4.1 Exponential Functions .

1.

148

Chapter 4 The Exponential and Natural Logarithm Functions
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(32x.32)4=3:>(32x+2)4=3:>38x+8=3:>

8x+8=1=x=

3.3 3=

23)(:4_.25)(:>
23x=
xX=

22+5x
-1

1-8 7

8 8

23%:22'25%:>
=3x=2+5x=2x=-2=

03" =3 = 5x+x=1=

6)c=1:>x=l
6

(14x)27 =527 = 0= 2" (1+x-5)=0=
275 (x-4)=0

Since 27F #
only solution.

0 for every x, then x =4 is the

(2-3x)5"+4-5"=0=5"2-3x+4)=0=
5%(6-3x)=0

Since 5 # 0 for every x, x = 2 is the only
solution.

2}C

_ 23—2x

=0=>2" =235

x=3-2x=>x=1

1

2"—;:0:2)“—2‘)6:0:2’6:2‘)‘:
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22){

—X=>X=

0

2
—6~2x+8=0=>(2") —6-27+8=0

LetX=2"= X?-6X+8=0=
(X-2)(X-4)=0=>X=2,X=4=
2*=20r2"=4=x=1lor x=2

22x+2

172" +4=0=

(25222 -17-2"+4=0
LetX =2 = 4X>-17X +4=0

C17+4(-1

2
7)" - 4(4)4) Lyl
8 4

X=4=

2X=lor2x=4:>x=—20rx=2

32)(

3)6

123 427=0=(3)2-12-3" +27=0

LetX=3"= X?>-12X+27=0=
(X-3)(X-9)=0=X=3,X=9=

=3 or3*
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150 Chapter 4 The Exponential and Natural Logarithm Functions

36. 22 —4.2"-32=0=(2%)>-4.2"-32=0 4.2 The Exponential Function e*
LetX =2"= X>-4X-32=0= ~ 3 -1
2% = —4 (no solution) or 2* =8 = x =3 h_
If A= .01, then =1.10.
37. 23" =23.2" The missing factor is 2. h
38, 52h —52.5h _95.5h If h=.001, then =———=1.10.
The missing factor is 5. d o3k
Therefore, —(3%)| = lim =~1.1.
39, 2x+h _9¥ =X .2h —2¥ = 2x(2h ) dx x=0 X0 h
The missing factor is 2" —1. 2. Ifh :h'L then
Q7" -1 1.10443-1
40. 5x+h +5% =5x‘5h+5x =5x(5h+1) I = 1 =1.0443.
The missing factor is 5" +1. If =01, then
2.7)" =1 1.00998 -1
/2 —x/2 _ qx—(x/2) —x/2 = =.998.
41. 37437 =370 +3"/ h 01
=3%.37/2 43772 If 1 =001, then
=372(3% +1) 7" -1_10009-1_
The missing factor is 3% +1. h 001
Therefore,
42. 57x/2 _5x/2 — 5x/2 ‘56x/2 _Sx/2 N 1(2 7)x i (27)11 -1 - 99
5x/2(56x/2_1):\/5_x(53x_1) dc 7 x=0 x50 h o
The missing factor is 53¢ _1. For exercises 3 and 4, we have
43. m= i(z") ~.693 from formula (2) in the text.
_,,-f"'r dx x=0
ﬂ'e-"”ff
mall 3. a. i(2’6) =m-2'=2m
duldx=.8921472Y4 d x=1
[~1, 2] by [-1, 4] = 2(.693) =1.386
0.6931
4 b. i(2’5) —m22=L,
. dx x==2 4
= %(0.693) =0.1733
o 41 DOBELEE 4. a. 4 2% =m- 2?2
[-1, 21 by [-2, §] dt e
1.0986 =2m =/2(.693)
. =.98005
45. By trial and error, b= 2.7.
b. i(2)‘) =m-2%=4m
dx x=2
~ 4(0.693) = 2.772
5. a. i(ex) =e! =2.71828
dx el
b. i(ex) —e =12 367879
dx N e
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19. The tangent passes through the point
a. i(e)‘) =€ =15.15426 gemp | ghep
dx x=e (—1, e"l) = (—1, —j, or (—1, 0.37). The slope
e
b. di(ex) = oY% =1.44467 of the tangent is given by
X -
x=lfe D el 212037, Thus, the
dx|.-_ x=-1 e
(ez)x — .
equation of the tangentis y ——=—(x+1) or
" 1V e e
(—) () =e $=0.37x+0.74.
e
s 20. The tangent line is parallel to y = x, so the
(63) = /5 = pB/5)x slope of the tangent line is 1.
LV . ie’C:1:>eX:1::>x=0
(_) _ (672) — o2 dx
e’ The tangent passes through the point (0, 1).
2x 2
! 3V 6 4t and Lot =
(e—3j = (e ) =e X 21- dx e =e and dx2 e =e
PRSI N ¢* is always increasing and e* > 0, so by the
first derivative test, there are no relative
5)* 2
C = (e2) 2o extreme points. Because —¢* =¢e* >0 for
[63 ) (e ) ¢ P dx?
S X2 _ Sx all values of x, then e” is concave up.
h
ax 6x\35 _(10x\3 _ ex 22 h et e -1
(¥ 7= () e ‘ i
I _ (ef2x)_1 = o2 0.01 1.01005 1.005
2x -
e 0.001 1.0010005 1.0005
x L Tx _ \/ez _ (eéx)l/z o 0.0001 1.000100005 1.00005
\ The slope of e* atx=01is 1.
—5X
e
R =e 23. The slope of the graph of e at (a, b) is
e’ =b.
5x _ 20 _ —
er =l =5x=20=x=4 24. From exercise 23, we know that the slope of
el =l 51— x=2= x=—1 the tangent line at (a, e”) is e. Thus, the
exz 8 2 gl .slope—p(‘:nit f:)rm of the equation of the tangent
X2 -2x-8=0= (x—4)(x+2)=0= is y—et=e' (x-a).
x=4orx=-2
25. i(3e" ~7x)= i(3e“‘) ~ 4 (7x)=3¢" -7
e =lme =" x=0=x=0 dx dx dx
e* (x> =1)=0= ¢* =0 (no solution) or 26. i(M]
X -1=0= x=21 dx 4
v 2 . ) d(2x\ d(4) d|5e"
4e” (x“ +1)=0= 4¢” =0 (no solution) or :E e +EZ "l 2
x2+1=0 (no solution) 1 5 1
—+0-=e'=—-Z¢"
2 4 2
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27. d

28.

29.

30.

31.

32.

33. —

Chapter 4 The Exponential and Natural Logarithm Functions

X X
x2+x+1)+ex(2x+l)

x2+3x+2)

=ex

—

= 32¢% (1 + 2ex) + 8¢ (1 + 2eX)2
=32¢%" + 64> +8e” (1 +4e” + 4e2x)

=8¢* + 64e>* +96¢*
— 8" (1 +8e% + 12e2x)

= 8e” (1+6ex)(1+2ex)

— ¥ = er +e¥ = er — _262x

i( o ]_(x+1)(ex)—ex(l)

- (x +1)2

x+1

34.

3s.

36.

d [ d( /
o e+ =E(e +1)12
= %(e")(e" + 1)71/2

ex

24e* +1

X

Y =l-ey" = —e
l-¢"=0=1=¢e"=x=0

—¢” =-1<0, so there is a maximum point at
(0.0-¢")=(0, -1).

fee)
3 =2xe" +x%e* = ¢ (2x+ x2)

e’ (2x+x2)=0:x(2+x):O:
x=0orx=-2
Thus, the extreme points are located at (0, 0)

4
and | -2, — |.
=3

Y’ = %(ex (2x +x° ))
=(2+2x)e" +(2x+ xz)ex
=e* ()c2 +4x+2)
Evaluating y” for x =0 gives
¢ (0? +4-o+2)=2>o, 50 (0, 0) is a

minimum point.
Evaluating y” for x =—2 gives

o2 ((_2)2 va(-2)+ 2) - _e% <0, so

(—2, izj = (-2, .54134113) is a maximum

point.
We can verify this graphically.

)

Haciranr
=k Y= ENiEN11F
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37. y=(+x2)e"

38.

39.

40.

41.

