Chapter 6
Functions of Several Variables

Exercise Set 6.1

1. f(x,y) =x’ —3xy
(0)2 -3 (O) (_2) Substituting 0 for x

f (0’ _2) and -2 for y.
=0-0
=0
FEA)=C) 3@ B
=4-18
=14
7(10,-5)=(107 ~3(10)(-5) s
=100+150
=250
2. f(x,y) = (y2 +2xy)3
7(-20)=((0) +2(=2)(0))
=(0+0)’ =0
£3.2)=((2) +20)(2)]
=(4+12)’
= 4096
£(-5.10) = ((10)" +2(-5)(10))
=(100-100)
=0

30 flxy)=3"+7x
f (0’ _2) =347 (0) (_2) Substituting 0 for x

and -2 for y.
=140
=1
20 =377 (2)(1) S
=l—14
9
125
9
FRN=F470)() e
=9+14
=23

f(x,y) =log,, (x + y) +3x7
f(3,7)=log, (3+7)+3(3)’
=log,, (10)+27
=1+27
=28
£(1,99) =log,, (1+99) +3(1)°
=log, (100)+3
=2+3
=5
f(2.-1)=log, (2+(-1))+3(2)°
=log,, (1)+12
=0+12
=12

f()c,y)zlnx—ky3

f(€,2) =Ine+ (2)3 Substituting e for x

and 2 for y.
=1+8
=9
f(e4)=me +(a) e e
=2+64
=66
(e 4)=mme+(s) s o
=3+125
=128
f(x)=2"-3
f(0,2)=2°-3
=1-9
=-8
f(31)=2"-3
=8-3
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10.

11.

f(x,y,z) — 2 _yz +7°
We substitute —1 for x, 2 for y, and 3 for z.
F(-1.2.3)=(=1) (2 +(3)°

=1-4+9

=6
We substitute 2 for x, —1 for y, and 3 for z.
F(2-13)=(2) =(=1) +(3)’

=4-1+9

=12

f(xy.z)=2"+5zy—x
7(0,1,-3)=2"+5(-3)(1)-(0)

=1-15-0
=-14
£(1,0,-3)=2"+5(=3)(0)-(1)
=2+0-1
=1
P
RU{E):E;

Substituting 32.03 for P, and 1.25 for E, gives

R(32.03,1.25)= %

=25.624

= 25.62.
The price-earnings ration for Hewlett-Packard
was 25.62.

Y(D,P)=§

0.12
Y(0.12,30) = o = 0:0040
Using percent notation 0.0040 = 0.40% .

0.6
V,
From Example 3 we have C, = [72) C.

1

Where C, is the cost of the original piece of

equipment, V, is the capacity of the original

piece of equipment, and V, is the capacity of the

new piece of equipment.
We substitute 100,000 for C,, 80,000 for V,

and 160,000 for V,.

12.

13.

14.

15.

Chapter 6: Functions of Several Variables

2

80,000
=(2)" (100,000)

=151,571.6567
We estimate the cost of the new tank to be
$151,571.66.

0.6
= (M] (100,000)

V(L,p,R,r,v) = %(R2 —r2)
V(1,100,0.0075,0.0025,0.05)
(100) p 2
=———((0.0075)" —(0.0025
4(1)(0.05) (( ) =l ) )

= %(0.00005625 —0.00000625)

=0.025

aV
S(ad V)= 5517

Substituting 100 for d, 1,600,000 for V, and
0.78 for a, we have:

(0.78)(1,600,000)
0.51(100)°
_ 1,248,000

5100

= 244.70588
The approximate wind speed 100 ft from the
center of the tornado is 244.7 miles per hour.

S(h,w) =%

5(165,80) =—“(16653(80)
\/13,200

60

=~1.9149
The approximate surface area for the person is
1.915 square meters.

5(0.78,100,1,600,000) =

S (h,w) = 0024265504057

Substituting 165 for & and 80 for w, we have:

5(165,80) = 0.024265(165)" " (80)" """
~0.024265(7.56851)(10.55557)

=1.93852
The approximate surface area for the person is
1.939 square meters.
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16.

17.

18.

Exercise Set 6.1

Q(m,c):IOO-%
21
Q(21,20) —100-2—0
=521
=105
19
Q(19,20)—100~%
=5-19
=95
. aV
Using the formula S(a,d,V) = >, we
0.51d

remember from problem 13, that
a=0.78, V =1,600,000 . We substitute 200

for S, and solve for d.
(0.78)(1,600,000)

200 = 5
0.51-d
200 = 1, 248,0(20
0.51-d
102d* = 1,248,000
1,24
= 8,000 19.
102
d’ =12,235.29
d=14/12,235.29  Iting the square oot
d=110.6132 d Must be positive.
The measurement was taken approximately
110.6 feet from the center of the tornado.
20.

A person weight drops by 19% means that
wy =w(1-0.19) =w(0.81) = 0.81w

Giving the new surface area of

hw,, .
Sy (h, wN) = 60 Writing the new surface

area as a function of the original weight w gives
_Jh-081w 081w

60 60
The percentage change from the original surface
area is now.

us: Sy (h,0.81w)

623

V0.81hw 3 N hw

Sy=S__ 60 60
S Am
60
JO81hw —~Jhw
_ 60
Jhw
60

081w —Jhw

 Jhw

~ 0.9vhw —hw

 Jmw

(0.9-1)Vhw
Jhw

=0.9-1

=-0.1

Therefore, the percentage decrease in the
person’s surface area resulting from a 19%
decrease in body weight is about 10%.

The output of a function of two variables

depends on two inputs; where as the output of a
function of one variable depends only on the
input of a single variable. The domain of a
function of two variables is a set of pairs of
numbers, the domain of a function of one
variable is a set of numbers.

Answers will vary, but might include many
1
examples from geometry such as A = Ebh ,

V = zr’*h. The decision of whether to fly or
drive to another city depends on several
variables such as the distance involved, the
amount of time available, and the cost of each
method of transportation. The demand for a
good or service is depends on variables such as
the price of the good or service, the price of
substitute and complementary goods, the
income of the consumer and the expectation of
future prices, to name a few.
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21.

22,

W(v,T) =
10.45+6.68\/v —0.447v) (457 - 5T)
110

91.4—(

W (25,30)

(1045 + 6.68+/25 ~0.447-25) (457 - 5-30)
=914-

110
(10.45+33.4-11.175)(307)
110
10,031.225
110

~91.4-91.2
=~0.2

The wind chill, rounded to the nearest degree is
0°F .

=914-

~91.4-

W(vT)=
(10.45+6.68+/v —0.447v) (457 - 5T)
110

91.4-

W (20,20)

(10.45+ 6.68v/20 ~0.447-20) (457 - 5-20)

=914-
110

(10.45+29.874 —8.94)(457 —100)
110
(31.384)(357)
110
~91.4-101.855
~—10.455

The wind chill, rounded to the nearest degree is
—10°F .

~91.4-

~91.4-

25.

23.

24,

Chapter 6: Functions of Several Variables

W(v,T) =
10.45+6.68\/v —0.447v) (457 - 5T)
110

91.4—(

W (40,20)

(10.45 + 6.68v/40 ~0.447.40) (457 - 5-20)
110
(10.45+42.248 —17.88)(357)
110
(34.818)(357)
110
12,430.026
110
~91.4-113.0

=-21.6
The wind chill, rounded to the nearest degree is
—22°F .

=914-

~91.4-
~91.4-

~91.4-

W(v,T) =
(1045 +6.68\/v —0.447v) (457 - 5T)
110

91.4 -

W (30,-10)
(10.45 + 6.683/30 ~0.447-30) (457 5 (~10))

110
(10.45+36.588 —13.41) (457 + 50)
110

=91.4-

~91.4-

(33.628)(507)
110
~91.4-155.0

=~ —63.6
The wind chill, rounded to the nearest degree is
—64°F .

~91.4-

X
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Exercise Set 6.2
30.
Z

217.
Exercise Set 6.2

‘\ LR
% LAY 2 = —
"‘?“‘“\ S S L z=2x-3y
SN S
P N 0z
LK R RARALT .
SRR Find —
N R %7 .
5 ox
=2x—3 The variable is underlined; y
T=2LX y is treated as a constant.

z= (J(4 - 16}(2)67“12
0z

dy
The variable is underlined; x
is treated as a constant.

28.

Find —
x|, )
— 402 4+ v2) — (x2 4+ v2)2
ety Cteyie) % =2 The partial derivative is constant for
- all values of x and y. Therefore:
ox
29.
0z —»
““‘ ox (-2,-3)
0““\\‘
XS . Z
AKESEN Find —
SN
SN Ylo-s)
% =_3 The partial derivative is constant for
ax - all values of x and y. Therefore:

(25555
%

\\\;\‘\\‘ee:.‘::.:.:o:o,;';,,
NS,
Ao 5

" Ylo.-5)

TS
\\\:‘o
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2. z=T7x-5y
0
9z _.
ox
0
% _
dy
o -
x5 5,
%2 s
ay (0.-5)
3. z=3x"-2xy+y
0
Find ==
X
22327 ~20+)  {etedes s comant
0z
—=6x-2
ox Y
Find %
dy
=0t -2yt y TRl
0z
—=-2x+1
ox
Find %
ox (-2.-3)
0
Z_6x-2 y
ox 6.
0 tituting —
ol =6(-2)-2(=3) T
x|, 4
=-12+6
=-6
0
Find ==
919
7.
% =-2x+1
dy
0
et =-2 (0) +1 Substituting 0 for x.
95

=1

4. z=2x"+3xy—x

0z )
—=6x"+3y-1
ox * Y
%=3x

dy

Chapter 6: Functions of Several Variables

0z 2

= =6(<2) +3(-3)-1

o, o )
=24-9-1=14

% =3-0=0

o)

f(x,y) =2x—5xy

Find f..
F0y)=2x-5xy B o
f.=2-5y
Find f,.

