Exercise Set 6.4

2. Solve the system of equations
S,=0and S, =0:

12m+6b—440=0 (1)
28m+12b—886 =0 (2)
The solution to this system is
b= % and m = 3

Thus, (%,%) is a critical point, and

S (% %) is a candidate for a maximum or

minimum.
3. We must check to see if S(%,%) isa

maximum or minimum value:
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D=6-28-12
=168 144
=24.

4. Since D >0and Sbb(zil,;) 6>0,it

follows that S has a relative minimum

at [%,%) . The minimum value is found as

follows:
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The relative minimum value of S is é

(221 3)
at
32
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27. No, the cross-section of an anticlastic curve
is not always a parabola. An example of one
such curve is f(x,y)=x*—y*.

28. A function f(x,y)has a relative minimum
at (a,b)if f(x,y)2 f(a,b) for all points in a
rectangular region containing (a,b). A
function f (x, y) has an absolute minimum at
(a,b)if f(x.y)2 f(a,b)forall (x,y)in the
domain of f(x,y).

29.  f(x,y)has a relative minimum of —5at (0,0).

30. f(x,y) has a relative maximum of 1at (—1,—1) .
A saddle point occurs at (0,0).

31. f (x, y) has no relative extrema.

32.  f(x,y)has arelative maximum of —6
at(-0.5,4).

Exercise Set 6.4

1.  Find the regression line for the data set:

x 1 2 4 5

y 1 3 3 4
The data points are (1,1),(2,3),(4,3), and
(5.4).

The points on the regression line are
(Ly).(2,,).(4,y,), and(5,y,).
The y-deviations are

Y -1 Y -3, V3 -3, Vs -4

We want to minimize

S=(y1 —1)2 +(y2 —3)2 +(y3—3)2+
(y4—4)2
Where:
yy=m-1+b
y,=m-2+b
y,=m-4+b
y,=m-5+b

Substituting we get:
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S=(m+b-1) +(2m+b-3) +
(4m+b-3)" +(5m+b—4)

In order to minimize S, we need to find the first
partial derivatives.

g—i:2(m+b—l)+2(2m+b—3)+
2(4m+b-3)+2(5m+b—4)
=2m+2b-2+4m+2b—-6+
8m+2b—6+10m+2b—8
=24m+8b—22
a—S=2(m+b—1)-1+2(2m+b—3)-2+
om
2(4m+b-3)-4+2(5m+b—4)-5
=2m+2b—-2+8m+4b-12+
32m+8b—24+50m+10b—40

=92m+24b-78
We set these derivatives equal to 0 and solve the
resulting system.
24m+8b—-22=0

92m+24b-78=0
The solution to this system is b = 0.95, m = 0.6.

We use the D-test to verify that S (0.95,0.6) isa

relative minimum.

We first find the second-order partial
derivatives.

S, =8,8,, =24,S,, =92

D=S5,,(0.95,0.6)-S,, (0.95,0.6)—
[S,,(0.6,0.95)]

D=8-92-[24]

=160
Since D >0and S,,(0.95,0.6)=8>0, Shasa
relative minimum at (0.95,0.6) . The regression
lineis y =0.6x+0.95.

Find the regression line for the data set:
X 1 3 5
y 2 4 7

The data points are (1,2),(3,4), and(5,7) .
The points on the regression line are
(l,yl),(3,y2), and(S,yB).