42.

y' =0+ xz)ex +e*(2x)= ex(x2 +2x+1)

Y =0=e (X2 +2x+1)=0=

2 42x+1=0=> (x+)(x+1)=0= x=—1
The tangent line is horizontal at (— 1, Ze_l)

or (—l,g).
e

d
y=ex=>y'=ex:m1=—y =e
dx
xX=a
_ _ d _
y=ex=>y’=—ex=>m2=—y =—e ¢
dxx:a

my-m, =e’(—e ) =-1

Therefore, the tangent lines are perpendicular.

dy

—=xe* +e*

dx

@ =e"+0.e%=1

dx x=0

The slope of the tangent line is 1.
Y xe* +e*

dx

L =el+1.e' =2e

dx x=1

The slope of the tangent line is 2e.

dy _ (1+2e%)e” —e*(2¢%)
dx (1+2e")?
ex
T (1+2¢%)?
0 1

dy
dx

e
w0 (142979

1 1
) = 09_ B =—
(x1, 1) ( 3) m=3

11 11
= (x-0) > y=—x+—
Y3 9(x )=y 9% "3

dy _(x+e')e’ —e"(1+e”)

dx (x+e5)?
_xet —e”
(x+e%)?

d_y _O‘eo—eo_

dil, g 0+
(xlayl):(oal)am:_l
y=l=-1(x-0)= y=-x+1

43.

44.

45.

46.

47.

48.
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S =e(1+x)’°
f/(x)=e* Q)1+ x)+e"(1+x)*
=e*(1+x)3+x)
=" (x> +4x+3)
F7(x) = e 2x +4) + (x? + 4x +3)(e")
=e*(x? +6x+7)
S ==
x
X _ X RY _1
f/(x)=xex2€ =€ (}'sz )
() = x(xe® +e* - exx)4— (xe* —e™)(2x)
_ e (x? —2x+2)
x3
a. di(Sex) = S(ex)+ e*(0)=5e"
e

b. i(e”)lo = 10(e”)9 e* =10e!0

c. %(ezﬂ):%(ez-ex)
=62(ex)+ex(0)=62+x

v )l J e e

b. d (ekx) d (ex)k =k(ex)k_1 e = ke™

dx\ ) ax
y

15

10

5
e
-1 0 1
y
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154 Chapter 4 The Exponential and Natural Logarithm Functions

49, Yy 54

. a.
25T
2.0 T+
15+

1.0
/{ [-2,2] by [~

— —t— b.
-2-1 0 1 2
50. Y
1.5 +

Av XL 000000E
L0+ [-0.125, 0.125] by [0.7510, 1.315]
Estimate the slope to be 1.
0.5
/ c
— —t—
-1 0 1 Jﬁﬁﬁxx;f
Yy
51. i I
F—t —t X
[-2,2] by [~

52.

T

duddx=. 69147 EY

[-0.125,0.125] by [0.7510, 1.315]
Estimate the slope to be .7.

35, Flokl Flokz Flokz
“MMBeTE
gngnDerlu(¥1=H=

wMr=
x$q=

- =
v x¥:=

53. Qzele atx=0.
dx
y=latx=0
y=1=1x-0)=>y=x+1

[-1, 3] by [-3, 20]

[-2,2] by [-1, 8]
The graph confirms the answer.
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56.

4.3

10* -1
x
10° -1
x
10* -1
x
10" -1
x
10 -1
x
10* -1
x

x=0.1: =2.5893

x=0.01:

=2.3293

x=0.001: =2.3052

x=0.0001:

=2.3029

x=10.00001:

=2.3026

x =0.000001:

~2.3026
10 ~2.3026
dx x=0

i(10)‘) =m-10" where m =i(10")
dx dx x=0

Differentiation of Exponential
Functions

i(ezx+3)=ezx+3%(2x+3)

dx
— 62x+3 (2) — 262x+3

= (1’ (3 (1+x)2)(1)

=3(1+x)% )

Section 4.3 Differentiation of Exponential Functions
8. i(e\/xz +1 j
dx
— ()
dx
-1/2
_ A (l(xz +1) / )i(xz +1)
2 dx
2. -1/2
_ x2+1 (l(x2+1) / )(Zx)
2
_ e\]x2 +1 ( X ]
x?+1
9 i(_7ex/7) - _7i( X/7) 757 i(f
dx dx dx\7
_ _7ex/7 (l) — _ex/7
7
10. L1062 104 plox-2)s
dx dx
- loe(*xfz)/S i(_—x — 2)
dx 5
- loe(*xfz)/s (_l)
5

_ —26(_x_2)/5
1. 1(460.051 _2360.011)
dt

_d(, 005\ d 0.01¢

= 5(4(3 )—E(zk )

_ 4.9 ( 005t d ( o001

= 4E(e )- 23E(e )

= 4¢00% i(o.OSz) — 23001 i(0.011)
dt dt

= 4¢%99(0.05) - 23¢"°" (0.01)

=0.2¢%0 - 0.23¢"01

12. %(zetﬂ_o_%o.oon)
_4 (2ef/2)_%(0.4eoioon)

Cdr

- 2%(et/2)_0.4%(60.001t)

= 2¢'2 i(iJ —04¢%1 4 (0.0017)
dr\2 dr

= 2¢'/? (%) —0.4¢"% (0.001)

= ¢!/? —0.0004¢%901
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156 Chapter 4 The Exponential and Natural Logarithm Functions

2 AR PE—
. = +
13. f(1) (t +2e )e 17. f(x)= ex e_x
To differentiate, use the product rule. e —e
To differentiate, use the quotient rule.

ol +2e)e] 1[rec)

= L2 et (124 26 ) L (o) drler -
dt dt Nd, Nd,
=l (2t+26t)+(t2 +2et)(et’1) ~ (ex -e X);(eA te A)‘(ex te X);(QA -e )
=e!™! (2t+2et +12 +Zet) - (ex_e—x)2
=e!™! (t2 + 21+ 4et) _ (ex - e_")(e’C - e_x) - (e"C ;e_x)(ex + e_x)
4. 7(0)=(F -30)e™ (e -e™)
To differentiate, use the product rule. ~ (ezx —2e'e™ + e_zx) - (62)C +2e"e " + e_zx)
%[(1‘3 - 3t)el+tJ ) (ex - e_x)z
=e!t %(;3 - 3t) + (t3 - 31)%(el+t) _ (ex—f ;_i)z __ (ex _‘L_x )2
=e!* (31,‘2 - 3) + (t3 - 3t)(e1”)
_ 1+t (3 2 _a, X _ X
=M (e +37 -3-3) 8. f(x)=ix+j_x
15. f(x)= ( x4+ lj o2* To differentiate, use the quotient rule.
X _ X
To differentiate, use the product rule. %[zx N :—x ]
(e (e e e e e
= X x
:ezxi(x+l)+(x+l)i(ezx) (ex_l_e—x)2
dx X x)dx IRV . .
ZX(I i)+(x+l)(262x) (ex+e )(e +e')—(e —e )(e —e )
xlz ); (ex + e_x)z
_ er |:1 _ x_z + Z(X + ;):| ) (ezx 1205 4 e—2x)_ (er Cet e 4 e*ZX)
:ezx(l+2x+%—xiz) (ex+e_x)2
_ 2 -(-2) _ 4
16. %(eeek ) = eeex %(eex ) = eeex e %(ex) (ex +e™* )2 (ex + e_x)z
= eecx e e 10. % x

__ e
2Ve" +1
20. i(ef%):eex i(ex):eexe:eexﬂ
dx dx

Copyright © 2018 Pearson Education Inc.



21.

22.

23.

24,

25.

26.

27.

f(t)=e3t (621_64z)=65t_e7z

%[e3t (€2t—€4t):|=%(65t—e71)

:ieSt_ien
dt dt
=565t_7e7l
X 2x
f(x =i=1+sex
e
X 2x
iﬂzi(mex):w
dc  e* dx
12
f(x)=ve* =(e3x)/ = M2
d [5x_d 50 3924 3x  3e%?
dx ¢ _dxe -¢ dx 2 2

%[(1 #0e |= (14 e (B)+ )

=(-3-3x)e ¥ e
=(-2-3x)e "

(—2-3x)e™>* =0:—2—3x=0:x=—§

% [(—2 —3x)e " ]

= (—2-3x)e X (=3)+ e ¥ (-3)
= (6+9x)e > F =3¢
=(3+9x)e > =3(1+3x)e "

At x = —%, 3(143x)e " <0, so there is a

. 2
maximum at x = —g.

Section 4.3 Differentiation of Exponential Functions

28.

29.

30.