_ The variable is underlined; x
f ()C, y) =2x— S‘XX is treated as a constant.

f,=-5x
Find f (-2.,4).
f.=2-5y
fx (—2, 4) =2-5 (4) Substituting 4 for y.
=2-20
=-18
Find f,(4,-3).
f,=-5x
f,(4,-3)=—=5(4) Substituting 4 for x.
=-20

f(x,y)=5x+7y

f.=5
f,=
f.(-2,4)=5
f,(4,-3) =7
Flry)=r +y =(x +y2)%
Find f..

The variable is underlined; y
is treated as a constant.
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Exercise Set 6.2

Find f,.

f (x’ y) — (xz + yz )% The variable is underlined; x

is treated as a constant.

f=gle )2

=y(x2+y2) , or - -
X +y
Find £, (-2.1)
X
fo=
X’ +y’
(_2 ubstituting —2 for
(2= (_2)21(1)2
=2
V4+1
-2
J5
Find £ (-3,-2).
__
f:v - x2 +y2
—2 stituting —3 for
)
— + —_
-2

Flry) ==y =(¥ —yz)%

f (x’ y) — (EZ _ yz )% The variable is underlined; y

is treated as a constant.

f. :%(xz _yz)f% x
=x(x2 —yz)%, or zx -

X =y

1
f ( X ) _ x2 2 A The variable is underlined; x
V)= X is treated as a constant.

10.

11.

627

~ (_2) Substituting -3 for
x and -2 fory.

f (x ) _ 625—3; The variable is underlined; y
V)= is treated as a constant.

f;. — erfy . (2)
=2¢¥7
Find f,.

f ()C ) _ EZX*X The variable is underlined; x
V)= is treated as a constant.

fi=e (=)

The variable is underlined; y
is treated as a constant.

= ye
Find f,.
__ Xy The variable is underlined; x
f (x’ y) =€ is treated as a constant.
— X,
fi=e"(x)
= xe”
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12. f(x,y) =™
f= 2ye*™
f, = 2xe™™

13. f(x,y) = yln(x+2y)

Find f..
F(xry)=yln(x+2y) jhevuilen
1
—v. 1
fo=y x+2y
_
x+2y
Find f,.

Flxy)=yin(x+2y) v

f :y-x+2y-2+l-ln(x+2y)

2y
x+2y+ n(x+ y)

14. f(x,y)=xIn(x-y)

fx=x~x_y+ln(x—y)
X
=x_y+1n(x—y)
1
f = ()
=X
"

15. f(xy)=xIn(x)
Find f,.
Fley)=in() T
f.= x-(L-y]+l~ln(xy)
Xy
=1+In (xy)
Find f .

_ The variable is
f (xs Y) =xIn (XX) underlined.

; [L)
’ Xy

i
y

16.

17.

18.

19.

Chapter 6: Functions of Several Variables

f(x,y) =yln (xy)

fxzy_[i_y]
Xy

X -1 The variable is
3 underlined.

1 . .
_ -1 The variable is
f (x, Y) =Xy - 5 Y underlined.

f()c,y)=3>(2x+y—5)2

Find f..
F(xy)=3(2x+y-5)" Iheaatleis
f. =3[2(2x+y—5)-2]

=12(2x+y-5)
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Exercise Set 6.2

Find f,.
F(xy)=3(2x+y=5) evales
£ =3[2(2x+y-5)-1]
6(2x+y—5)

20. f(xy)=4(3x+y-8)
f.=4[2(3x+y-8)-3]
=24(3x+y-38)
f,=4[2(3x+y-8)-1]
=8(3x+y-8)

21. f(bm)=

m* +4m*b—b* +(2m+b-5)" +(3m+b—6)’
. of

Find —.
ind

f(bm)=

m' +4m’b—b* +(2m+b-5)" +(3m+b-6)

The variable is underlined.

S—J;=4m2 —2b+2(2m+b-5)-1+
2(3m+b-6)-1
=4m® =2b+4m+2b—-10+6m+2b—12
=4m’ +10m+2b-22
. of
Find —.
om
f(b.m)=
m’ +4m’b—b* +(2m+b-5)" +(3m+b—6)’
The variable is underlined.
IR +8mb+2(2m+b-5)-2+
n
2(3m+b-6)-3
=3m’ +8mb +8m+4b—20+
18m+6b—36

=3m’ +8mb +26m +10b — 56

22,

23.

24.

25.

629
f(bm)=
5m* —mb* —3b+(2m+b—8)" +(3m+b-9)’
a—f:—2mb—3+2(2m+b—8)-l+
ob
2(3m+b-9) 1
=—2mb—3+4m+2b—16+6m+2b—-18
=—2mb +10m+4b—37
Y om-p? +2(2m+b-8)-2+
om
2(3m+b-9)-3
=10m—b* +8m+4b-32+
18m +6b — 54

=—b" +36m+10b—86

f(x,y,ﬂ)=5xy—/1(2x+y—8)

Find f. .

f(63,2) =52 =225+ =8) sioinea
f.=5y-4-2

=5y-24

Find £, .

f(x.3.4)=5xy = A(2x+y—8) [ vinavleis
f,=5x-4-1

=5x-4
Find f,.

f (2.3, 4) = 5xy = A(2x-+y-8) Qoo
fi=-1(2x+y-38)
=—(2x+y-38)

f(x,y,ﬂ) =9xy—ﬂ(3x—y+7)
f=9y-24(3)=9y-32

1, =9x—ﬂ,(—l)=9x+ﬂ

f =—1(3x—y+7)=—(3x—y+7)

fleyd)=x>+y* = 2(10x+2y—4)
Find f. .
fleyA)=x"+y" - A(10x+2y—4)
The variable is underlined.
f.=2x-1-10
=2x-104
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26.

217.

Find f, .
fleyd)=x +Xz —/1(10x+22—4)
The variable is underlined.
f,=2y- A-2
=2y-24
Find f;.
f(x,y,ﬂ) =x*+y —4(10x+2y—4)
The variable is underlined.
= —1(10x+ 2y — 4)
=—(10x+2y—-4)

flxyd)=x>—y* = A(4x-Ty-10)
fi=2x-A(4)=2x-44

/= 2y-A(-7)==2y+74

f, =-1(4x=7y-10)=—(4x-7y—10)

f(xy)="5xy
First, we find the partial derivatives.
We find f, first.

The iable is
F(x) =55y inierinea
f. =5y

Then we find f) .
f(X,y) — Sxy The variable is

underlined.
f,=5x

We find f_ by taking the partial derivative with
respect to x of f, .
d d

fu =a—x(fx) =5 (57)=0

We find f, by taking the partial derivative with

respect toy of f, .
d 0
fo =5, (1) =5,()
We find f| by taking the partial derivative with
respect to x of f| .

0 0
i =$(f).) =$(5x) =5

We find f|, by taking the partial derivative with
respect to y of f| .

0 0
£y =5, 5) =5, (59) =0

28.

29.

Chapter 6: Functions of Several Variables

f(xy)=2xy

We find the first-order partial derivatives.
fo=2y

fy =2x

Then we find the second-order partial
derivatives.

=5 0) =59 =0
Lo = %(fx) = aa—y(Zy) =2
fu= E%(f) = ;—X(Zx) =2
= 5:(5) =5 (20)=0

f(x,y) = 7)cy2 +5xy—-2y
First, we find the partial derivatives.
We find f, first.

The variable is

f(xv y) = 7@)2 + 5@’ - 2y underlined.

I :7y2 +5Sy
Then we find f) .

floy)=Txy" +5xy =2y inicinea.
f,=14xy—-5x-2

We find f_ by taking the partial derivative with
respect to x of f, .

d
fo = a—x(fx)

y is treated
as a constant.

= Ba_x(7y2 + Sy)

=0
We find f,, by taking the partial derivative with
respect to y of f .

0
fry = g (fx )
= 1(7}]2 + Sy) The variable is
ay 2 2 underlined.
=14y+5

We find f by taking the partial derivative with

respect to x of f| .

d
f;'x = g(f; )

The variable is
underlined.

aa (14xy+5x-2)

X

=14y+5
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31.

Exercise Set 6.2

We find f| by taking the partial derivative with
respect to y of f, .

d
&Z@M)

The variable is

= 81(14)@ +5x— 2) underlined.

y
=14x

f(x,y) = 3x2y —2xy+4y

We find the first-order partial derivatives.
fo =6xy=2y

/= 3x° —2x+4

Then we find the second-order partial
derivatives.

Fo =2 (7)o -2) =6y

dx
£y =;—y(ﬂ)=%(6xy—2y)=6x—2
L :aa_x(f") =E%(3x2 ~2x)=6x-2
£y =aa—y(]§,) =%(3x2 ~2x)=0

f(x,y) — x5y4 +x3y2
First, we find the partial derivatives.
We find f, first.

5.4 3.2 The variable is
f(x’ y) =Xy +£ Y underlined.

£, =5x " +3x7%y?
Then we find ﬁ .

f(x )_XS 4 +x3 2 The variable is
»Y)= X X underlined.

fy = 4x5y3 +2x3y

We find f,_ by taking the partial derivative with

respect to x of f, .

J
fu —g(fx)

The variable is
underlined.

_ ;(554)}4 + 312))2)
X

=20x°y* +6xy°

32,

631

We find f,, by taking the partial derivative with

respect to y of f .

0
fry - g(fx)

The variable is
underlined.

= (_aa—y(Sx“X4 +3x222)

=20x"y’ +6x°y
We find f by taking the partial derivative with

respect to x of f, .

ad
f:vx = a_x(f‘)

The variable is

a 5.3 3
= g(‘@ Y +2x y) underlined.

=20x*y’ +6x7y
We find f|, by taking the partial derivative with
respect to y of f, .

d
&Zg@)

The variable is
underlined.

