276
28. jl (1+J})dx_(x+§x )1—9+18—(1+§)—26—§—?
1
! 2N, (23 13y _ 2 1 - o 1
29. fo(\/;—x )dx—(;x —gx )0—3 3 (0 0)—3

30. y= x* lies above y= %xs +2x on [-2, 0] and below on [0, 2]. Thus, we calculate
0 2 0 2
I {x3—(lx3+2xﬂdx+~[ [lx3+2x—x3}dx='|. (lx3—2xjdx+J. (—lx3+2x)dx
-2 2 0|2 -2\ 2 0y 2

1 0 1 2
=(—x4—xzj +(——x4+x2j
8 -2 8 0

=0-0-(2-4)+(-2)+4—-(0+0)=4

In2 In2
3t ] (eX—e*X)dx=(eX+e*X)on =2+%—(1+1)=%
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32.

33.

34.

3s.

36.

37.

Chapter 6 Review Exercises

Set Vx =x? = x=x* =>x(x3 —1)=0= x =0 orx =1. Thus, the graphs intersect at x =0, 1. On (0, 1),

y= Jx lies above y= x2, and below on (1, 1.21]. Thus, we calculate

1
[U[r=xJar+ [ (2 _J;)dx:gxw g)(g _gxs/z)

1.21

1

4—x? and 1-x? are even, so the area is given by

2 *(4-2)de—2f, (1-x7)dx = 2[(4x—%x3)z—(x—%x3j

1

0

z————(0—0)+.5905—.8873—G—§

RS

2 2
J. (l—l)—(xz—éx—l) dx=I (—xz+§x+§—l)dx=(—lx3+§x2+§x—lnx)
12 x 22 12 22 x 3 4 2

:—§+3+3—ln2—(—i+i+i—lnl)

24 16 4 2

1

f; (e* —ex)dx = (ex —gxzj

e e
—e———(1-0)==-1
(mem3=(-0)=3

j_ 1.109561

=0.370
3

2

12
:£—1n4
16

y= 2x3 —x? —6x lies above y= x> on [-2, 0] and below on [0, 3]. Thus, we calculate

J‘02|:2x3 —x*—6x- (x3)]dx + Jj [x3 - (2x3 -x*- 6x)]dx

=J‘i)2[x3 -x? —6x]dx+_|.§[—x3 +x2 +6x)]dx=(%x4 —%x3 —3x2)_

:0—(4+§—12)+(—gj+9+27—0:£
3 4 12

X =3x+l=x+1=x° —dx=0=x(x>-4)=0=x=—2orx=0o0rx=2

C 14
+(——x4 +-x° +3x2)
5 4 3

Thus, the graphs intersect at x =0, £2. On [-2, 0], y = x> =3x+1 lies above

y=x+ 1, and below on [0, 2].
jf’z[(ﬁ —3x+l)—(x+1):| dx+j02[(x+1)—(x3 —3x+1)]dx

0
0 2

=I ()c3 —4x) dx+f (—x3 +4x) dx=(lx4 —2x2) +(—lx4 +2x2)
-2 0 4 ) 4

Copyright © 2018 Pearson Education Inc.

2

0

3

0

= 0-(4-8)+(-4+8)=8
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38.

39.

40.

41.

42.

Chapter 6 The Definite Integral

2x% +x=x>+2= x>

+x-2=0=>(x+2)(x-1)=0=x=-2o0rx=1
Thus, on the interval [0, 2], the graphs intersectat x=1. On (0, 1), y = x2+2

lies above y = 2x? +x and below on (1, 2).

J.; [xz +2- (2x2 + x)} dx + J.lz [sz +x- (x2 + 2)]dx

- e e 2)are [ e 2ara( A L) 2

1
+(lx3 +l)c2 —2xj
o \3 2

1
:—l—l+2+§+2—4— l+l—2 :E_E+2:3
2 3 2

3 3 2 3
[ (e=5)%ax = Laosypsce 43. C(x)=[(04x+150) dv =.02x" +150x +C
1 3 C0)=500=0+0+C=C
f®=2=303)+C=9+C=C=-7 Thus, C(x) =.02x> +150x +500 dollars.
1 3 20 2 3,20
J@)=3(x=5"~17 44. LO (400 ~3x%) dx = (400x — ™) ' =~3000
. Thus, a loss of $3000 would result.
-5 -5
J. e dx = 3¢ T+ C 45. It represents the total quantity of drug (in
| 6 cubic centimeters) injected during the first 4
f(0)=1=_§+CZ>C=§ minutes.

46. v(1)=-9.8¢+ 20

6 1 s
fx)==——=¢" 2 2
55 a. fo (=9.8¢ + 20) dt=(—4.9t2+20t)0

a. y’:4t:>y:2;2+c =-19.6+40=204m

b. y’=4y:y=Ce4t 20

Theorem I of section 6.1 states if F’(x)=0

for all x in an interval /, then there is a
constant C such that F (x) =C forall xin L.

¥ = £1(6) = k(£ (0)). L

Using the hint, we have
d —kt? /2
a0
_ f(t)(—kt)e’k’z 2, f/(x)e—ktz /2 ; :
= 2 [ f Okt + £1(0)] T

—e k2 [— £ Okt + ke (£ (£)] 0 5 1 15 2

= 20)=0 47. [£O)+/(5)+f(D)+f(1.5)]Ax
Since only constant functions have a zero =(20+14+10+6)(.5)=25
derivative, f(t)e_k[2 22 C for some C. Thus, 48. [f(.S) + )+ £(1.5)+ f(2)] Ax
f@y=Ce 2. = (14+10+6+4)(.5) =17
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49.