157

%[(1 - x)e”‘] = (1= x)e?(2) + ¥ (~1)

=(2-2x)e* - ¥
=(1-2x)e**

(l—2x)ezx:0:>l—2x=0:>x=%

%[(l - 2x)e2x] = (1-2x)e2(2) + ¥ (~2)
= (2 -4x)e* = 2%
= —4xe

1 . .
At x=—, — 4xe?* < 0, so there is a maximum

1
at x=—.

d(3-4 d ~
E( ezxxlza[(3—4x)e 2xj|
=(3—4x)e P (-2)+ e ¥ (-4)

= (-6 +8x)e 2* —4e7 X
=(8x—10)e "

[\

(8x—10)e*2x=o:>8x—10=0:>x=%

%[(&c— 10)e‘ﬂ

= (8x—10)e 2" (=2) + e 2*(8)
= (—16x +20)e " + 8¢
= (=16x+28)e >*

At x:%, (—16x +28)e™>* >0, so there is a
. 5
minimum at x=o
d[4x-1 _ d —x/2
E( ex/2 )—E[Mx—l)e :|
:(4x—1)e_X/2(—%)+e_X/2(4)

1) = _
z(—2x+5)e X/2+4e /2

:(2_2x)e—x/2
2

2—2x e_X/2=0z2—2x=O=>x=2
2 2 4

(continued on next page)
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158 Chapter 4 The Exponential and Natural Logarithm Functions

(continued) 33.

1 _ .
2, (x—l)e Y2 <0, so there is a
4 4

. 9
maximum at x = Z .

3l. %[(Sx - 2)e1‘ﬂ

= (5x—-2)e! ¥ (=2) + 72 (5)
= (-10x + 4)e!72* 4 5172
=(9-10x)e' >

34.

(9—10x)el_2x=0:>9—10x:0:>x:% 35.
d 1-2x
a[(9—10x)e ]

=(9-10x)e "2 (=2) + ! 72* (-10)

= (—18+20x)e' "2 —10e! 7>

= (20x —28)e! ¥

9

At x = o0 (20x —28)e!™** <0, so there is a

. 9
maximum at x = —.
10

32. %[(23: - 5)e3x_1:|

=(2x-513)+e¥ 1 (2)
= (6x—15)e>* 7! 4 2¢3!
= (6x—13)e>!
(6x —13)e>*! S0 6x-13=0= x=1>
6 36.
d 3x-1
a[(@c ~13)e ]
= (6x-13)e>* 1 (3) + ¥ 71(6)
= (18x—39)e>* ! 4+ 6!
= (18x —33)e>* !

At xzﬁ,
6

37.

(18x—-33)e>* 1 >0, so there is a

.. 13
minimum at x = Z .

a. f(t) — 360.06t + 260.02t
7(0)= 3006(0) 4 5,0.02(0) _ ¢
The initial dollar amount invested is
$5000.

b, £(5)=3¢"%") 4 2%20) < 625992

After five years, the value of the portfolio
is $6259.92.

e f7(t)=3e"""(0.06)+2¢"% (0.02)
=0.18¢"%% +0.04¢" %
£7(5)=0.18¢"0) 1 0,04¢"20)
~0.28718

After five years, the investment is
appreciating at about $287.18 per year.

V(£) = 2000e 3 (=.35) = =700 3>

V(3) = =700e "% =~ 244,96

After 3 years, the computer's value is falling at
a rate of about $244.96 per year.

a.  f()=31.87¢"""
If t = 0 represents 1997, then ¢ = 18
represents 2015.
£(18)=31.87¢"°09)

= $179.408 million
b. f7(t)=31.87¢"(0.096)
=3.05952¢" %

£7(18) = 3.05952¢" ") ~ 17.223
The painting is appreciating at about
$17.223 million per year in 2015.

c. f(23)=31.87")

= $289.937 million

£7(23)=3.05952¢") < 27834
The painting is appreciating at about
$27.834 million per year in 2020.

V() =100,000¢" 3 Gj =20,000¢'/3

v'(5) = 20,000e = 54,366

The painting will be appreciating at

approximately $54,366 per year.

a. f(8) =45 m/sec

b. f7(0)=10 m/sec?
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38.

39.

40.

41.

42.

43.

c. f(t)=30 whent~=4sec

d. f’(t)=5 whent=4sec
v(9) = 65 (1 - e‘°'16'9) ~49.6

V(1) = 65(—e1%)(=.16) =10.4¢ 1

V(9) =104 = 2.46

When ¢ =9 seconds, the speed is
approximately 49.6 m/sec and the acceleration
is approximately 2.46 m/sec?.

() = (—1)(0.05 + e‘("‘”)f2 (e‘°'4f)(—o.4)
0.4¢7 04

(0.05 + 704 )2

4e728
4 7 =—z2
A (05+e728)2

The rate of growth is about 2 inches per week.

a.  f’(10) =2 cm/week

b. f(¢)=10 when t= 5 weeks.
c. f’(¢)=2 when =3 weeks and
t = 10 weeks.

d. The maximum rate of growth appears to
be approximately 4 cm/week.

y= o2e

% 2 [_ze—o.ou(_m)]
_ '026—26_0'0”6—0.01):

y= e—(l/lo)e’”2

Ay _ a0 (_Lj(e—x/z)(_lj
dx 10 2

1 _ -x/2 _
—— ¢ (1/10)e e x/2

20

[1, 15] by [0, 8]
The tumor's volume appears to stabilize
around 6 ml.

b. f(5)=32ml

c. f(t)=5 when¢=7.7 weeks

Section 4.4 The Natural Logarithm Function 159

44.

4.4

10.

11.

12.

13.

14.

15.

16.

d. f’(5)=0.97 ml/week
e. f’(t) is maximum when ¢ = 3.74 weeks

f. The maximum growth rate appears to be
approximately 1.13 ml/week.

a. f(t)=11 when ¢t~ 8 weeks.

b. f’(t)=1 whent=3.1 weeksandt=11.9
weeks.

¢. f’(¢) is maximum when ¢~ 7.5 weeks

and the maximum rate of growth appears
to be 2 in./week.

The Natural Logarithm Function

In(e) =Ine'? =%

In (%J =lne? =-2
e

e"=5=In(e*)=In(5)= x=In5

e =32=In(e¥)=In(3.2) =
~x=In(32)= x=—-1n3.2

nx=-1=¢"" =¢7! :>x:l

e
Inx=45=e" =¢* = x=¢*
Ine™=-3
eln4.l =41
. Int :el e

ln(e_zme) =-2lne=-2

In(In €) = In(1) = 0

PAINT _ 40
eZlnx _ (elnx)2 _ (X)Z — 52
exln2 _ (ean)x _ (2)x .
o207 _ (eln7)_2 _ (7)—2 _ L

In(e2e*)=In(e?) =2
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

Chapter 4 The Exponential and Natural Logarithm Functions

elnx+ln2 — elnxeln2 — (x)(z) — 2x

_ e e 3
_eln3e 2Inx _

eln3—2lnx

e =5=In(e**)=In5=2x=h5=
1

x=—In5
2
=4 e =h4=>
| 3relnde (o n4-1_1-In4
-3 3

In(4 — x) = % i) _ 12

1/2 /2

4-x=e¢"? = x=4-¢

2 1 5

In3x — 02 53y = =>x=§e

In3x=2=e¢

In x> 9 2 9 9/2

hx’=9=¢ =e > x"=e¢ > x=x%e

e =25=In(e" )=n25= x> =In25=

x=%+4In25

- - 1
e —00012x .00012x

=3=e ===

In(e %012y = In 1 =-.00012x =1In 1 =
2 2

1
3 In> __Ins

YT T00012 00012

4 In

4d-Inx=0=4=Inx= e =™ = x=¢*

In3x

In3x=lh5=e =eln5=>3x=5=>x=§

In(x? —5)= 0= "9 = o0 -
x2—5:1:>x:ix/g

In(In3x)=0= ™" = 0 5 |n3x=1=

e
eln3x=elﬁ3x=e$x=§

7
Zlnx:7:lnx:E$elnx =e!?=x=¢"?

263 _9=0= 3 =2

In(e*’?) =1n (2J = x=3In (2)
2 2

32.

33.

34.

3s.

36.

37.

38.

39.

40.

1/2
e&=\/;:>e&=(ex)/ e’ =
\/;=%x:>x=%x2:>4x=x2:>

x?—4x=0=x(x-4)=0=x=0o0rx=4

51n2x:8:>1n2x:§:>e1n2x =8 =
2x=e%? :x:leg/s
2

_ _ 1
7504 =375 = e -4X=5=>

In(e™*)=1In (lJ = —4x=1In (1) =
2 2
In (IJ
2
4

(ez)x~eln1 =4=e¥ 1=4=

Orx:_mzln_z
4 4

x=-

1n(ezx)=1n4:>2x=1n4:>x=%ln4

¥ =25 52
In(e>*) =1In 2 s sc=m[2]=x=1m[2
5 5 5 \5

4e* e == " e
ln(e_x):ln(gjz—x:lnﬂé):x:—lng
2 2 2

(ex)2 '62—3)( — 4: e2x+2—3x — 4:>

27x)

In(e =n4=2-x=Ind=x=2-1n4

f(x)=-5x+e"; f'(x)=-5+e"; f'(x)=¢"
f(x)=0=-5+e"=0=1In(e")=n5=
x=1In5. Thus f’(In5)=0 and the
y-coordinate is y = f(In5)=-5In5+e™>
=-5In5+5=5-5In5. Using the second
derivative test, /”(In5)=¢e™° =5>0, so
(In 5, 5 -5 In5) is the minimum.

f(x)==5x+e"; f'(x)==5+e"; f"(x)=¢"

Because e >0 for all values of x, the graph
is always concave up.
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41.