_ d 5.3 3
—5(4)(3 Y +2x X)
=12)c5yz+2)c3

flxy)=xy =%y’

We find the first-order partial derivatives.
f.= 4x’y’ —2xy’

‘fv — 3x4y2 _3x2y2

Then we find the second-order partial
derivatives.

d
fo = a—x(fx)

= E;—9—)6(4)63)73 - 2xy3) =12x"y’ -2y’

3x'y? —3x2y2) =6x'y—6x"y
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33.

34.

f(x,y) =2x-3y
First, we find the partial derivatives.
We find f, first.

The variable is

f (x’ y) = 2£ - 3y underlined.
=2
Then we find f) .

The variable is

f(x7 y) =2x _SX underlined.
fy=-3
We find f_ by taking the partial derivative with

respect to x of f, .

d d
fu ()= 2 (2)=0

We find f, by taking the partial derivative with

respect to y of f .

d 0
fo=3,(1)=5,0)
We find f| by taking the partial derivative with

respect to x of f) .

d d
i :a_x(f-") =--(=3)=0

We find f| by taking the partial derivative with
respect to y of f| .

d d
£y =g(fy) =5, (3)=0

f(x,y) =3x+5y

We find the first-order partial derivatives.
f. =3

f, =5

Then we find the second-order partial
derivatives.

ad ad

fu=(f)=2-(3)=0
fo =5 (0)= 4 (0)=0
fu= 3 (7) = 2(5)=0
= 5yl8) =560

35.

Chapter 6: Functions of Several Variables

f(X,y) — ery
First, we find the partial derivatives.
We find f, first.

fxy)=e™
f=2ye>
Then we find f| .
flry)=e™
fy =2xe™™
We find f,_ by taking the partial derivative with

The variable is
underlined.

The variable is
underlined.

respect to x of f, .

0
fo= g(fx)
= %(2)}62”‘)

= 2y(2yezxy)

2xy

The variable is
underlined.

=4 yze
We find f by taking the partial derivative with
respect toy of f, .
d

Iy = g(fx)
S o) e
=2y (erz"y ) +2 (ezxy )
= dxye™ +2e°

We find f| by taking the partial derivative with

respect to x of f| .

d
f;fx = g(‘f;)
] - e variable is
= —x(dezﬂ ) Aoy
—2x (2ye2xy ) +2 (e2xy)

= 4xye™™ +2e°
We find f| by taking the partial derivative with
respect to y of f| .

ad
n=2(0)

_ i 2 2xy The variable is
= Jy xe underlined.
=2x (erz‘”’)

=4x* ™
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37.

Exercise Set 6.2

flry)=e"

We find the first-order partial derivatives.
f.=vye"

f, = xe®
Then we find the second-order partial
derivatives.

d
fu —g(fx)

f(x,y) =x+eée’
First, we find the partial derivatives.
We find f, first.

flry)=x+e undertned.
f.=1

Then we find f) .

flry)=x+e undorined:
fi=€

We find f_ by taking the partial derivative with
respect to x of f, .

d 0
L —g(fx) —g(l) =0

We find f, by taking the partial derivative with

respect to y of f .

d d
£, =55 (£)=50)=0

38.

39.

633

We find f|, by taking the partial derivative with
respect to x of f) .

ad
f;fx = g (‘f;)
0
ox
=0
We find f| by taking the partial derivative with

(ey) e’ is treated as a constant.

respect to y of f| .

d
f=2r)

— i Yy The variable is
- € underlined.
dy
— e)
X
flxy)=y-e

We find the first-order partial derivatives.
fi==¢

/=1

Then we find the second-order partial
derivatives.

0 0/ N .
fxx=a—x(ﬂ)=a—x(—e )=—e

9\ 9
fxy=$(fx)—$(—e )=0

fo=2(r)=2m=0

Tox Y T o
0 0
fh=3,8)=5,=0
f(x,y)=ylnx

First, we find the partial derivatives.
We find f, first.

he variable i
f(x’ y) = ylnﬁ Ingerﬁrri;d.e °
1 _y
fi=y—==
X X
Then we find f) .
The variable is
f(xy)=ylnx underlined.

f,=1-Inx=Inx
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We find f_ by taking the partial derivative with
respect to x of f .

d
fo = a—x(fx)

= i R — i(yxfl ) The variable is
ax a Vo underlined.

—

We find f, by taking the partial derivative with
respect toy of f, .

d

= _a . l The variable is
- X underlined.
ay\~= x

We find f|, by taking the partial derivative with

respect to x of f) .

d
f:vx = a_x(f‘ )

0 . .
_ Y The variable is
- ox (ln £) underlined.
1
X

We find f|, by taking the partial derivative with
respect to y of f| .

ad
n=2(0)

In x is treated as a constant.

:aa—y(lnx)

=0

40. f(x,y) =xlny
We find the first-order partial derivatives.

f.=Iny
X
fﬁ;

Chapter 6: Functions of Several Variables

Then we find the second-order partial

derivatives.
0 0

S a—x(f) a—x(lﬂy)—o
0 0 1

f“ = — »fx = — ln = —
(1) =5 )=+

d d(x
hepln)-2 (X

41. p (x, y) = 2400x%y%
a) Substituting 32 for x and 1024 for y, we

have:

p(32,1024) = 2400(32)% (1024)%
=2400(4)(64)
=614,400.

Using 32 units of labor and 1024 units of
capital, Lincolnville Sporting goods will
produce 614,400 units.

b) We find the marginal productivity of labor
by taking the partial derivative with respect

to x.
a a 2 3 e variable is
A _(2400£Ay s ) Er}:derline?
ox ox

= 2400 (%x% ) V5

= 960x 5y5

%
=960 (1)
X

We find the marginal productivity of capital
by taking the partial derivative with respect

to y.
s
dy dy = '

—2400x% @ y_%j

= 1440x7%y 75

%
= 1440 (fj
y
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)

d)

Substituting 32 for x and 1024 for y into

a_p ,we have:
ox
%
a_p — 960 (1024 )
ox (32.1024) 32
= 960(32)
=960(8)
=7680

The marginal productivity of labor when 32
units of labor and 1024 units of capital are
currently being used is 7680 units per unit
labor.

Substituting 32 for x and 1024 for y into

a_p ,we have:
dy
%
8_p =1440 [ij
ay (32,1024) 1024
VA
=1440 (—j
32
=1440(%)
=360

The marginal productivity of capital when
32 units of labor and 1024 units of capital
are currently being used is 360 units per unit
capital.

The marginal productivity of labor, g_p
X
gives the rate of change of productivity with

respect to labor. In other words, when 32
units of labor and 1024 units of capital are
currently being used, employing one
additional unit of labor to 33 units and
keeping capital fixed will result in
approximately 7680 additional units of
production.

s

The marginal productivity of capital, g—p,

y
gives the rate of change of productivity with
respect to capital. In other words, when 32
units of labor and 1024 units of capital are
currently being used, employing one
additional unit of capital to 1025 units and
keeping labor fixed will result in
approximately 360 additional units of
production.

635

42. p (‘x, y) — 1800x0,621y0,379

a)

b)

¢)

p(2500,1700)

=1800(2500)"*' (1700)""”

=~ 3,888,064

Using 2500 units of labor and 1700 units of
capital, Riverside Appliances will produce
about 3,888,064 units.

We find the marginal productivity of labor
by taking the partial derivative with respect
to x.

dp 9
ox Ox

=1800 (0.62116_0'379 ) y0379

0.379
=1117.8 (1)
X

We find the marginal productivity of capital
by taking the partial derivative with respect
to y.
dp _ 9 0.621 0.379
— =—(1800x"""y™
3 = 3, 1800°7y")
— 1800x0,621 (0.379))—0,621 )

0.621
—682.2 [f]
y

(1 800{0.621 y().379 )

0.379
» =1m.s(@j
ox (2500,1700) 2500
~1117.8(0.86401420)
=~ 966

The marginal productivity of labor when
2500 units of labor and 1700 units of capital
are currently being used is 966 units per unit
labor.

P

2500 j().ﬁzl
dy

=6822 ——
1700

(2500,1700)

~682.2(1.27060911)

=867
The marginal productivity of capital when
2500 units of labor and 1700 units of capital
are currently being used is 867 units per unit
capital.
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43.

9
d) The marginal productivity of labor, a—p
X

gives the rate of change of productivity with
respect to labor. In other words, when 2500
units of labor and 1700 units of capital are
currently being used, employing one
additional unit of labor to 2501 units and
keeping capital fixed will result in an
additional 966 units of production.
The marginal productivity of capital, g—p,
Y
gives the rate of change of productivity with
respect to capital. In other words, when
2500 units of labor and 1700 units of capital
are currently being used, employing one
additional unit of capital to 1701 units and
keeping labor fixed will result in an
additional 867 units of production.

P(W r.s t) — 0 007955W7().638rl.()38S().873t2.468

a) We substitute 20 for w, 70 for r, 400,000 for
s, and 8 for ¢.

P(20,70,400,000,8)

= 0007955 (20)—0.(\38 (70)].038 (400’ 000)0.873 (8)

= 1,274,146
The nursing home’s annual profit is
approximately $1,274,146.

b) Taking the partial derivative with respect to
each variable, we have:

g_P =0.007955 (_0.638W—1.638 ) L1038 (08732468
W

2.468

— _0.005075W—1.638r1,038S0,873t2,468

a_z: = 0.007955w % (1,038,178 ) s0573246%
= 0.00825 7y 0% 0038 0573 ;2468

a_z: = 0.007955w ™% (0.873517 ) >4
= 0006945y ™06 103 0127 2468

oP

E — 0.007955“}—0.638’_1.038S0.873 (2.46&1,468)

— O O19633W7().638r1.()38s().873l1.468
) The partial derivative with respect to a

particular variable represents the rate of
change in profit with respect to that variable,
holding all other variables constant.

44.

45.

46.