The y-deviations are y, =2, y, —4, and y, - 7.
We want to minimize

§= (yl _2)2 +(v, _4)2 +(y3 _7)2

Chapter 6: Functions of Several Variables

Where:
yy=m-1+b
y,=m-3+b
v, =m-5+b

Substituting we get:
S=(m+b=2) +(3m+b-4) +
(5m+b-7)

In order to minimize S, we need to find the first
partial derivatives.

g—i:2(m+b—2)+2(3m+b—4)+
2(5m+b-1)
=2m+2b—4+6m+2b—-8+
10m+2b-14
=18m+6b—-26
a—S=2(m+b—2)-1+2(3m+b—4)-3+
om
2(5m+b-17)-5
=2m+2b—-4+18m+6b—24+
50m +10b—70

=70m+18b—-98
We set these derivatives equal to 0 and solve the

resulting system.
18m+6b-26=0

45m+18b—-98=0

7
The solution to this system isb = E, m=1.25
We use the D-test to verify that § (%,1.25) isa
relative minimum.
We first find the second-order partial
derivatives.
S, =6,8, =185 =70

mm

D=S,,(£.1.25)S,, (£.1.25)-

12 12°

(S, (Z.1.25)]
D=6-70-[18]
=96
Since D>0and S,, (£.1.25)=6>0, Shasa

1272

relative minimum at (%,1.25) . The regression

7
lineis y =1.25x+—.
12
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Find the regression line for the data set:

X 1 2 3 5
y 0 ] 3 4
The data points are (1,0),(2,1),(3,3),
and(5,4) .

The points on the regression line are
(Ly).(2,,).(3.3;), and(5,y,).
The y-deviations are

-0,y -1y -3 andy, —4.

We want to minimize

S=(yl —0)2 +(y2—1)2 +(y3—3)2+

(y4—4)2
Where:
yy=m-1+b
y,=m-2+b
y;=m-3+b
yy,=m-5+b

Substituting we get:
S=(m+b) +(2m+b-1)" +
(Bm+b-3) +(5m+b—4)

In order to minimize S, we need to find the first
partial derivatives.

g—i=2(m+b)+2(2m+b—1)+
2(3m+b-3)+2(5m+b—4)
=2m+2b+4m+2b-2+
6m+2b—6+10m+2b—8
=22m+8b—16

a—S=2(m+b)-1+2(2m+b—1)-2+
om

2(3m+b-3)-3+2(5m+b-4)-5
=2m+2b+8m+4b—-4+
18m +6b—18+50m +10b —40

=T78m+22b—-62
We set these derivatives equal to 0 and solve the
resulting system.
22m+8b—-16=0
78m+22b—-62=0
The solution to this system is b = —Q, m= 36
35 35

We use the D-test to verify that S(-2,%)isa

relative minimum.

661

We first find the second-order partial
derivatives.

S, =85, =22, =78

mm

D=5, (_E 3_6).Smm (_2 3_6)_

35735 35735

(S, (-2.2)]

D=8-78-[22]
=140
Since D>0and S, (-2,%)=8>0, Shasa
relative minimum at (—%,2—2) . The regression
o 3 29
lineis y=—x——.
35 35
Find the regression line for the data set:
X 1 2 4
y 3 5 8

The data points are (1,3),(2,5), and(4,8).
The points on the regression line are
(Ly,).(2,y,), and(4,y).

The y-deviations are y, =3, y, =5, and y, — 8.

We want to minimize
S= (yl _3)2 +(y2 _5)2 +(y3 _8)2

Where:
yy=m-1+b
y,=m-2+b
v, =m-4+b

Substituting we get:
S=(m+b-3) +(2m+b-5) +
(4m+b-8)

In order to minimize S, we need to find the first
partial derivatives.

g—i=2(m+b—3)+2(2m+b—5)+
2(4m+b-3)
=2m+2b-6+4m+2b-10+
8m+2b—-16
=14m+6b—32
a—S=2(m+b—3)-1+2(2m+b—5)-2+
om
2(4m+b-8)-4
=2m+2b—-6+8m+4b-20+
32m+8b—-64

=42m+14b-90
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We set the derivatives equal to O and solve the
resulting system.
14m+6b-32=0
42m+14b-90=0
. . . 23
The solution to this system isb =1.5, m = E

We use the D-test to verify that S (1.5,%) isa

relative minimum.
We first find the second-order partial
derivatives.