42.

43.

a.  f(x)=-5x+e"; f'(x)=-5+¢";

1) =et
Solve f”(x)=3 to find the x-coordinate

of the point(s) on the graph where the
tangent line has slope 3.

S+e"=3=¢e"=8=x=In8=2.08

b. Solve f’(x)=-7 to find the x-coordinate

of the point(s) on the graph where the
tangent line has slope 3.
S+ef=-T=e" =2

This equation has no solution, so there are
no points on the graph where the tangent
has slope —7.

F(x)=-1+(x-1)%¢"
F(x)=(x=D%e" +2(x—1)e*
=(x-D(x+1)e*
() =(x-D(x+De’ +(x+De* +(x—1)e*
=(x?+2x 1"
f(x)=0=(x-D(x+De* =0=
x-Dx+)=0=>x==1
When x = 1 the y-coordinate is
fH=-1+01- 1)2e1 = —1. Using the second
derivative test,
1) = (12 +2(1) - 1)e‘ =2¢>0, so(l,~1)
is a relative minimum.

When x =—1, the y-coordinate is

4

f(=D)==1+(-1-1)%e' == -1,
e

S/ = (D7 + 2D 1) = ~2.0, so
e
4 . . .
(—1, —— 1) is a relative maximum.
e

a. y=e”

X X

=t et =22 =2=
Ine™)=In2=-x=h2=
x:—ln2:>x:1nl

2

poe 2y

The tangent line has slope —2 at (ln%, 2).

Section 4.4 The Natural Logarithm Function 161

44.

45.

46.

47.

Slope = —2

2

—
—In2~—.69 [0

Solve (x—1)?In(x+1)=0 forx > —1.
(x-1)?=0=>x=1
In(x+1)=0= "0 = = x41=1>
x=0

x-intercepts: (1,0),(0,0)

f(X)=e* +3x; f(x)=—e " +3;

fr=e

f(x)=0= - " +3=0=In(e*)=3=
—x=In3;x=-In3. Thus f’(—-In3)=0 and
the y-coordinate is f (~In3)=e™* ~3In
=3—-3In3. Using the second derivative test,
f”(-In3)=e"=3>0,s0(-In3,3-31n3)
is a relative minimum

f(x)=5x—-2e"; f'(x)=5-2e"; f"(x) = 2"

f’(x):O:>5—Zex=O:>Zex=5;ex=§:>

In(e*) =In (%) =x=In (%)
f(ln§j=51n(§j_2eln(5/z) =5ln(§)_5
2 2 5
=5(ln§—1)

2

Using the second derivative test,

f”(ln%) =-2e"6"2 =540, s0
5 5 . . .
lnE, 5 lnE —1]] is a relative maximum.

e0.0St _ 46—0.06t 0.05 _ 4e—0.06t

=0=e
ln(e0.0St) —In (46—0.06t) N
.05¢=1n4-.06t = .11t =In4 =

t=ln—4z12.6
11

=
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162 Chapter 4 The Exponential and Natural Logarithm Functions

48. 4001 _ 3004 _ (g 40010 _ 3,004 Graph of y = "™ :
In (4eo.ou) —1In (3e°'°4’) N
In4+.01f =1n3+.04¢

In4-1In3

In4-In3=.03t=>t=—""=9.59
.03
_ gy —0lt _ 51t
49. f(t)=5(e —e ), fort>0. [-3, 3] by [-2, 2]

/ —0lt —51¢
SO =5(=0le """ +.5le ") The graph of y =™ is the same as the graph
F()=0= 5(-0le” % + 511y = 0= of y=x forx > 0.
_o Ol L 51,751 _ gy 5151 =0l 54.

Sl oS = =0 oSy 5 (1) = o5 =

In51=1In(e™)=In51=.5t=¢=2In51.

Thus the maximum must occur at ﬁfﬁﬁ?ﬂiﬂ -
t=21In51~=7.86. - =
! [-2,21by [ 2, 6]
50. 2. v=KIn|—|=0 Us'ing thg graph, Fhe ;-coordin'ate of their
X point of intersection is approximately
.8047.

X In(x/xy) _ 0 _
ln[xOJ—O:w Ve == ezx:S:In(ezx):lnS:Zx:InSz

1
i=1:>x=)50=.7crn x=§ln5:.8047

X0

5S.

b. v=K1n(i]=1200:>1n(i]=@:> /’ﬁ
xO xO K

X
PIn(x/xg) _ L1200/K _y X _ 1200/K _,

Inkerseckion
X0 HziypiEilE v=z

x=.7¢200/3%0 = 7,4 <382 cm [1,3] by [-3, 3]

Using the graph, the x-coordinate of their

. x _ kx _
51. Using b” =™ where k= In b, we have point of intersection is approximately

k=1In2. 1.4778.
. 1\ 1\ In5x=2= ¢ =e? 5 5x=e? =
52. 2‘”5:(2‘”5) =(—) =(—) , SO 1,
2115 2 x=<e ~1.4778

-

Using b* = ™ where k = In b, we have

4.5 The Derivative of In x

k=1nL=—ln§/7=—lln2 1. di(3lnx+ln2)=di(3lnx)+diln2=§
5} 5 . X X x x

53. Graphof y=ux: 2. i(ln—xj:i[Llnx):L~l: !
dx\ In3 dx\In3 In3 x xIn3

[3,3]by [-2, 2]
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Use the product rule.

2
d|xInx =li(x2 1nx)
dx 2 2 dx

:l lnxix2 +xzilnx
2 dx dx

X

[+
=x|Inx+—
2
4(3inz) (i)
A dx\ x

d d
x—Inx—Inx—=x
3| _dx dx

2
=l 2xlnx+x— =x1nx+£
2 2

d( x
. E(e In x)
Use the product rule.

i(ex lnx) = lnxie" +e” iln)c
dx dx dx

i x(l)
=e'lnx+e' | —
X
=ex(lnx+l)
X

. ielﬂnx — el+lnxi(1+ln x)
dx dx

I+Inx
—pltInx 1 _¢
X X

®

10.

11.

12. —

13.

Section 4.5 The Derivative of In x 163

dInx_dlnx
dx \/; dx xl/ 2
Use the quotient rule.

172

X ilnx—lnxi(xl/z)

dInx_dlnx_ 7 d dx
dx \/; dx x1/2 (x1/2)2
X2 (1j—1lnx(xl/2)
_ x) 2
X

X2 lnx(x_l/z) 1 Inx

- X 2x :x\/;_2xx/;

()

41 sy
dx 2+3Inx dx

=—(2+31nx)72di(2+31nx)
X

:—(2+31nx)_2(3)
X
3
x(2+3Inx)
ilnxzzi(ﬂnx):zilnx:2
dx x dx x
d d 2 _d (1
—1 =—1 =—|—1
dx n\/_ dx e dx\ 2 e
1d 1(1 1
=——hx=—|—|=—
2 dx 2\ x 2x
L T=—(-Inx)=-—Inx
dx x dx Ix x
1
T x
d 1ni2—i1 ?=—(-2Inx)
dx x dx x
=—2—lnx=—z
X x
d 4 2 1 4 2
aln(?ﬁx X )— T dx(3x -Xx )
_ 1 3
= (12x —2x)

12w’ -2x 12x% -2

3xt—x? 300 —x
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Chapter 4 The Exponential and Natural Logarithm Functions

164
A nfer +e7)] = et (= n(x%+1)
14. dx[ln(e +e )}_ex+e_x(e +e " ( 1)) 20. % (2+1)
X _ X L X J
= e_x Use the quotient rule
+ - -
©re a |In(x*+1)
15. i(ij )" =~ (nx)> L (tnx) x| 241 |
dx\Inx) dx dx 5 d 5 s d
(lnx)_z(l):— 1 : _(x +1)aln(x +1)—1n(x +1)$(x +1)
X x(Inx) (x2 N 1)2
16. %(lnx.anx) _(x2+1)(x2+1)(2x)—2x1n(x2+1)
Use the product rule. - Ry
d d d (2 +1)
—(Inx-In2x)=In2x—Inx+Inx—In2x 5 2
dx dx 2x—2xln(x +l) Zx[l—ln(x +1)]
ln2x(1)+lnx(—(2)) - (x2+1)2 B (x2+1)2
:ln2x+lnx
x a4 tzlnt]=t2 D 2rtne =426
J(1 dt t
nx 2
17. — d d
7 dx(ln2x) ?[tzlnt}:g[t+2tlnt]
Use the quotient rule 1
d d =1+2t(—)+2lnt
In2x—Inx—Inx—In2x t
i( 1‘“‘)= dx dx =3+2Int
dx\In2x (1n2x)2
| (1) (2) 22 Lin(tnr)=—1—
n2x —Inx dt tint
_ X 2x B 0 1
(In2x)* ?ln (Int)= E(m)
SLES LT _tln(0)-(1)(1+1Ins) —1-Int
x(In 2x) (tine)? (tine)?
d 2 d 1
£ = L nx= - 1 1.-1/2
18. dx(lnx) 2(1nx)dxlnx 21nx(xj ” f/(x):\/;.;_(lnx)(ix )
_2Inx ) (x)?
X x—1/2_%x—1/21nx CInx
o, (3 (s - x T2
19. E[(x +1)n(x +1)] f’(x)=0 when2 —Inx=0 or
Use the product rule. y=e2 ~7389 .