47.

Chapter 6: Functions of Several Variables

APza—PAw
ow

=[(-0.005075) (20)"* (70)"""

(400,000)"*" (8)"** |-(0.25)

= —10,161
The nursing homes profit will decrease by about
$10,161.

T, =1.98T -1.09(1- H)(T - 58)-56.9
Substituting 85 for 7, and 60%=0.60 for H, we
have:

T, =1.98(85)—1.09(1-0.6)(85-58)—56.9
=168.3-1.09(0.4)(27)-56.9
=168.3-11.772-56.9
=99.628

=99.6
The temperature-humidity index is about
99.6°F .

T, =198T -1.09(1- H)(T - 58)-56.9
Substituting 90 for 7, and 90%=0.9 for H, we
have:

T, =1.98(90) ~1.09(1-0.9)(90 - 58) - 56.9
=178.2-1.09(0.1)(32) - 56.9
=178.2-3.488-56.9
=117.812

=117.8
The temperature-humidity index is about
117.8°F .

T, =198T -1.09(1- H)(T - 58)-56.9
Substituting 90 for 7, and 100%=1.0 for H, we
have:

T, =1.98(90)-1.09(1-1.0)(90 - 58) - 56.9
=178.2-1.09(0)(32)-56.9
=178.2-0-56.9

=121.3
The temperature-humidity index is 121.3°F'.
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49.

50.

51.
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T, =198T -1.09(1- H)(T - 58)-56.9

Substituting 78 for 7, and 100%=1.0 for H, we
have:

T, =1.98(78)-1.09(1-1.0)(78 - 58)-56.9
=154.44-1.09(0)(20) - 56.9
=154.44-0-56.9
=97.54

=975
The temperature-humidity index is about
97.5°F .

T, =1.98T -1.09(1— H)(T - 58) - 56.9
o,

= —1.09(-=1)(7 -58)

=1.09(T - 58)
T, .
SH gives the rate of change of the temperature-

humidity index with respect to humidity,
holding temperature constant.

T, =1.98T -1.09(1— H)(T - 58) - 56.9
o,

—1=1.98-1-1.09(1-H)-(1
2 (1-#)-()

=1.98—-1.09(1-H)

T,
a—]’f gives the rate of change of the temperature-

humidity index with respect to temperature,
holding humidity constant.

Jhw (hw)% _ Wow

S: =
60 60 60
oh 60\ 2
1 [w"
120 pk
w
12041
b) a_S:Lh%[lw_%)
ow 60 2
1 [w®
T 1200 ,,%
v
120:/w

52,

53.

54.

5S.

56.

AS = Vh Aw
120w
_ N170 (_2)
1204/80
=—0.0243
The change in the surface area is

approximately —0.0243 m’.

S = 0.0242654°3964,,05378
a) o8 =0.024265 (0-3964h""6036)Wo.sm
oh
=0.009619h79%y, 07
oS

b) o= 0.0242651%% (0.5378w’°'4622)
w

— 0.0 1 305h0.3964W70.4622
c) AS= a—SAw
ow
AS =[0.013058° % w4 | Aw

=[0.01305(170)"" (80) **** | (-2)

= —0.0264
The change in the surface area is
approximately —0.0264 m” .

E =206.835—0.846w —1.015s

Substituting 146 for w and 5 for s, we have:

E =206.835-0.846(146)—1.015(5)
=206.835-123.516-5.075

=78.244
The reading ease is 78.244.

E =206.835—0.846w —1.015s
E =206.835-0.846(180) —1.015(6)

=206.835-152.28 -6.09

=48.465
The reading ease is 48.465.

E =206.835-0.846w —1.015s

oE
9%~ _0.846
ow

E =206.835-0.846w —1.015s

oF
—=-1.015
ds
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2 2

X+t
57. 1) =
f('x t) xZ _t2
Find f..
: + tz vari is
Flrn)=5— i
(xz _ ) (2x) - (xz +¢ ) (2x)
e
_ 2x% = 2x1? = 2x° = 2xt?
)
_ —4xt?
(e
Find f.
P41’ variable i
Fl) =570 At
; =) (20) = (x* +1) (-22)

(o)

_2x° =20 +2x°t 428

(x* - t2)2

_ 4x*t
-
X’ —t
58. f(x1)= o,
Find f.
Flen =2 e
(2 +1)(20) (¢ -1)(3x%)
1= (* +1)
_ 2x* 4+ 2xt =3x" +3x%t
- (x° +t)2
_—x" 437+ 2xt
B (x +z)2
Find f.

59. f(x1)

Chapter 6: Functions of Several Variables

Pl =57t e
_ (2 +1)(-1) = (x* =1)(1)
t (x +1)
e
(x +1)
—x3 - x2
(" +1)

NI T
1+241 1420
Find f,.

23/t 21

1+ 2z%
Zx% 21‘%

1+2t% 1+2t%

()
f»c :—1_0
1+2z4

— X7%
1+ 2t%
_ 1
x% (1 + 21‘%)

1

G (+24)

The variable is
underlined.

f(x,t) =

Find f.

22 21
1+2¢ %
(1 +ou)t ) (—u% ) - (Zx% _oh ) (r%)
(1 e )

0 _ox e
(1 + Zt% )2
i (—1 _oxt )
(1 + 22‘% )2
~1-2Vx
Jt (1 +24/t )2

The variable is
underlined.

f(x,t) =

f;:
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60. f(x’t) = m = x%[%
Find f..
f()C,l‘) = x%[% The variable is

underlined.
3 -/ 5

z\ﬁ
4 \ x
Find f.

Flot)=x1 5 he vaiable s
P (Et%)
4
= % Ux't

61, f(x1)=6x" 8241/ —12x 212
Find .
f(x,t) = 6x% —Sx%t% —12x%t%

The variable is underlined.

f = [zx%)_g(ix%jt%_

3 4
12 (_—lx% )t%
2
= 4x7% - 2x7%t% +6x7%t%

Find f.
f(x,t)=6x% —8x%t% —12x%t%

The variable is underlined.

£ =8/ [1{% ) 1207 [gt%j
2 2
= 4 18

639

24
62. f(x,t)=(x2_t2]
Find f..
2, 2
e-(515) e
xi -t
2

(x* —t2)2

—20xt> (x2 +1 )4

underlined.

242y
X = The variable is

(x* =) (21) = (x* +7*) (-21)
(=)
_ S(xz +1° j4 2x% =21 +2x71 421

(x2 -t )2

B 20x2t(x2 + t2)4

(o)

63. f(x,y) =iz_l2= xy—Z _yx-z
y X

First, we find the partial derivatives.
We find f, first.

The variable is

fley)=xy7 -y underlined.
f.= )f2 +2yx’3

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



640 Chapter 6: Functions of Several Variables

Th(en vs)/e fmdzfy . 2 N 64. f(x,y) _xy
Fley)=xy? -y TR £
-, delined We find the first-order partial derivatives.
L= (x=)y=(0)()
We find f_ by taking the partial derivative with o= (x _ )2
respect to x of f, . s Y
a — _y
fu=5-(£) (x=y)
d (a0 (x=y)x— () (=1)
=—|y +2yx L=
ax ( ) f (_x - y)z
=—6yx" 2
X
- ;—63 (x=)
We find f,, by taking the partial derivative with dT:risa‘:;f/ef?d the second-order partial
respect to y of f . 3 2
2 fu= [ : J
Lo =$(fx) (x=y)
T (x=y)(0)= (=) (2(x-»)(1))
= (y +2yx ) = 4
dy (x - y)
=2y +2x7 (2°)(x-)
2 2 =T a
= —y—3 + 7 ()CZ— y)
We find f by taking the partial derivative with = 2y -
respect to x of f, . (x=)
_9 A
fu=31 (£) Lo —g[m]
d -
“orl 2 ) () (20 ()
=-2y7 +2x7 ( y)4
__ 2.2 =) [(29)(x-y) -2y |
X
' (x=y)

We find f, by taking the partial derivative with
N [—2xy+2y2 —2y2:|
- 3
K (x=y)
f.vy - g(f‘) —2xy

(x=y)

respect to y of f| .
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s _i X2 67. f(x,y)zln(x2 +y2)
" ox (x- y)2 We need to find the second-order partial
, derivatives.
x—y) (2x)—(x* Z(x—y (1 First, we find f, .
() :
(x=y) f(xy)=In(x" +y)
2
:(x—y)[(Zx)(x:y)—Zx :I = 21 _2x= 22x :
(x—y) X +y X +y
Th find f_ .
B |:2)c2 —2xy —2x2] - “(;e ind f,
(x—y) T =$(f”)
-T2y _9d( 2x
(X—}’)2 S oox\ xP 4y
F= J x _ (x2 +3%)(2)-(2x)(2x)
I [ +57)
B (x—y)2 (O)—(xz)(Z(x—y)(—l)) _ -2x* +2y°
(x—y)4 (x2+y2)
3 2x° (x—y) Now we find f, .
(x—y)4 f(x,y)=ln(x2 +Xz)
2x° 1 2
= x3 fi== 2'2y:2y2
(x=y) X +y X +y
Then we find f .
Charles W. Cobb and Paul M. Douglas Fo 9 ( 7 )
sought a function that would relate the total ooy

production of an economy to the size of its labor 3 2y
force and the amount of its invested capital. =

They started with various economic ay x* + Xz
assumptions, used these assumptions and 2 2 B
mathematics to derive a production function, - (x Yy )(2) (2y ) (2y )
and then checked the function against tabulated ( X+ )2
data.
_ 2x% —2y°
The graph of a function of two variables (x2 +y° )2
z=f (x, y) is a 3-dimensional surface. when x Therefore,
is fixed at some value a, the plane x =a o f N O f _0
intersects the surface in a curve. Then f, gives ox* oy’
the slopes of lin.es 'tanger%t to'thi's curve in the 2 +2y0 2% =2y
plane x =a. Similarly, if y is fixed at some L\ L 0
value b, the plane y = b intersects the surface in (x Ty ) (x Ty )
acurve. Then f, gives the slopes of lines 0 0
tangent to the curve in the plane y = b. ( 4y )2
010
. . df 9
Thus, f is a solution to —J:+—J: =0.
ox” dy
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68. f(x,y) =x" —5xy°

f. =3x> -5y’
[y =10y
fy =—10xy
xfxy —fy =0
x(~10y)—(~10xy) | 0
—10xy+10xy | O
00
69.
xy(xz _yz)

——, for (x,y);t (0,0),

f(xy)=1 FP+y

0, for (x,y)=(0,0).

a) Find £, (0,y).
mf(h,y);f((ly)

hy(n* - y*) B 0-y(0* -»*)

. W+ 0+
h—0 h

B hy(hz _yz)

0 (R +y?)