S, =6.S,, =14,5, =42

mm

D=S,, (152)s,, (15%)-

14 14

(5., (15.3)]
D=6-42-[14]
=56
Since D>0and S,,(1.52)=6>0, Shasa

23

relative minimum at (I.S,H) . The regression

lineis y :§x+1.5.

a) The data points are
(0,3.10),(1,3.35),(10,3.80),(11,4.25),
(16,4.75), and (17,5.15).

The points on the regression line are
(O,yl),(1,y2),(IO,yB),(ll,y4),

(16,y5).and (17, y; ).
The y-deviations are
v, —3.10, y, —3.35, y, —3.80,

v, —4.25,y, —4.75, and y, —5.15.
We want to minimize
S =(y =3.10) +(y, —3.35) +(y, —3.80)
+(y, —4.25)" +(y; —4.75)" +(y, = 5.15)"
Where:
yy=m-0+b

2

v, =m-1+b
v, =m-10+b
v, =m-11+b
ys=m-16+b
Ve =m-17+b
Substituting we get:
§=(b=3.10)" +(m+b-3.35)" +
(10m+b—-3.80)" +(11m+b—4.25)" +
(16m+b—4.75) +(17m+b-5.15)"

Chapter 6: Functions of Several Variables

In order to minimize S, we need to find the
first partial derivatives.

g—i=2(b—3.10)+2(m+b—3.35)+
2(10m+b-3.80)+2(11lm+b—4.25)+
2(16m+b-4.75)+2(17m+b—5.15)
=2b—6.2+2m+2b—6.7+20m+2b—7.6+
22m+2b—8.5+32m+2b—9.5+34m +
2b-10.3

=110m+12b-48.8
oS

=2(m+b-3.35)-1+2(10m+b-3.80)- 10 +
2(1m+b-4.25)-11+2(16m +b—-4.75)-16 +
2(17m+b-5.15)-17

=2m+2b—6.7+200m +20b—76 +242m +

22b—-93.5+512m+32b—152+578m +
34b-175.1

=1534m+110b—-503.3
We set these derivatives equal to 0 and solve
the resulting system.
110m+12b-48.8 =0

1534m+1106-503.3=0
The solution to this system is
b =3.090710209

m =0.1064679772
We use the D-test to verify that S(b,m) is a

relative minimum.
We first find the second-order partial
derivatives.

S, =12,8, =110,5, =1534

D=S,-S,.~[Sm]
D=12-1534—[110]°

=6308
Since D>0and S,, =12>0,Shasa
relative minimum at
(3.090710209,0.1064679772) . The

regression line is
y =0.1064679772x +3.090710209.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



Exercise Set 6.4

b) In2010, x =2010—1980 = 30
v =0.1064679772(30) +3.090710209

= 6.28
The minimum wage will be about $6.28 in
2010.
In 2015, x =2015-1980 =35

v = 0.1064679772(35) +3.090710209

=6.82
The minimum wage will be about $6.82 in
2015.

a) The data points are
(0,45.03),(1,49.35),(2,47.49),(3,50.02),
(4,52.95),(5,54.75) and (6,58.95).

The points on the regression line are
(O,yl),(l,yz),(Z,y3),(3,y4),

(4,55).(5.y;), and (6,y,).
The y-deviations are

¥, —45.03, y, —49.35, y, —47.49,

¥, —50.02, y; —52.95,y, — 54.75,

and y, —58.95.

We want to minimize

S =(y,-45.03) +(y, —49.35)" +
(v, —47.49) +(y, —50.02)" +
(35 —52.95) +(y, —54.75) +

(y, —58.95)".
Where:
yy=m-0+b
v, =m-1+b
v, =m-2+b
y,=m-3+b
ys=m-4+b
Yo =m-5+b
y,=m-6+b
Substituting we get:
S =(b-45.03)" +(m+b—49.35)" +
(2m+b—47.49)" +(3m+b-50.02)" +
(4m+b—-52.95)" +(5m+b—54.75)" +

(6m+b—58.95)".