ic[(x + 1)ln(x + 1)}

= In(x’ +1) x4 1)+ (2 +

=

)diln(x3 +1)

(3’)

P |

41

=3x ln(x +1)+3x2

—3x[ ( + +1J

ol
=3x ln(x +1)+(
)

From the graph, we see that this value gives a
maximum.

Ine? 2
2
fle)="%==
Ve
The coordinates of the maximum point are

2 2

)

(¢
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24,

25.

26.

27.

28.

_(1nx+x)(1)—x(§+1)
- (In x + x)*
_Inx+x-1-x _
- (lnx—i-x)2 - (lnx+x)2

f'(x)=0 whenlnx—1=0o0rx=e~=2.7183

From the graph, we see that this value gives a
minimum.

1)

Inx—-1

fle)=—2—=-25

Ine+e l+e
The coordinates of the minimum point are

o)
e,— |.
1+e

dy 1 2x dy
ay _ 2y) = 4
dx x2+e( ") x2+e dx

e

x=0
Atx=0, y= In(02 + ¢) =1. Thus the tangent
lineatx=0isy—1=0x—-0)ory=1.

f(x):ln);—ﬂ

L-(nx+D1) _
Rt S

(=L = (=mx)2x) _
S (920 _—y+2xina

x X
For x > 0, the only critical point is at x =1,
A1) = 1. Using the second derivative test,

f//(l) — -1+ 2(41) 1[1(1) —

relative maximum.

(@ f(f)=In (lnt)
The domain of the inner function, In ¢, is
(0,00), so the domain of the outer

-1<0,s0(l,)isa

function is (1,e0) or¢> 1.

(b) f(t)=In(In(Int))
From (a), we have the domain of the inner
function In(In¢) is (1,°), so the domain

of the outer function is (e,e°) or > e.

o Lo _1_
dx  xdx 1

Atx=1, y= 1n|1| = 0. Thus the tangent line at

x=1

x=1lisy—-0=1(x—-1)ory=x—1.

Next, & =L=—1.
dx -1

x=-1

29.

30.

Section 4.5 The Derivative of In x 165

Atx=-1, y= 1n|—1| = (. Thus the tangent

lineatx=-1isy—0=-1(x—(-1)) or
y=-=x-1.

y=x2 In x
dl=x2(1)+2xlnx=x+2xlnx

dx X

dy

d—:O:>x+2x1nx:x(l+2lnx):O:>
x

x=0or

1-i—21nx:0=>lnxz—%:xze_l/2

2
d—2y=1+2x(l)+2lnx=3+2lnx
dx X

= 3+21n(e_1/2):3+2(—l)=2

x=e 2 2
2

Since d—;}
dx

> 0, there is a relative

X=e*l/2

minimum at x = e_l/ 2,

. .. _ 1 _
The relative minimum occurs at (e Y 2, —Ee 1)

= x_l/2 (l+llnx)
2

d—y:O:>1+llnx:0:>lnx:—2:>x=e_
dx 2

d’y
dx?

—lx_3/2 +lx_1/2 (lj + (—l)x_3/2 In x
2 2 x 4

2

:—lx_y2 Inx
4

d’y
dx?

-2
Xx=e

2
Since 4 )

3 > 0, there is a relative
dx

2

minimum at x = e 2.

x=e"

The relative minimum occurs at (6_2 , —2¢7! )
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31. a. y=x+Inx

dx X
The first derivative is positive for all
values of x > 0, so the function is

increasing.
y=In2x
,_ldy 1 1
= 2x)=—1(2)=—
e 2x dx ( x) 2x( ) x

The first derivative is positive for all
values of x > 0, so the function is
increasing.

b. xtlhhx=In2x=x=h2x-lnx=

= 1n§ =x=1In2
X
The graphs intersect at x = In 2. This is
the point (In 2, In(2 In 2)) or (0.6931,

0.3266).
32. a. y=x+Inx
’—d—y=1+l
dx X

The first derivative is positive for all
values of x > 0, so the function is

increasing.

=1In5x

R SR S |
Y S5x dx(sx)_ Sx(s)_ X

The first derivative is positive for all
values of x > 0, so the function is
increasing.

b. x+tlnx=IhS5x=x=Ih5x-Inx=

X = lns—)C = x=In5

x
The graphs intersect at x = In 2. This is
the point (In 5, In(5 In 5)) or (1.6094,
2.0853).

1
33, y=x’—-Inx; y' =2x——
x

Solve y” =0 to find the x-coordinate of the
minimum point.

34. y=2x"—In4x; y’=4x—l
x

Solve y” =0 to find the x-coordinate of the
minimum point.

4)c—l=0:>4x=l:>xz=—:>x=l
X X 4 2

. 1
The minimum occurs when x = —

A _BHx

35. The revenue function is R(x) = x .
Inx Inx

The marginal revenue function is
45Inx —45x (i) _45(Inx—1)
(hx)?  (nx)?
45(In 20 - 1)
(In20)?

R'(x)=

When x =20, R’(20) =
R’(20)=10.

36. We wish to maximize R(x) — C(x).
—[R(x) C(x)] d [300 In(x+1)— 2x]

=300( ! j—Z
x+1

_300 _,
x+1
The only critical point occurs when x = 149. To
show that this is a relative maximum, take the
second derivative.
d? d [ 300 -300
—[R(x»)-C)]= [ 2} = 5
2 dx| x+1 (x+1)

At x =149, we have

2
d [R(x) Cx)]= 30;) <0,s0x=149isa
x

relative maximum.

2x—l=0=>2x=l=>x2—l=>x +—
x x 2

Disregard the negative solutlon. The minimum

1
occurs when x =—=0.7071.
V2

2
1 1 1 1
=|l—=| - n—==—+—=In2
g i
The minimum point is [L,

Nl»—‘
I\)|>—‘

2

)
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37.

38.

4.6

1.

Section 4.6 Properties of the Natural Logarithm Function 167

From the graph we see that
area=A4 =x(-Inx) =—xIn x.

To maximize the area, take the first
derivative.

A = —x(l) +(Inx)(-)=-1-Inx
x

Nowset 4"=0:
~-1-Inx=0=>hx=-1=>

" =el = x=¢7! = 36788 Thus, area

is maximized when x = .36788, and the
maximum area is

—(e_l)ln(e_l)z é ~ 36788 .

a.  f(x)=2648-14.09Inx; f'(x)= ~14.09

[0, 6] by [-40, 40]
b. f(3.25) = 10 bites

c. flx)=15whenx=2.26%.
Algebraically: 15=26.48 —14.09 In x
1148

X =
14.09
_ 148/14.09 _ 5 5

d. f’(2.75) = —5.12 bites per percentage
increase in concentration

e. f’(x)=-10 when x = 1.409%

Algebraically:
—10="29 _ 1400
X

Properties of the Natural Logarithm
Function

In 5 + In x = In(5x)

10.

11.

12.

13.

14.

5

Inx’ —Inx’ = ln(%): Inx>=2Inx
X

%ln9=ln91/2=ln3

1 1y 1
3In—+1Inl6= ln(—) +Inl6=In—+1n16
2 2 8

=1n(£j=ln2
8

1n4+1n6—1n12=1n(%j=1n2

1n2—1nx+ln3=1n(£)=lné=ln6—lnx
X x

eZlnx =eln)c2 =x2
%1n4—51n2:1n43/2—1n25:1n23—1n25

3
=In 2—5 =272 =-In4

1
51nx—51ny+3lnz=lnx5—1ny1/2+1nz3
| (xszzJ
=73
Y
elnxz+3lny _ elnx2+1ny3 _ eln(x2y3) :xzys

4
Inx—Inx? +Inx* :ln[x al

3 =Inx’=3mIx
x

1 3 3/2
—1nxy+—ln£: ln(xy)l/2 +In| =
2 2y y

X 3/2
y
2
~In|
y
2In5=1In5%=1n25,3In3=1In3> =n27

The natural log function increases as x
increases so 3In3>21n 5.