=1imy(h2 -)
=0 (hz +y2)

(=)

= =

==Y

Thus, f,(0,y)=-y.
b) Find f, (x,0).
hmf(x,h);f(x,O)
)ch(x2 —hz) )c-O()c2 —02)

—1lim X +h X2 +0°
h—0 h

) xh(x2 —hz)
=lim——— =
=0 h(x + 1)

=1imx(x2 ")

Chapter 6: Functions of Several Variables

¢) Find £, (0,0)
£, (n,0)-£,(0,0)
h

Substitutingfy (x,O) =X.

Thus, f, (0,0)# Sy (0,0). The mixed
partials are not equal at (0,0)

Exercise Set 6.3

1. f(x,y)=x2+xy+y2—y
Find f,.
Fy) =2+ +Y =y ieined
fi=2x+y.
Find f,.

The variable is

floy)=x +XX+22 ~Y>  underlined.
fy=x+2y-1
Find f, andf .
fi=2x+y, f =2x+y,
fo.=2 fo =1
Find f, .
fy=x+2y-1,
fy =2
Solve the system of equations
fe=0andf =0:

2x+y=0, (1)
x+2y-1=0. (2)
Solving Eq. (1) for y, we get y =-2x.
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Substituting —2x for y in Eq. (2) and solving,
we get
x+2(-2x)-1=0
-3x-1=0
—3x=1

X=——.

3

1 1
To find y when x = ~3 we substitute 3 for x

in either Eq. (1) or Eq.(2) . We use Eq. (1):

1
2| —=|+y=0
[S)y

y:

3
1 2). . .
Thus, —g,g is our candidate for a maximum
or minimum.
. 12).
We have to check to see if f —E,g isa

maximum or minimum:

D=f,(ab) f,(ab)- [f (a’b)]z

12 12
sz”( 3 3] o (_E’Ej_

—_»n.n_12 Forall values of x and y,
D=2-2-1 =2 fyy=2 mdfey=1.

D =3.
Thus, D=3 andf, =2.Since D >0and

fu (—%%) =2>0, it follows that fhas a

. .. 12
relative minimum at —E E . The minimum is

found as follows:

643

flry)=x"+xy+y* -y

12) (1 1 2) (2
(53 )EHE G)
1 2.4 2
"9 99 3
1 2 4 06
"9 9 9 9
3
)
1
)

The relative minimum value of fis —%

-33)

at| ——,— |.

3’3
f(x,y)=x2+xy+y2—5y

1. Find ft,fy,fm,fyy, andfxy:

f.=2x+y, fy=x+2y—5,
fo=2 fo=2
f, =1
2. Solve the system of equations
fe=0andf =0:
2x+y=0 (1)
x+2y-5=0 (2)

Solving Eq. (1) for y, we get y =—2x
Substituting —2x for y in Eq. (2) and
solving, we get
x+2(—2x)—5 =0
—3x-5=0
—3x=5

X=——.

3

To find y when x = —%, we substitute

—%for x in either Eq. (1) or Eq. (2) . We use

10
-—+y=0
3 y
10
y 3"
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Thus, [—% %) is our candidate for a
maximum or minimum.
. 5 10).
3. We must check to see if f 33 isa

maximum or minimum:

(385155
(5]

—n.7_12 For all values of x and y,
D= 2 2 1 Sxx =2, fyy =2, and fy, =1

D =3.
4. Since D>0and f_ ( ;130j 2>0,it

follows that f'has a relative minimum
at (—%,?) . The minimum is found as

follows:

(58
HRS

25 50 100 50
"9 99 3
75
9
25
-2

2
The relative minimum value of fis —?5

[ 510)
at| ——,— |.
373

3. f()c,y)zZ)cy—x}—y2

Find f.

Floy)=2xy-2" =y, iaima
f.=2y-3x".

Find f,.

Flry)=2xy—x" =y D"
f, =2x-2y.

Find f andf .
fo=2y=3x" [ =2y-3x,
f. =—6x. Sy =2

Chapter 6: Functions of Several Variables

Find f, .
f,=2x-2y,
fy="2
Solve the system of equations
fe=0andf =0:
2y—-3x’ =0, (1)
2x-2y=0. (2)

Solving Eq. (1) for 2y, we get 2y =3x>.
Substituting 3x” for 2y in Eq. (2) and solving,

we get
2x-3x" =0
x(2-3x)=0

x=0 or 2-3x=0
x=0 or -3x=-2

x=0 or x=%
3

To find y when x =0, we substitute O for x in
either Eq. (1) or Eq.(2) . We use Eq.(1):

2y-3(0)" =0
2y=0
y=0.

Thus, (0,0) is one critical point, and f(0,0) is

a candidate for a maximum or minimum value.
To find the other critical point we substitute

%for x in either Eq. (1) or Eq. (2) . We use

Eq.(2):

2
2l —1-2y=0
[3) Y

4
2 2y=0
.
4
Dy=——
Y773
_2
y=5

Thus, [%,%j is the other critical point, and

22
f (g 5) is another candidate for maximum or
minimum value.
22
We must check both (0,0) and g,g to see

whether they yield maximum or minimum
values.
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For (0,0)
D = frx (0’0) ’ f:v)‘ (O’ 0) - [fxy (0’0)]2
£..(0,0)=-6-0=0
D=0-(-2)-2* £, (0,0)=-2
fxy (0’0) = 2

D =-4.
Since D <0, it follows that f (0,0) is neither a

maximum nor a minimum, but a saddle point.

For (g,%)
33

22 22 2 2\T
o= (35} 53 G3)
fu(53)=63=—
D=(-4)(-2)-2" | f,(3.3)=-2
£, (3.3)=2

Thus, D=4 andf [g,g) = —4. Since
33
22 .
D>0and f_ 33 <0, it follows that fhas a

. . 22 . .
relative maximum at g,g . The maximum is

found as follows:
f(xy)=2xy—x" -y’

(G- -G)

645

Flxy)=4o=x =y’

1. Find f,,f,,f. [, andf,
fo=4y-3x fy=4x-2y
fo =6%; fo=72%

£y =4

2. Solve the system of equations

fe=0andf =0:
4y-3x* =0, (1)
4x-2y=0. (2)
Solving Eq. (2) fory, we get y=2x.
Substituting 2x for y in Eq. (1) and solving,

we get

4(2)c)—3)c2 =0
8x-3x"=0
x(8-3x)=0

x=0 or 8-3x=0
x=0 or x:§
3

To find y when x =0, we substitute O for x
in either Eq. (1) or Eq.(2) . We use Eq. (1):
4y-3(0)" =0

y=0.
Thus, (0,0) is one critical point, and f (0,0)

is a candidate for a maximum or minimum
value.
To find the other critical point we substitute

% for x in either Eq. (1) or Eq. (2) . We use

Eq. (2) :

8
42 |=2y=0
(3) Y

Thus, (%,?j is the other critical point, and

f (5?] is another candidate for maximum

or minimum value.
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3. We must check both (0,0) and [g,?) to

see whether they yield maximum or
minimum values.

For (0,0)

D= frx (0’0) ’ f:vy (O’ 0) - I:f:cy (0’0)]2
D=(-6-0)-(-2)-4?

D =-16.

Since D <0, it follows that £(0,0) is

neither a maximum nor a minimum, but a
saddle point.

For (g,ﬁ)
33
8 16 8 16
D= ==l fl== -
(1954

8 16\[
{fw(??ﬂ
8 )
D—(—6-§j-(—2)—4
D=32-16
D =16.
8 16

4. Thus, D=16 andf, [5, 3 ) =-16. Since

D>0and f (%,%) <0, it follows that f

has a relative maximum at (%,%) . The

maximum is found as follows:

(55)-CI5)-6)-5)

512 512 256
9 27 9
256
==

2
The relative maximum value of fis g

Chapter 6: Functions of Several Variables

f(x,y) =x +y3 —3xy

Find f..

flay)=x"+y' =3xy,  jhenatles
f.=3x"=3y.

Find f,.

The variable is

flxy)=x "‘23 —=3XY,  underlined.
f= 3y* —3x.
Find ]%u and fn
f,=3x" =3y, f =3x"-3y,
f.. =6x. Sy =-3.
Find f, .
/= 322 —3x,
Sy =6.
Solve the system of equations
fe=0andf =0:

3x? — 3y=0, (1)

3y* =3x=0. (2)

We multiply each equation by %

X2 - y=0, (1)

y' —x=0. (2)

Solving Eq. (1) for y, we get y = x°.
Substituting x* for y in Eq. (2) and solving, we
get

(xz)z—x=0
xt=x=0

x(x3—1)=0

x=0 or x—-1=0

x=0 or x =1

x=0 or x=1

To find y when x =0, we substitute O for x in
either Eq. (1) or Eq.(2) . We use Eq.(2):

Y =(0)=0
y'=0
y=0.