50.

51.

52.

53. ——

54.

5S.

56.

Ax = 1; the midpoints are .5, 1.5
}: 0.68571

+

Area = [

1
0.5+2 1.5+2

2 1 2 4

[ dx=In(x+2)]g =In4-In2=In-

0 x+2 2
=In2~.69315

Ax = 0.2; the midpoints are 0.1, 0.3, 0.5, 0.7,
0.9
Area =

[62(0,1)+ez(0‘3)+ez(o.5)+62(0.7)+ez(0.9)](,2)
=3.17333

1
1
J. erdleez;c =lez—l ~3.1945
0 2,72 T2

p(400) = /25— 0.04(400) =3

CS.= j;oo(«/zs Z0.04x - 3) dx

D) 400
= (— (25-0.04x)%'% - 3x)
-0.12

0

2 2
=—"—(27)-1200 - ———(125
(27) S0 1®

-0.12
~ $433.33
10 10 10
L "3000¢ % gt = [ 3ooe-°4‘dt=7500e~°4"
1070 0 0
=7500(e* — %) ~ $3688.69
1/2
1/2 1/2
1 J' Ld —6J. Ld =6 1
L_1Jy3 3 1/3 43 2x211 3
= (—2 +2J=15
2
The sum is approximated by

jol 3¢ dx = —3¢ " :) =3¢ 43=3(1-¢7).

[ a F(x) dx=.68— .42 =26

d
j F(x) dx=.68—.42+1.7=1.96
a

1 1
joyz(l—xz)zdx = jozz(x“ —2x2 +1) dx

57.

58.

59.

60.

61.

Chapter 6 Review Exercises 225

a. Inventory is decreasing, so the slope is

—% . From the graph we can see that

ro=0-£r.
Ao
Qa
A. 1
b le(Q—gt)dt:l(Qt—gﬂjA
To470 A A 24 )},
_Q, 04 0
A 24% 2
2
a. f(z)zg—j;rtdzzg—%
A? 20
b 0=Q—r7:>r:?
20 2 s
2 Qt
c. f(t)=Q—A2 =0-"7
1 ¢4 or? 1 or’ !
L% ) ‘”22[9%7]0
_p_2_2
=0-3=30
a. g(3) is the area under the curve y = 12
1+1

fromt=0tot=3.

1
1+x

b g()=—s

a. /(0) is the area under one-quarter of the
unit circle. 4(1) is the area under one-half
of the unit circle.

b. W(x)=+v1-x>

The sum is approximated by

3
jo 5000e " dt = —50,000e -
~13,000

3
~12,959
0
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62.

63.

64.

65.

66.

67.

68.

69.

Chapter 6 The Definite Integral

1. .
Ax = — , with left endpoints ¢; = iAx
n

Sum = Axe? + Axe™ + Axe®™ + ... + Axe" DA
= Ax[eto +ell +el2 4.t el }

zJ.;e’cdxze—l

Ax = 1 , with left endpoints ¢; = iAx
n

SumzAx[1+(1+Ax)3 +~~+(l+(n—l)Ax)3]
=Ax[1+(l+t1)3 +-~~+(1+t,,_1)3J

1
_(+x0)f 15

4 4
0

zj;(1+x)3dx

Using the figure on the left, the average value
of ilx)y=4o0n2<x<6.

True; 3 <f(x) <4
[P3ar<[’redrs[ 4ar
0 —Jo —Jo

5 1 ¢5
1ssfof(x) dx <20, 50 3s§j0f(x) dx <4

a. [”(20-44) dr =20~ 41"
1

4
= (20— 41)A¢

b. Let R(t) = the amount of water added up

to time . Then R’(¢) = r(¢) and

jos #(¢) dt = R(5)— R(0) = the total

amount of water added to the tank from
t=0tot=>5.

35 35
j . 860" gt = 21,5004 .

=21,500(e'* —1)
= 65,687 cubic kilometers

! 1
J‘O 4500e"20-0g; = _50, 00060.09(1-;)‘0
=$4708.71

[Gx? —2x+Ddx =" - x* +x+C
Now f(1)=1, so
(x3—x2+x+C)x_1=1:>
1-1+1+4C=1=C=0

So, f(x)=x3—x2+x.

70. The slope of the line connecting (0, 0) and
2

0 = a. The equation of

(a,az) is m=

the lineis y—0=a(x—0)= y = ax.
The shaded area is equal to 1, so we have

J';(ax—xz)dle

303 3
%—%—Ozl:—-l::»a—%/g
b? b o 2 3/2b2 L 3
71. J x/;dx+.|. x“dx=—x +—x
0 0 3 o 3 1

T LY
3 3
=3|b|3 1l
3773
(since (5*)"2 =[3))
BESEINEYS
3003

(|b| = b since b)

is positive.
=p3

b" b
72. jo (’/;dx+_‘.0x"dx
4
+( 1 xn+lj
0 n+l 0

_ (wa/n)
n+1
_04—pm g

L(b” )(n+l)/n

b

n+1 n+1
ZLan +Lbn+1 — bn+l
n+l n+l
1 b, nisodd
{Note: (b")/n ={ ) , but |b| =b
|b|, n is even

. . . Un
since b is positive. So, (b”) = b}

73. J.; (\/; - xz)dx = J.; Jxdx - I; x2dx

74. j; (¥ =)

I
VR
3
+|=
_
=
|
3
+
_
=
s
N~

n 1 _0 n—1
n+l n+l n+1
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