%11116: In16"? = 1n4,%1n27 =1n27"3 =13

In4>1n3so %ln16>§ln27.
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168 Chapter 4 The Exponential and Natural Logarithm Functions

15. a. In4=1Imn2>=2In2=2(.69)=1.38

b. In6=In(2-3)=In2+In3=.69+1.1=1.79

c. In54= 1n(2-33) —In2+In33
=In2+3In3=.69+3(1.1)=3.99

16. a. 1n12=1n(3~22)=ln3+ln22
=In3+2In2=1.1+2(.69) = 2.48

b. Inl6= 1n(24) =41In2 = 4(.69) = 2.76

c. ln(9-24)=ln(32-24)=2ln3+4ln2
= 2(1.1) + 4(.69) = 4.96

17. a. 1né=1n6*l =—In6=—In(2-3)
=—(In2+In3)=—(.69+1.1)=~1.79

b. ln§:1n2—1n9:1n2—1n32
=In2-2In3=.69-2(1.1)=-1.51

1
c. In(%j=ln2 2 =—%ln2=—%(.69)
= 345

18. a. In100—2In5=In100-1n5% = 1n(@)

52
=In4=mn2>=2mI2
=2(.69)=1.38

b. 1n10+1n%:1n(10-%)zln2:.69

1
c. ln(\/108)=1n1082=%1n108
1 2,3\ _ 1 2 3
—Eln(2 3 )—E(IHZ +1n3 )
:%(21n2+31n3)
= %(2(.69) +3(1.1)) = 2.34
19. (d)4In2x=In(2x)* =Inl6x*

20. (d)In9x—In3x=In (9_xj =1In3
3x

21. (d) none of these

22.

23.

24,

25.

26.

27.

28.

29.

(¢)In9x? = In(3x)% = 2In3x

2

lnx—lnx2+ln3:O:>1n(3—xj:O:>
X

ln[§)=0:>e0=é:>1=§:>x=3
X X X

Invx-2In3=0=In'x-In3’=0=

ln££j=0:>e0=% Jx

5 =>1l=—=x=81
3 9

Inx*-2Inx=1=4lnx-2Inx=1=

21nx=1=>lnx=%=>x=el/2=\/z

Inx?-In2x+1=0=Inx>-In2x=-1=

2
In * =-1=1In X :—I:e_lzfz
2x 2 2

(Inx)’-1=0= (Inx)’ = 1= lnx=+l1=

x=e orx=e!

3Inx-In3x=0=Inx’-In3x=0=

3 2 2
In X =0=1In Sl =0:>e0=x—:>
3x 3 3

2
1=x?:>x=\/§

lnflelnx :>1n(xl/2): VInx =

l1nx: Inx
2

Let u =Inx. Then %lnx:\/lnx =

%uzx/;z%uzzuz%uz—u=02>

u(%u—l)zO:uzOoru=4

Ifu=0,then O=Inx= x=1. Ifu =4, then

4=Inx= x=e".
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30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

Section 4.6 Properties of the Natural Logarithm Function

2(lnx)2 +Inx—-1=0; Let X =Inx.

1+ J1-42)(-1
2X2+X-1=0= X = 4()( )=>X=—1,X=%=>lnx=—1=>x=e Lo
e

lnx=l:>x=el/2
2

1n(x+1)—ln(x—2)=1:>ln(x+l)=1:> X+l

e= 2=>e(x—2)=x+1=>ex—x=2e+1=>
X—

Me—1)=2e+1= x =241
e—1
1n[(x—3)(x+2)]—ln(x+2)2—ln7=0:>ln{&(xzzq=ln7z>ln(x_3)=ln7:>
(x+2) xX+2

X 3= Txtldm x=— L
x+2 6

%1n[(x+5)(2x—1)(4—x)] :%[1n(x+5)+1n(2x—1)+1n(4—x)] = x15(1)+ 2x1—1(2)+ 41)6(—1)
1 N 2 B 1
Cx+5 2x—-1 4-x

%m [(x+D@x+DBx+1)]= % [In(x +1) + In(2x + 1) + In(3x +1)]
1 L oye 3=t 2 3

= + = + +
x+1 2x+1 3x+1 x+1 2x+1 3x+1

iln[(l+ 022 +x)°03 +x)4] = i[m(l +0)2 +1n(2 +x)° +ln(3+x)4}
dx dx
3 4
+ +
I+x 2+4+4x 3+x

:di[zln(l+x)+3ln(2+x)+4ln(3+x)] =
X

%m[e”(ﬁ )t + 5x)] = %[ln e +In(x® +1) + In(x* + 5x)] = %[h +In(x +1) + In(x* + 5x)]
3x? 4x* +5

1 1

=2+ (Bx?)+ (4’ +5) =2+ "+ =
¥+l x* +5x 41 x5
12
iln[\/xe"zﬂ}:i 1n(xexz+l) =i lln(xexzﬂ)
dx dx dx| 2
_1 12 -(2x2ex2+1+ex2+1)=x+i
2 xex +1 2x
11 x-1-(x+1) 2

d. [x+1 d
LN —}=E[ln(x+l)—ln(x—l)]=

dx [ x-1 x+1 x-1 x2 -1 x2 -1

“in (xe%]=%[ln(x+l)4—ln(ex_l)}=%[4ln(x+1)—(x—1)]=ﬁ_1

() (¥ 42 2
iln L() :i[4ln(x+l)+ln(x3+2)—1n(x—1)}z 4 + 3x - !
dx x—1 dx x+1 X342 x-1
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170 Chapter 4 The Exponential and Natural Logarithm Functions

)+ln(5x+l)( 3 jz SInGx+1) | 3in(Sx +1)
3x+1 Sx+1 3x+1

d
41. —|InBx+DIn(5x+1)|=In(Bx+1
dx[n(x )In(5x )] n(3x )(Sx-i-l

42. L [(In4x)(1n 2] = (In 4x) (i) +(In 2X)( 4 j _In4x  In2x
dx 2x

— +

4x X X

43. f()=(x+D*@x-1)?>=1nf(x)= ln[(x +1)*(4x— 1)2] =4In(x+1)+21n(4x—1)
Differentiating both sides, we have

F0 48 (4§
70 xal Tapog S @O=GFD =D (x+1+4x—1}

4. f(x)=e"Gx-4)° = In f(x)= ln[ex(3x— 4)8] = x+8In(3x—4)

Differentiating both sides, we have

S@)_ A :>f’(x)=|:ex(3x—4)8:|(l+ 24 j
f(x) 3x—-4 3x—-4
(x+D)Q2x+D)Bx +1)
45. x) = =
7 Vax+1
In f(x) = m((x”)(z“l)@x“)): In(x + 1)+ In(2x + 1)+ In(3x + 1) -~ In(4x + 1)
Jax+1 2
Differentiating both sides, we have
fo_ 1t 2 3 2 :f,(x):(x+1)(2x+1)(3x+1)'( 1,2 3 2 )
f(x) x+1 2x+1 3x+1 4x+1 Vax +1 x+1 2x+1 3x+1 4x+1
3 nd 3. é
46. f(x)zw:mf(x)zm w =3In(x—2)+4In(x—3)— SIn(x + 4)
(x+4) (x+4)
Differentiating both sides, we have
, 3. nd
f(x):3+4_5:>f,(x):(x 2)7 (x 3)(3_1_4_5)'
f(x) x-2 x-3 x+4 (x+4)5 x—2 x-3 x+4
47. f(x)=2"=MIn f(x)=In2" =xIn2 50. f(x)=x"" =1n f(x)=Inx"* Ly
Differentiating both sides, we have X
(0 Differentiating both sides, we have
=1n2:>f'(x) =2%In2. f’(x) 11 1
f(x) —=—-—+(lnx)(——j
S x x X
48. f()== _1 o1, l-lnx
N ey 1 NI R A
lnf(x)=ln\/§=ln<3 )=—1n3
X (x)= /x| 1—=Inx
Differentiating both sides, we have S x)=x 2
’ l/x
J;((x))=—m—23:>f’(x)=—3 ;n3. 51. Iny—klnx=Inc
T x o lny=lnc+klnx=lnc+1nxk:ln(cxk):
49. f()=x"=Inf(x)=Inx*=xIhx ey = phn(ex®) y=cxk
Differentiating both sides, we have
S ) =x(lj+lnx=1+lnx=>
S (x) x

f(x)=x"[1+Inx]
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eln(l%):eC—rt I_yZeC—rt:>
Yy
——1=ec_”=>l=ec_”+1=>
Y Yy
y= 1
P |
53. y=hekx
6= het ln(%)zk 6 48
= he
4k} 43 41n (Zj =In (7) =
48 =he ln(—j:4k
h
4 4 4
ln(é) =ln(ﬁj:>6—=£:>h3=6—:>
h h ook 48
W =27T=h=3

6=3c" =>ef=2=k=In2

54, y=kx"
3=k(2)r}3=k(2)’ }1_5:M:>
15=k(@) [15=k2)*" | 3 kQ2)"
5=2r=erln2:>r=ln—5:>
In2

Chapter 4 Fundamental Concepts Check
Exercises

LG ppr=ptr () b :bix

bt oy
(iii) b_y_b )
= p¥Y

@iv) (by )x —pY

) b =(ab) (i) Z_ _ (ﬁ)
2. ¢=271828
3. Y=k

10.