Thus, (0,0)is one critical point.
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To find the other critical point we substitute
1for x in either Eq. (1) or Eq.(2) . We use

Eq.(2):
y' =1=0
y =1
y==I.
However, we notice that (1,—1) is not a solution
to Eq.(1) 1 =(-1)=2=0.
Thus, (1,1) is the other critical point.

We must check both (0,0) and (1,1) to see

whether they yield maximum or minimum
values.

For (0,0)
D=1, (0.0)-£,(0.0)=[ £, (0.0)

Since D <0, it follows that f (0,0) is neither a

maximum nor a minimum, but a saddle point.
For (1,1)

D= fxx (1’1) ’ f» (1’1) _I:f‘-" (1’1)]2

£, (L1)=6-1=6
D=6-(6)-(-3)" |r.(11)=6-(1)=6
f(L)=-3
D=36-9
D =27.

Thus, D =27 andf, (1,1) =6. Since D >0 and
S (1, 1) >0, it follows that fhas a relative
minimum at (1,1) . The minimum is found as
follows:
fxy)=x"+y"=3xy
F(L) ="+ =3(1)(1)

=1+1-3

=-1.
The relative minimum value of fis —1 at(L,1).
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f(x,y) =x +y3 —6xy
L. Find f.,f,,f.-f,» andf :
f. =3x> -6y 1, =3y" —6x
[ =633 f,, =6y
f, =-6.
2. Solve the system of equations
fe=0andf =0:
3x* =6y =0, (1)
3y* —6x=0. (2)
2

Solving Eq. (1)fory, we get y = % )

Substitute into Eq. (2) and solve for x:

o 2
3(1) —6x=0
2

3

Zx4—6x=0
3x'=24x=0
3x(x*-8)=0
3x=0 or x-8=0
x=0 or x' =8
x=0 or x=2

To find y when x =0, we substitute O for x
in either Eq. (1) or Eq. (2) . We use Eq. (1) :
3(0)' —6y=0
y=0.
Thus, (0,0) is one critical point. To find the
other critical point we substitute 2 for x in
either Eq. (1) or Eq. (2) . We use Eq. (1) :
3.2°-6y=0
12-6y=0
—6y=-12
y=2.
Thus, (2,2) is the other critical point.
3. We must check both (0,0) and (2,2) to see

whether they yield maximum or minimum
values.

For (0,0)

D=f.(0,0)-f,(0,0) —[fxy (0’0)]2
D =(6-0)-(6-0)—(-6)’
D =-36.
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Since D <0, it follows that f(0,0) is

neither a maximum nor a minimum, but a
saddle point.

For (2,2)

D=£.(22)£,22)-[£,@2)]
D=(6-2)-(6-2)-(-6)’

D =144-36

D =108.

4. Since D>0and f, (2,2)=12>0,it
follows that f has a relative minimum
at (2,2) . The minimum is found as follows:
F(2.2)=2+2°=6(2)(2)

=8+8-24

=-8.
The relative minimum value of fis —8
at(2,2).

f()c,y)zxz+y2 —2x+4y-2

Find f,.

flny)=x"+y" —2x+4y-2,
fo=2x-2

Find f,.

f(x,y)zx2 +Xz—2x+4z—2,
f,=2y+4.

Find f andf .
fi=2x-2, f =2x-2,

f.=2 [y =0.
Find f .
f,=2y+4,
S =2
Solve the system of equations
fe=0andf =0:

2x-2=0, 2y+4=0,
2x =2, 2y =—4,
x=1. y=-2.
The only critical point is (1, —2) .
We must check (1,—2)to see whether it yields a

maximum or minimum value.

Chapter 6: Functions of Several Variables

For (1,-2)
D=1, (1=2)-1, (1L-2)-[ £, (1-2)]
fo (1,-2)=2
p=2.(2)-(0) |f,(1-2)=2
f, (L=2)=0
D=4,

Thus, D =4 andf, (1,-2)=2. Since D >0 and
f.(1,=2)>0, it follows that f has a relative
minimum at (1, —2) . The minimum is found as
follows:
f(x,y) = x? -i—y2 —2x+4y-2
F(L-2) =2 +(=2)" =2(1) +4(-2) -2
=1+4-2-8-2
=-7.
The relative minimum value of fis —7
at(1,-2).

Fxy)=x" +2xy+2y" ~6y+2
1. Find f..f,.fy.f, andf,

fo=2x+2y, Jf,=2x+4y-6,
fu=2 [ =4
fy=2
2. Solve the system of equations
fe=0andf =0:
2x+2y=0 (1)
2x+4y-6=0 (2)

Solving Eq. (1) fory, we get y=—x.
Substituting —x for y in Eq. (2) and solving,
we get
2x+4(—x)—6 =0
-2x-6=0
—2x=6

x=-3.
To find y when x = -3, we substitute —3 for

x in either Eq. (1) or Eq. (2) . We use Eq. (1) :
2(-3)+2y=0
2y=6
y=3.
Thus, (—3,3)is a critical point, and
f (—3,3) is a candidate for a maximum or

minimum.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



Exercise Set 6.6

3. We must check to see if f(—3,3) isa
maximum or minimum value:
D=1.(33)1,(-33)-[£,(33)]
D=2-4-2°
D =4.

4. Since D>0and f, (-3,3)=2>0,it

follows that f'has a relative minimum
at (—3,3) . The minimum is found as follows:

F(=3.3)=(3) +2(=3)(3)+203) -
6(3)+2
=9-18+18-18+2

=-7.
The relative minimum value of fis —7

at(-3,3).

f(x,y)=x2 +y2 +2x—4y

Find f,.

f(xy)=x"+y" +2x—4y,
fo=2x+2.

Find f,.

f(x,y)=x2 +Xz+2x—4z,
f,=2y—-4

Find f, andf .
fi=2x+2, f =2x+2,

f.=2 [y =0.
Find f .
f,=2y-4,
fy =2
Solve the system of equations
fe=0andf =0:

2x+2=0, 2y-4=0,
2x=-2, 2y =4,
x=-1. y=2.
The only critical point is (—1,2) .
We must check (—1,2) to see whether it yields a

maximum or minimum value.
For (-1,2), we have:

649

fo(-12)=2
D=2-(2)-(0) |/, (-12)=2

f,(-12)=0
D=4.

Thus, D=4 andf, (-1,2) =2.Since D >0and
f.(=1,2) >0, it follows that f has a relative

minimum at (—1,2) . The minimum is found as
follows:
f(x,y) =x"+y +2x—4y
F(-1.2) = (=) +(2)" +2(-1)-4(2)
=1+4-2-8
=-5.
The relative minimum value of fis —5
at(-1,2).

10. f(x,y)=4y+6)c—x2 -y’

1. Find f..f,.fy.f, andf,

f.=6-2x, f,=4-2y,
fo=72 fo=2
fy =0.
2. Solve the system of equations
fe=0andf =0:
6-2x=0 4-2y=0
—2x=-6 —2y=—4
x=3 y=2

Thus, (3,2) is a critical point, and f(3,2) is
a candidate for a maximum or minimum.

3. We must check to see if £(3,2)isa
maximum or minimum value:

2

D = frx (3’2) ’ f:v)‘ (3’2) - I:fxy (3’2):|
D=(-2)-(-2)-0°
D =4.

4. Since D>0and f, (3,2)=-2<0,it

follows that f has a relative maximum
at (3,2) . The maximum is found as follows:

f(3.2)=4(2)+6(3)-(3) - (2
=8+18-9-4
=13
The relative maximum value of fis 13
at(3,2).
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11.

f(xy)=4x" -y

Find f,.
f(xy)=4x" -y,
/. =8x.
Find f,.
f(x,y) =4x* —XZ,
fy==2y
Find f andf .
fo=8x, [, =8x, 13.
fo =8 f,=0.
Find f, .
fy =722,
[y =2
Solve the system of equations
fe=0andf =0:
8x=0, -2y=0,
x=0. y=0.

The only critical point is (0,0) .
We must check (0,0) to see whether it yields a

maximum or minimum value.

For (0,0)

D= £,(0,0)-1,(0,0)-[ £,(0.0)]
f..(0,0)=8

D=8(-2)-(0) |f,(0,0)==2
£,(0,0)=0

D =-16.

Since D <0, it follows that f (0,0) is neither

a maximum nor a minimum, but a saddle point.

12. f(x,y) =x -y

1. Find f..f,.fy.f, andf,

f.=2x, 1, =-2y,
fo=2 fo="2
f,‘xy = 0
2. Solve the system of equations
I :Oandfy =0:
2x=0 —2y=0
x=0 y=0

Thus, (0,0) is a critical point, and f(0,0) is
a candidate for a maximum or minimum.

Chapter 6: Functions of Several Variables

3. We must check to see if f(0,0) isa
maximum or minimum value:
D=f£,(0.0)- £, (0.0)~[ £, (0.0)]
D=(2)-(-2)-0°
D=-4.

4. Since D <0, it follows that f(0,0) is

neither a maximum nor a minimum, but a
saddle point.

2,2
f(x,y) =ex +y“+1
Find f.
2.2
flry)=e,
2.2
f;. =2xe,x +y +1'
Find .
2,2
f(x,y) :ex +y +l’
2.2
f;, =2yex +y +l'
Find f_.
f = 2 xet B
x il
2,2 2,2
fu =2x(2xe" I ”)+2€x R
:4x2€x2+)‘2+1 +2ex2+y2+l.
Find f, .
f — 2xex2+22+1
X

_ ):2 +y2+1
fxy =2x (2ye )

xz +y2+1

=4xye
Find f .
x2+v2+1
fy =2ye -

2

f;.y — 2y (Zyex +),-2 +1 ) + zexz +y2+l

2 x2+)'2+1 + 2€x2+y2+1 .

=4y’e
Solve the system of equations
fe=0andf =0:
2xex2+y2+l -0, 2yex2+y2+l -0,
x=0. y=0.