In order to minimize S, we need to find the
first partial derivatives.

663

as
ob
=2(b-45.03)+2(m+b—49.35)+
2(2m+b—47.49)+2(3m+b—-50.02) +
2(4m+b—-52.95)+2(5m+b—54.75)+
2(6m+b—58.95)
=42m+14b-717.08
as
om
=0+2(m+b-49.35) 1+
2(2m+b-47.49)-2+2(3m+b—-50.02)-3+
2(4m+b—-52.95)-4+2(5Sm+b—54.75)-5+
2(6m+b—58.95)-6.

=182m+42b—-2267.28
We set these derivatives equal to 0 and solve
the resulting system.
42m+14b-717.08 =0

182m+42b—-2267.28 =0
The solution to this system is
b =45.00357143

m =2.072142857
We use the D-test to verify that S(b,m) is a

relative minimum.
We first find the second-order partial
derivatives.

S, =14,5, =42,5 =182

D=S§,-S,, _[Sbm ]2
D=14-182—-[42]

=784
Since D>0and S,, =14 >0, Shasa
relative minimum at
(45.00357143,2.072142857) .

The regression line is
y=2.072142857x +45.00357143.
b) In 2009, x =2009-1999 =10
y= 2.072142857(10)+45.00357143
= 65.73.
The average ticket price for an NFL game in

2009 will be about $65.73.
In 2015, x =2015-1999 =16

¥ =2.072142857(16) +45.00357143

= 78.16.
The average ticket price for an NFL game in
2015 will be about $78.16.
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7.

a) The data points are

(1950,71.1),(1960,73.1),(1970,74.7),
(1980,77.4),(1990,78.8),(2000,79.5),
and (2003,80.1).

The points on the regression line are
(1950,y,).(1960,y, ),(1970,y,),
(1980, y,),(1990, y;),(2000, y, ),

and (2003,y,).

The y-deviations are
v, =711, y,-73.1, y, =747,

v, =174,y —T78.8,y, —79.5,

and y, —80.1.

We want to minimize

S=(y=711) +(y, -73.1) +
(v, ~74.7) +(y,-77.4)" +
(y5 —78.8)" +(y, —79.5)" +

(, -80.1)°
Where:
v, =m-1950+b

v, =m-1960+b
v, =m-1970+b
v, =m-1980+b
ys =m-1990+b
ye =m-2000+b
vy, =m-2003+b
Substituting we get:

S =(1950m+b-71.1)" +(1960m +b—73.1)" +

(1970m +b—74.7)" +(1980m +b—77.4)" +
(1990m + b —78.8)" +(2000m +b~79.5) +

(2003m +b-80.1)°

In order to minimize S, we need to find the
first partial derivatives.

Chapter 6: Functions of Several Variables

S
b
=2(1950m+b—71.1)+2(1960m +b—73.1) +
2(1970m +b—74.7)+2(1980m + b —77.4) +
2(1990m + b —78.8) +2(2000m + b —79.5) +
2(2003m +b —80.1)
=3900m +2b—142.2 +3920m +2b -
146.2 +3940m +2b —149.4 + 3960m +
2b—154.8+3980m +2b—-157.6 +
4000m +2b — 159 + 4006m +2b —160.2
=27,706m +14b-1069.4
aS

— =2(1950m+b-71.1)-1950 +
om

2(1960m + b —73.1)-1960 +
2(1970m +b-74.7)-1970 +
2(1980m +b—77.4)-1980 +
2(1990m +b - 78.8)-1990 +
2(2000m + b —79.5)-2000 +
2(2003m +b - 80.1)- 2003
=7,605,000m +3900b — 277,290 +
7,683,200m +3920b — 286,552 +
7,761,800m +3940b — 294,318 +
7,840,800m +3960b — 306,504 +
7,920,200m +3980b — 313,624 +
8,000,000m +4000» —318,000 +
8,024,018m +4006b —320,880.6
= 54,835,018m +27,706b—-2,117,168.6

).
).
).
).