11.

12.

13.

Chapter 4 Fundamental Concepts Check Exercises 171

k> 0: graph is increasing; y-intercept (0, 1);
graph tends to oo as x tends to oo; graph tends
to 0 as x tends to —oe.

k < 0: graph is decreasing; y-intercept (0, 1);
graph tends to 0 as x tends to eo; graph tends
to oo as x tends to —oe.

. The coordinates of the reflection of the point

(a, b) in the line x = y are (b, a).

A logarithm is the inverse of an exponential.
For example, the natural logarithm is the

inverse of the exponential function e”.

The x-intercept of the graph of the natural
logarithm function is (1, 0).

The domain is x > 0. The graph is always

increasing. Its x-intercept is (1, 0). The graph
tends to o as x tends to oo; graph tends to 0
as x tends to —oo. The graph is the reflection

of the graph of y =¢* through the line y = x.
e = ln(ex) =1

In x is the inverse of e*. log x is the inverse of
10*.

b = exlnb
a.  f'(x)=ke™

b. f'(x)= g’(x)eg(x)

Let x, y > 0, b be any number. Then
1 In (xy) =lnx+Iny
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172 Chapter 4 The Exponential and Natural Logarithm Functions

14. See Section 4.6, Example 5.
Another example is to differentiate

f(x)= 2
Inf(x)= ln(x”z): (x+2)Inx

=%@+2M{Dmx

Chapter 4 Review Exercises
1. 273 =(3%)*3 =3% =381

2. 4152322033

3 5—2_L:L
52 25
4. 16_'25:16_”4:(241)1/4 =%

5. (25/7)14/5 =214/7 =22 =4

1/2 1/2 _ ;A43,\1/2 1/2 _ 43/2 1/2
6. 8722122232912 2932 9
:24/2:4

95/2 B (32)5/2 35 Y

93/2 - (32)3/2 - 33 -
' 4.2.4.3=4.5=41/2=2
9 (ex2)3 :e3x2
10 eSx 'e2x :e7x

e —
11. 3x—x 2x

12. 253" =(2:3)" =6"

13. (3 +7e72%)e¥ =¥ 4 7¢"

eSx/2 _e3x ) =
14. :(eSx/ _e3x)e(— /2)x

Jer

=e4)c/2 _eSx/Z =62x _eSx/Z

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

ez she=he? =

Bx=-12=>x=4

1

2 2
e = s ne T =hel=xl-x=2>

x2—x—2=0:>(x—2)(x+1)=0:>x=2or
x=-1

(€ -e2) =e™® = 30 = o0 o

e =lne” =3x+6=-9=x=-5
et e e M me
lne_5x+4=lne=>—5x+4=1=>x=§
d Tx Tx Tx
d—[lOe 1=10e"*(7) = 70e
X
ie\/; =iex1,z =ex1/2 .lx71/2 _ 6\/;
dx dx 2 2«/;
d x2 x2 x2 x2 2
d—[xe l=xe” 2x)+e ()=e" (2x"+1)
X
d e’ +1| (x—De* —(e" +1)(1)
de| x—1 (x—-1)?
_2e" +xe" -1 (x—2)e" -1
(x-1? (x-1?
di[ee”]=ee“ (ex)=ex+e”
X
e t)e]
dx
= (\/; +1)€72x(—2) te X (%xl/z)
ol 1 )
—e | —-2Jx-2
(2\/5
i ¥ —x+5
dx| & +3
(@ +3)(2x -1 = (x* —x +5)3e>
(€ +3)°
CQ@x—1(e* +3) -3¢ (x? —x+5)
(> +3)?
dixe =exe—l
X
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27.

28.

29.

30.

31.

32.

33.

f(x)= e~ —4x7%; f(x)= 2xe* —8x
Solve f’ (x) =0 to find the first coordinates
of the relative extreme point.s

2xex2 -8x=0= 2x(ex2 - 4) =

2x=0 or ¥ —4=0=

x=0 or x>’ =In4=x=+/In4

The relative extreme points occur at x = 0 and
x=+/In4 ~+1.1774.

f(x)= e —4x%; f(x)= 2xe™ —8x
/7 (x)= 2~ %x + ZX%exz —%(Sx)
2 2 2
=2¢" +(2x)"e" -8
=2¢" (1+2x2)-8
Evaluate f”(0) to determine the concavity at
x=0.

£7(0)=2¢" (142(0)°)-8=2(1)-8 =6

Since f”(0)<0, the graph is concave down

at x = 0 and there is a relative maximum there.

460.03t _ 26006t 0=

2003 (2 _eo.osz) — 0=

260.03t 0.03¢

=0 (not possible) or 2—e =0=

2= 5 1n2=03=1 =%z 23.1049

=0= ¢ =8"0% =

t=In8+.02t = 98 =In8 =

t=ﬁ =2.1219
98

of — 8002

4.2 =" =222 =" 22 ="

(2+x)1n2=x:>21n2+x1n2=x:>

2In2=x-xIn2=2In2=x(1-In2)=
2In2  In2° In4

X = = = :4.52
1-In2 1-In2 1-In2

3¥=2¢"=xIn3=In2+x=
xIn3-x=In2=x(In3-1)=h2=
In2

x= =7.0290
In3-1

Solve y’ =4.

y=eiy'=¢e

ef=4=x=I4
The tangent line has slope 4 when x = In 4.

34.

35s.

36.

Chapter 4 Review Exercises 173

When the tangent line is horizontal, its slope is
0. Solve y"=0.

y= e+ 6*2){; y/ = = 2672)(
-2 =0 =2 =

x:1n2—2x:3x:1n2:x:E

f(x) = ln(x2 + 1)
First, determine the relative extreme and
inflection points using the first derivative test.

Sy 2x

f(x)_x2+1

F)=—2 0= x=0
x?+1

The only relative extreme occurs at x = 0.
Now use the second derivative test to
determine if the graph is increasing or
decreasing.

2(x +1)-2x(2x) 94242

[ (x) = P T, 2
(x2 + l) (x + 1)
770 (o2 + 1)2 ?

Since f” (0) > 0, the graph is concave up and

there is a relative minimum at x = 0. Thus, the
graph is decreasing for x < 0 and increasing
for x> 0.

f(x)lenx,x> 0

First, determine the relative extreme and
inflection points using the first derivative test.

“(x)=Inx lz X
f(x)—ln +x(x] Inx+1

f(x)=lhx+1=0=>hx=-1=

The only relative extreme occurs at x = %
Now use the second derivative test to
determine if the graph is increasing or
decreasing.

£7(x) =~

(continued on next page)
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174 Chapter 4 The Exponential and Natural Logarithm Functions
(continued) 45.
£”(0)>0, so the graph is concave up and
there is a relative minimum at x = % Thus,
the graph is decreasing for 0 < x < % and
. . 1
increasing for x> . 46.
17, dy _(1+ e¥)e* —e*(e¥) _ e*
dx (1+¢*)? (1+e*)?
Q ~ eo —l 47.
dxl_g  (1+e%)? 4
The tangent line at (0, .5) is
1 1 1 48
-S5=—x-0ory=—x+—. :
y - 0ory="xt-
X _ X
38 y=2—°% 49.
e"+e*
b
dx 50.
(e et te ) —(ef —e ) (e —e™)
- 2
(ex + efx)
3 4
(ex ye )2 51.
bl 4 b
dx|, (el +e_1) dx|,__,
_ 4 = 4 . 52.
(e_l + e_(_l)) (el + e_l)
The tangent lines at x = 1 and x =—1 have the 53
same slope, so they are parallel. )
(n5)/2 _ In+5 _
39. e =e =5 54.
40. M) = 32
55.
Inx? 2Inx 2
41. = ==
Inx> 3lnx 3
56.
42. 6211’12 — eln22 — 22 :4
43, =30 o
44. [eM¥)? =%

M —e=m" =lne= Int(nt)=1=

(Inf)? =1
Taking the square root of both sides,

Inf|=1=1=e ortzl.
e

In(ln3r)=0= ™3 = 5 In3r=1=

e
eln3t=e=>3t=e:>t=§

3 =15 e =5 he¥ =n5=

2t=ln5=>t=%ln5

32 _12=0= 3" —4)=0= ¢ =4
Ine'’?=In4=¢=2In4=1r=1In16

21nt:5:1nt:§$elnt =/ = t=¢?
~03: 03 _ 1 ~03 1
2e =l=e =E:>1ne =1n§:>

1 1.1 In2 10In2
~3t=lh—=t=—-—In—=—-=
2 3 2 3 3

diln(x6 +3xt 41 = (6x° +12x°)
X

¥ +3x* +1
_ 6x° +12x°
0 +3x* +1
i[i}_lnx—x(i)_lnx_l
dx|Inx (Inx)?>  (Inx)?
d 1 5
—In(5x-7) = 5)=
o M= 0=
d 1 1
—InOx)=—9)=—
dx 1) 9x() X

[(inx)2] = 2(In )+ = 20%
X

LA
dx
i[(xlnx)ﬂ = 3()clnx)2 (x~l+ lnxj
dx X
=3(xInx)?(1+Inx)
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57.