The only critical point is (0,0) .
We must check (0,0) to see whether it yields a

maximum or minimum value.
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For (0,0)

D=1, (00) £, (0.0)-[£, (0.0)]
f..(0,0)=2e

D=2¢-(2¢)-(0)" | £, (0.0)=2¢
£, (0,0)=0

D =4¢".

Thus, D>0and f, (0,0)=2¢>0, it follows

that f has a relative minimum at (0,0) . The

minimum is found as follows:
2

Floy)=e™
f(O 0) _ 602+02+1

=e.

The relative minimum value of fis e at (0,0). 1S.

14. f( x,y) _ gt
L. Find f..f,.f..f,. andf, :

£, =(2x=2) e 2
fo=(2x-2)(2x-2) N

>

2
X7 =2x+y" —4y+2
2e rn

2_ 2 4.
(4x2_8x+6)ex 2x+y°—4y+2

2y )i

2 2

(2y_4)(2y_4)€x —2x+y“—4y+2 +

1

Yy

2 2
x°=2x+y" —4y+2
Qe Yy Yy

2 2

= (4y2 — 16y + 18) PRI

fo = (2x - 2) (2}’ - 4) €x2’2”>‘2*4.v+2

2. Solve the system of equations

fe=0andf =0:
(2x- 2)6"(2_2”)2_4”2 =0
2x-2=0
x=1.
(2y- 4)6"2’2””274”2 =0
2y-4=0
y=2.

Thus, (1,2) is a critical point, and £ (1,2)is

a candidate for a maximum or minimum.
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3. We must check to see if f(l,Z) isa
maximum or minimum value:
D=1, (12)-£,(12)-[£,(12)]
D=2¢"-2¢7 -0
D =4e".

4. Since D>0and f, (L,2)=2¢">0,it
follows that f has a relative minimum
at (1,2) . The minimum is found as follows:

F(1,2)= 2

= 673
The relative minimum value of fis e
at(1,2).

R(x,y) =17x+2ly

C(x,y)=4x> —4xy+2y* —11x+25y-3
Total profit, P(x, y) is given by

P(x,y)

=R(xy)=C(xy)

= (17x+21y) = (4x" —4xy +2y" —11x +25y - 3)
=—4x’ +4xy—2y" +28x—4y+3
Find P.

P(x,y) =—4x" +4xy—-2y" +28x -4y +3

P =-8x+4y+28

Find P,.
P(x,y) =—4x" +4xX—2X2 +28x—4y+3
P =4x-4y-4

Find P and P,.
P =-8x+4y+28 P =—-8x+4y+28

P =-8. P =4
Find P,.

P =4x-4y-4

P, =4

Solve the system of equations
P =0and P, =0:

—8x+4y+28=0, (1)
4x—4y—-4=0. (2)
Adding these equations, we get:
—4x+24=0.
Then,
—4x =-24
x=06.
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16.

To find y when x =6, we substitute 6 for x into
either Eq. (1) or Eq. (2) . We use Eq. (1) :
—8(6)+4y+28=0
4y-20=0
4y =20
y=35.
Thus, (6,5) is the only critical point, and
P (6,5) is a candidate for a maximum or

minimum value.
We must check to see whether P(6,5) is a

maximum or minimum value:
P, (6.5)-P,(6.5)-[ P,

P, (

(-4 |2

P, (

6, )]

s

(

6,5
6,5
6,5

4

5
)=-
)=-
:5)
=32-16
=16.
Thus, D =16 and P_ (6,5) = -8. Since
D>0and P, (6,5)<0, it follows that P has a

relative maximum at (6, 5). Thus, to maximize

profit, the company must produce and sell 6
thousand of the $17 sunglasses and 5 thousand
of the $21 sunglasses.

R(x, )= 8x+25y

)

y
x,y)=4x —6xy+3y’ +20x+19y—12
y

(
(
(x.y) = R(x.y)=C(xy)
=(

18x+25y) -
(4x* —6xy+3y” +20x +19y —12)

v

=—4x> +6xy—3y" —2x+6y+12
1. FindP,P,P, P, , and P :
P =-8x+6y-2, R =6x—-6y+6,
P =-§ P =-6;
P, =6.

2. Solve the system of equations
P =0and P, =0:

—8x+6y—-2=0, (1)
6x—6y+6=0. (2)
Adding these equations, we get

—2x+4=0.

Chapter 6: Functions of Several Variables

Then,
—2x=-4

To )fcindz); when x =2, we substitute 2 for x
into Eq. (1):
—8(2)+6y—2 =0
6y =18
y=3.
Thus, (2,3) is the only critical point, and
P (2,3) is a candidate for a maximum or

minimum value.
3. We must check to see whether P(2,3) isa

maximum or minimum value:
P, (2.3)-P, (2.3)-[P, (2.3)]
- <—8><—6> -6
=48-36
=12.
4. Since D>0and P, (2,3)=-8<0,it

follows that P has a relative maximum
at(2,3). Thus, to maximize profit, the

Using step 1 above

company must produce and sell 2 thousand
of the $18 shirt and 3 thousand of the $25
shirt.

P(a,p):2ap+80p—15p2—%a2p—80
Find P,.
P(a,p)=22p-i—80p—15p2 —%sz—SO,
P =2 —la
a p 5 p'
Find P,.
P(a,p)=2a]_)+80]_)—15;_72—%a2£—80,
L,
P, =2a+80—30p—ﬁa .

Find P, and P, .

1 1
P =2p—-—a P =2p——a
a p 5_p a 2 5 B
1 1
P =——p. P =2——a.
aa Sp ap 5
Find P .

L,
Pp =2a+80—301_7—ﬁa
P =-30.

pp
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Solve the system of equations
P, =0and P, =0:

2p—%ap=0, (1)

1
2a+80-30p——a’ =0. 2
a+ D IOa (2)

Solving Eq. (1) by factoring, we see that
a=10 or p=0.But p cannot equal O in the
original equation and yield a positive profit.
Substituting 10 for a in Eq. (2) and solving for

p, we get
1
2(10)+80—30p—ﬁ(10)2 =0
20+80-10=30p
90 =30p
3=p.
Thus, (10,3) is the only critical point to

consider, and P(10,3) is a candidate for a

maximum or minimum value.
We must check to see whether P(10,3) isa

maximum or minimum value:

D=P,(103)-P, (10.3)-[ B, (103)]

=18.
Since D >0and P, (10,3)= —% <0, it follows

that P has a relative maximum at (10,3). Thus,

to maximize profit, the company must spend 10
million dollars on advertising and charge $3 per
item. The maximum profit is found as follows:

P(10,3)=2(10)(3)+80(3)-15(3)" -
%(10)2 (3)-80
= 60+240-135-30-80

=55.
The maximum profit is $55 million.
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18. P(a,n)=-5a*-3n’ +48a—4n+2an+290

1. FindP,P,P_,P,, and P, :
P =-10a+48+2n, P =-6n-4+2a,
F, =-10; P, =-6;
P, =2.
2. Solve the system of equations
P =0andP, =0:
—10a+48+2n=0, (1)
—6n-4+2a=0. (2)
Multiply Eq. (2) by 5 and add it to Eq. (1):
—28n+28=0
—28n=-28
n=1
To find @ when n =1, we substitute 1 for n
into Eq. (2) :
—6(1)-4+2a=0
2a =10
a=>5.

Thus, (5,1) is the only critical point, and
P (5, 1) is a candidate for a maximum or

minimum value.
3. We must check to see whether P(S, 1) isa

maximum or minimum value:
D=P,(51)-P,(51)-[P,(51)]
=(-10)(-6)-2*
=60—-4
= 56.
4. Since D>0and P, (5,1)=-10<0, it

aa

Using step 1 above

follows that P has a relative maximum
at(5,1). Thus, to maximize profit, the

company must spend 5 million dollars in
advertising and sell 1 thousand items. The
maximum profit is:

P(51)=-5(5)" =3(1) +48(5)-4(1)+
2(5)(1)+290

=408.
The maximum profit is $408 million.
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19.

Sketch a drawing of the container.

X

Let x, y and z represent the dimensions of the
container as shown in the drawing.

320=x-yz [V =3201t]
320

320 _ .

.X"y

Now we can express the cost as a function of
two variables x and y. The area of the bottom is

Xy ft*, so the cost of the bottom is Sxy , two of

the sides have area xz, or x (@J = @ each.
Xy y
The area of each of the remaining two sides is
¥z, ory [@j = 320 . Then, the total area of
xy X
all four sides is
2(ﬁ +ﬁJ = @+@, and the cost of the
y X Yy X

S 640 640 2560 2560
four sidesis 4| —+—|,or ——+

y X y X
Now we can write the total cost function.
Total __  Costof Cost of
cost ™ bottom sides

2560 2560)
— .

X

C(x,y)=5xy+(

Now, we try to find a minimum for C (x, y)

1. Find CX,C},,CXX,C”_, and ny:

2 2

C =5y- 5? s Cy=5x— 5? ,
X
5120 5120
CXX = 3 ’ yy = 3 ’
X y
C, =5.

2. Solve the system of equations
C,=0andC =0:

2560

Sy———>=0, (1)
X

sp-2 ?0 =0. (2)
y

Chapter 6: Functions of Several Variables

Solving Eq. (1) for y:
2560

5 =0
y 2
2560
Sy=—5;
X
512

12
Substitute Sx—zfor y into Eq. (2) and solve

for x:
5po 2500 _
7)
x2
2560
A TSRV
x4
L 2560x" _
262,144
4
sx—>X 0
512
2560x—5x* =0 Multiplying by 512.

5x(512—x3)=0

5x=0 or 512-x*=0
x* =512
x=0 or x=8.

Since none of the dimensions can be 0, only
x = 8 has meaning in this application.

Substitute 8 for x into Eq. (1) to find y:

x=0 or

2560
(8)
2560

Sy— 2220
Y 64

5y-40=0

Sy =40

y=38.