58. —In

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

Chapter 4 Review Exercises

(1 + )—1/2

iln{ xel }:%[ln (xex)—ln\/E} =

1 X X
—(xe* +e
dx | J1+x xex( ) \/ +x 2

- [er(xz +3)5(° +1)‘4] =%[6x +5In(x2 +3) —41n(x3 +1)]
5 10x 12x2
=6+ 2x) - 3x 6+————5—
x2+3( ) X+ ( ) x2+3 P |

i[xlnx—x]=x(l)+lnx—1=lnx
dx X

%I:eZIn(xH)]=%|:e]n(x+l)z:|=%|:(x+l)2:|=2(x+1)

Ll 1 1
1 1 = .
n(nf) n\/_\/_Z 2xln\/_ xlnx

daf 1 )_d M Cimay 2 (L)oo
dx[lnx} dx[(lnx) ] 1(In x) (x] i

X
i[ex lnx]=ex(l)+exlnx=e—+exlnx
dx X X

2x+e*
(2x+ = 3
x“+e* x“+e*

d 2 X
—In(x" +e*)=
o (x“+e)

n n ——[ln(x +l) 1n(2x+3)]
dx 2x+3  dx 2x+3

/2
d [P+l _d (x4 / _d1
dx 2

1 1 1 X 1
=_|: 2 (ZX)— (2):|= 7 -
2 x“+1 2x+3 x“+1 2x+3

—2x+ 1> 0 gives us x<%. —2x+ 1 <0 gives us x>%.

Forx<l, wehaveiln|—2x+1|=i1n(—2x+1)= ! (-2)= z_
2 dx dx —2x+1 2x-1

1+l— !

x 2(1+x)

1 d d d 1
For x >—, wehave —In|-2x+1|=—In(—(-2x+1))=—In(2x—-1) = 2)=
x> wehave —oin[2x+ 1= o in(-(2x+ D) = Cin@x -1 =" (2)

So, for x;ﬁl,iln|—2x+l|: )
2 dx 2x—1

iln ¢ =i[ln(exz)—lnx}=i[x2—lnx]=2x—l

dx X dx dx X

diln%/x3 +3x— =diB1n(x3 +3x—2)} =
X

2
! (3x2 +3)=x—+1

1
x 3x°+3x-2 x> +3x-2

d d
—In2*)=—(xIn2)=1n2
dxn( ) dx(xn) n

%[ln(ﬁ“)—lnﬂ =%[(x+l)ln3—ln3] =1n3
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176 Chapter 4 The Exponential and Natural Logarithm Functions

71. x—1>0givesx>1. x—1<0givesx<1.
For x> 1, we have i1n|x—1|=iln(x—1)=L.
dx dx x—1
1

-1

d d d !
Forx < 1, we have —In|x —1|=~—In (=(x = 1)) = — In(-x + 1) = - =
or x we have —- n|x -1 e n(=(x—1) e n(=x+1) —x+1( ) X

L

So, forx # 1, %ln|x—1|= e

72, L ameen _ 4 neen? di(Zx +1)% =225 +1)(2) =8x +4
X

dx dx
d 1 d I -2 1
73. L4 =% ( ) - .
dx n(e\/;J dx ( \/7) 2\/;
d _ 1 e’ 3@7x
74. —In(e* +3e ) =———(e* +3e7 (-1 _
dx ( ) e*+3e” ( ¢ )) e* +3e”
75. In f(x)=In 5/& = LGS )= L #5041
) x> +5x+1 5 5
Differentiating both sides, we have S = 1 51 (5x ) - —;(SXA‘ +5=
S Sx7+1 5x° +5x+1

f’(x)—5/ x> +1 x4 a x4l
Wasx+ll X +1 X +5x+1)

76. In f(x)=In2* =xIn2

Differentiating both sides, we have ? (( )) In2= f'(x)=2"In2.
x

77. 1nf(x)=1nx‘/; =JxInx

Differentiating both sides, we have

FAE)) 2o L, Inx (1 ln_x): «/E—l/z( 1 )
7 «/_( ) (2) In x \/; 2\/_ = f'(x)=x \/;+2\/; X 1+2lnx

78. In f(x)=Inb" =xInb

Differentiating both sides, we have J; (( )) =lnb= f'(x)=b"Inb.

79. In f(x)= 1n[(x2 +5°3 + 73t + 9)‘0} = 61In(x% +5)+8In(x> +7)+10In(x* +9)

Differentiating both sides, we have

') 6 g
T Rt SO )=

12x  24x%  40x°
2 + 3 + 4
x“+5 x’+7 x +9

@) =2+ + 78t +9)1° [

80. Inf(x)=Inx"™" =(1+x)Inx=Inx+xInx

1

+x(lj+lnx:f’(x):x1+x(l+l+lnx).
X) Xx X X

Differentiating both sides, we have
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81.

82.

83.

84.

8s.

86.

87.

In f(x)=In10" =xIn10

Chapter 4 Review Exercises 177

Differentiating both sides, we have J}((x)) =In10= f’(x)=10" In10.
X

In f(x)=In ('\/x2 +5¢% ) - %ln(xz +5)+Ine* = %m(x2 +5)+ x>

Differentiating both sides, we have

S 11 _
F) 2 s T

2
X

xe”*

Inf(x)=1In 3
X+

Differentiating both sides, we have

&:l[lﬂ_
S 2

X X

1 , 1
3+3(3x2)}=>f(x)=5

al +2x=>f’(x):\/x2+5ex2( 2x +2xj.
+5 x“+5

=%[1nx+lnex _ln(x3 +3)] =%[1nx+x_1n(x3 +3)]

xe¥ |1 3x?
3 —+l-= .
x> +3\x x°+3

(2x+2)- ZL(Z) =
2x

f’(8) = =50 g/cm? per km
Actual answer:
£7(x)=1035¢712 (—12) = 124,212

17(8)=-1242¢""28) = 476

At an altitude of 8 km, the atmospheric
pressure is dropping at the rate of 9.266

X 2 2
1nf(x):1n[e Vx”(: Faxtd) }=x+%ln(x+l)+21n(x2+2x+3)—2ln(2x)
X
Differentiating both sides, we have S =1+ ! 3
JS(x) 2(x+1)  x"+2x+3
X 2 2
f’(x)=e Nx+1(x 2+2x+3) {1+ 1 24x+4 2 .
4x 2x+2 x"4+2x+3 x
In £(x)= 1n[e“1(x2 + 1)x]
:x+1+1n(x2 +1)+Inx
Differentiating both sides, we have
ALCI N : 20+ =
JS(x) x*+1 X
f’(x)zex+l(x2+l)x(l+ 22x +lj
x“+1 x

=M +3x2 +x+1)

In /(x)=In(e*x*2")=x+2Inx+xIn2
Differentiating both sides, we have

&:1+2(l)+1n2:>
S(x) x

f(x)=e"x?2" (1 + 1n2+3).

X
a. f(2)=800 g/cm?

Actual answer: 814.160 g/cm?
b. f(x)=200 whenx= 14 km

88.

g/cm?,
f’(x)=-100 when x =2 km

f(18) =180 billion dollars
Actual answer: $181.969 billion

f’(12) =10 billion dollars per year
Actual answer:

£7(t)=27¢""%%" (.106) = 2.862¢" 1"
£7(12) = 2.862"1°°02) = 10.212

Expenditures were rising at $10.212
billion per year.

f(t) =120 when t= 14, so in 2004

f'(t) =20 when ¢~ 18, so expenditures

were rising at the rate of $20 billion per
year in 2008
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