Thus, (8,8) is the only critical point, and
C(8,8)is a candidate for a maximum or

minimum value.
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3. We must check to see whether C(8,8) isa

maximum or minimum value:
D=c,(88)-C, (88)-[C,(88)]
_(5120)( 5120 ,
= & & —5" Using step 1 above
_ 5120 ' 5120 3
512 512
=10-10-25
=100-25
=75.
4. Since D>0and C_(8,8)=10>0, it

follows that C has a relative minimum

at(8,8). Thus, to minimize cost, the

dimensions of the bottom of the container
should be 8 ft. by 8 ft. The height of the

container should be Zﬂ, or 5 ft.

20. a) ¢, =78-6p,—3p, (1)
q, =66-3p, —6p, (2)
R(pl,pz)
=P, + P24,

=D (78—6p1 —3p2)+
p,(66-3p,—6p,)
=78p, ~6p; =3p,p, +
66p, —3p,p, —6p;
=78p, —6p; —6p,p, +66p, —6p;.
b) We now find the values of p, and p, to

maximize total revenue.
Rp1 =78-12p, —6p,,

R _=-6p +66-12p,,

P2

=-12,
PPl

R,, =-12,

R, =-6.

p1r2
Solve the system of equations
R, =0andR, =0:
78—12p, —6p, =0
—6p, +66—-12p, =0
The solution to this system is
p,=5andp, =3.

We check to see if R (5,3) 1S a maximum or

a minimum value.

21.

d)

a)

655

D=R,, (53)R,, (53)-

par2 (

|:Rp1p2 (5’3):|2
= (-12)(-12)~(-6)

=144-36

=108.
Since D>0and R, , (53)=-12<0, it
follows that R has a relative maximum
at(5,3). Thus, in order to maximize
revenue, p, mustbe 5-10 =$50 and p, must
be 3-10 = $30.
We substitute 5 for p, and 3 for p, into the
demand equations to find ¢, and g,.
q, =78-6p, —3p,
q, =78-6(5)-3(3)

=78-30-9

=39
g, =66-3p, —6p,
4. =66-3(5)6(3)

=66-15-18

=33
39 hundred units of g, will be demanded and
33 hundred units of g, will be demanded.

To maximize revenue 3900 units of the $50
calculator and 3300 units of the $30
calculator must be produced and sold. The
maximum revenue is found as follows:

R =50-3900+30-3300

= 195,000+ 99,000

=294,000.
The maximum revenue is $294,000.

q,=64—4p, -2p, (1)
g, =56-2p,—4p, (2)
R(pl,pz)

=P, t P9,

=p (64-4p —-2p,)+
p,(56-2p, —4p,)

=64p, —4p] =2p,p, +
56p, —2p,p, —4p;

=64p, _41712 —4p,p, +56p, —4p§.
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b)

)

d)

We now find the values of p, and p, to
maximize total revenue.
R, =64-8p —4p,,

6}

R_=—4p +56-8p,.

P2

PIP1
P2r2
2 T

Solve the system of equations

R, =0andR, =0:
64—-8p,—4p, =0

—4p, +56-8p, =0

The solution to this system is

p,=6andp, =4.

We check to see if R (6,4) 1S a maximum or

a minimum value.

D=R, (6,4)R

P1p1

2% (6’4) -
|:Rp1p2 (6’4):|2
= (-8)(-8) - (~4)’

=64-16

=48.
Since D>0and R, , (6,4)=-8<0, it
follows that R has a relative maximum
at(6,4). Thus, in order to maximize
revenue, p, mustbe 6-10 =$60and p, must

be 4-10 = $40.
We substitute 6 for p, and 4 for p, into the

demand equations to find ¢, and g,.
g, =64—4p —2p,
q,=64-4(6)-2(4)
=64-24-8
=32
g, =56-2p, —4p,
q, =56-2(6)—4(4)
=56-12-16
=28
32 hundred units of g, will be demanded and

28 hundred units of g, will be demanded.

To maximize revenue 3200 units of the $60
calculator and 2800 units of the $40
calculator must be produced and sold. The
maximum revenue is found as follows:

Chapter 6: Functions of Several Variables

R =60-3200+40-2800
=192,000+112,000

=304,000.
The maximum revenue is $304,000.

22. T(x,y) =x>+2y" —8x+4y

1.

Find7,,T,.T,.T,, and T, :
T =2x-8, T, =4y+4,
TD: = 2’ Tyy = 4’
T, =0.

Solve the system of equations
T, =0andT, =0:

2x-8=0 4y+4=0
2x=8 4y=—4
x=4 y=-1
Thus, (4,—1) is the only critical point, and
T (4,—1) is a candidate for a maximum or

minimum value.
‘We must check to see whether T (4,—1) is a

maximum or minimum value:

D=1, (4-1) T, (4-1)-[7, (4-1)]
=(2)(4)-0?
=8.

Since D>0and T, (4,-1)=2>0, it

follows that T has a relative minimum

Using step 1 above.

at (4,—1). The minimum value is found as

follows:

T(4,-1)=4>+2(-1) —8-4+4(-1)
=16+2-32-4
=-18.

Thus, the minimum temperature is —18°F at
(4,—1). There is no maximum temperature.

23, f(xy)=e +e' —e™

1.

Find fx,fy,fu,fyy, andfxy :
fx — ex _ex+y

f,=e -

f;x =¢F _ex+y
fy=e =™
fy==e™
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2. Solve the system of equations

fe=0andf =0:
e —e =0 (1)
e —e™ =0 (2)

We can solve the first equation for y:

ef—e™ =0

ex — ex+y
X=x+y
y=0.

We can solve the second equation for x:

e —e =0

e =¢
y=x+y
x=0.

Thus, (0,0) s a critical point, and £(0,0) is
a candidate for a maximum or minimum.

3. We must check to see if £(0,0)isa
maximum or minimum value:

2

D= £,.(0,0)-£,(0,0)[ £, (0,0)]
D=0-0—(-1)
D=-1.

4. Since D <0, it follows that f(0,0)is

neither a maximum nor a minimum, but a
saddle point.

24, f(x,y) =xy+%+i
Xy

1. Find ft,fy,fﬂ,f”, andfxy :

2 4
= -, = x——’
fe=y=13 f, J:
4 8
fo =73 fo =7
X y
fo =1
2. Solve the system of equations
f,=0andf =0:
2
-—=0 1
2 )
=520 @)

2
Solving Eq. (1) fory, we get y=—-.
X

657

2
Substituting —- for y in Eq. (2) and solving,
X

we get

x— 24 =0

)

4
X_T_O

Xt
x—x'=0
x(l—x3)=0

x=0 or x=1.
Note that x =0 is not in the domain of
f(x,y). We consider only x=1.

Substitute 1 for x in either Eq. (1) and solve

for y:

2
_1_2=0
y—2=0
y=2.

Thus, (1,2) is a critical point, and £ (1,2)is
a candidate for a maximum or minimum.
3. We must check to see if f(1,2)isa

maximum or minimum value:

D=7.(.2) £,0:2)~[7,02)]
D= %-% -1
=4.-1-1
=3.
4. Since D>0and f, (1,2)=4>0, it follows
that f'has a relative minimum at (1,2) . The

minimum is found as follows:
2 4
L2)=12+—+—

=2+2+2

=6.
The relative minimum value of fis 6
at(1,2).

25. f(x,y) =2y +x* —x’y
1. Find ft,fy,fﬂ,f”, andfxy :

f.=2x-2xy 1, =4y—x’
f.=2-2y f)‘ =4,
fxy =-2x.
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2. Solve the system of equations

fe=0andf =0:
2x—-2xy =0, (1)
4y—x* =0. (2)
Solving Eq. (2) for y, we get
4y = X
2
=T

2
Substituting %for yin Eq. (1) and solving,

we get
2
2x—2x-—=0
3
2x-2-=0
4x-x*=0
x(4—x2)=0
x=0 or 4-x*=0
x=0 or =4
x=0 or x=32
02
Whenx=0,y=7=0.
22
When x=2, y=—=1.
4
(-2
Whenx:—2,y:T:1.

The critical points are
(0,0),(2,1), and (-2,1)
. We must check all the critical points to

determine whether they yield maximum or
minimum values.

For (0,0)
D= fxx (0’0) ’ f» (0’0) _I:f;‘-" (0’0)]2

f..(0,0)=2
D=(2)-(4)-0 £,(0,0)=4

£, (0,0)=0
D =8.

Since D >0and £, (0,0)=2>0, it follows

that f has a relative minimum at (0,0) . The
minimum is found as follows:

f(x,y) = 2y2 +x2 —xzy
£(0,0)=2-0>+0>-0>-0=0

Chapter 6: Functions of Several Variables

The relative minimum value of fis 0
at(0,0).

For (2,1)
D=, (21)£,0-[£,)]
f.(21)=0
D=(0)-(4)=(~4) |1, (21)=4
[, (2.1)=—4
D=-16.
For (-2,1)
D= f.(21)-f, (-21)-[£, (21)]
fo(-2.1)=0
D=(0)-(4)-(4) |/, (-21)=4
[, (-2.1)=4

D =-16.
Since D <0 for both (2,1) and (-2,1), it
follows that f has neither a maximum nor a

minimum, but a saddle point at both of
these points. Therefore, the only relative
extrema of f is a relative minimum of 0

occurring at (0,0).

26. S(bm)=(m+b-72)" +(2m+b-73)" +

(3m+b-175)°
. Find §,,S,.S,,.S, ., andS,
S, =2(m+b-72)+2(2m+b-73)+
2(3m+b-175)
=2m+2b—-144+4m+2b—-146 +
6m+2b-150
=12m+6b-440
S, =6
S, =12

S, =2(m+b-72)-1+2(2m+b-73)-2
+2(3m+b-175)-3
=2m+2b—144+8m+4b—292 +
18m +6b — 450
=28m +12b—886
S =28.
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