We set these derivatives equal to 0 and solve

the resulting system.
27,706m +14b-1069.4 =0

54,835,018m +27,706b—2,117,168.6 =0
The solution to this system is
b=-261.0738233

m=0.1705202312
We use the D-test to verify that S(b,m) is a

relative minimum.
We first find the second-order partial
derivatives.

S, =14,S, =27,706,S
2
D :Sbb .Smm _[Sbm]
D =14-54,835,018 - [27,706]°
= 67,816

= 54,835,018

mm
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Since D>0and S,, =14>0,Shasa
relative minimum at
(—261.0738233,0.1705202312) . The

regression line is
y=0.1705202312x —261.0738233.

b) In 2010,
y = 0.1705202312(2010) - 261.0738233

=81.7.
In 2010, the average life expectancy of
women will be about 81.7 years.
In 2015,

y =0.1705202312(2015) - 261.0738233

= 82.5.
In 2015, the average life expectancy of
women will be about 82.5 years.

a) The data points are
(1950,65.6),(1960,66.6),(1970,67.1),
(1980,70.0),(1990,71.8),(2000,74.1),
and (2003,74.8).

The points on the regression line are
(1950,y,).(1960,y, ),(1970,y,),
(1980, ,),(1990, y,),(2000, y, ),
and (2003,y,).

The y-deviations are
y, —65.6, y, —66.6, y, —67.1,

¥, =70.0,y; —71.8,y, —74.1,

and y, —74.8.

We want to minimize

S=(y, —65.6)" +(y, —66.6) +
(v, —67.1) +(y, —70.0)" +
(y5 = 71.8) +(y, ~74.1)" +

(y, —74.8)’
Where:
v, =m-1950+b

v, =m-1960 +b
v, =m-1970+b
v, =m-1980+b
ys =m-1990+b
ye =m-2000+b
v, =m-2003+b
Substituting we get:
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S =(1950m +b—65.6)" +(1960m + b —66.6)" +
(1970m +b—67.1)" +(1980m +b-70.0) +
1990m +b—71.8)" +(2000m +b —74.1) +

(
(2003m +b—74.8)°

In order to minimize S, we need to find the
first partial derivatives.

N

b
=2(1950m +b—65.6) +2(1960m + b — 66.6 ) +
2(1970m + b —67.1) +2(1980m + b —70.0) +
2(1990m +b—71.8) +2(2000m + b — 74.1) +
2(2003m +b —74.8)

=27706m+14b —980
os

m

=2(1950m + b —65.6)-1950 +

2(1960m + b —66.6)-1960 +
2(1970m +b-67.1)-1970 +
2(1980m +b—70.0)-1980 +
2(1990m +b-71.8)-1990 +
2(2000m + b —74.1)-2000 +
2(2003m +b—74.8)-2003

= 54,835,018m +27,706b —1,940,298.8
We set these derivatives equal to 0 and solve
the resulting system.
27,706m+14b—-980 =0

54,835,018m +27,706b —1,940,298.8 = 0
The solution to this system is
b =-289.030801

m=0.1814203138
We use the D-test to verify that S(b,m) is a

relative minimum.
We first find the second-order partial
derivatives.

S,, =14,8, =27,706,S

D=S,,-S,, ~[Sm]

D =14-54,835,018 - [27,706]°
=67,816

Since D>0and §,, =14>0, Shasa

relative minimum at

(—289.030801,0.1814203138) . The

regression line is
y=0.1814203138x —289.030801.

= 54,835,018

mm
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b) In 2010,
y =0.1814203138(2010) —289.030801.

=75.6.
In 2010, the average life expectancy of men
will be about 75.6 years.
In 2015,

y =0.1814203138(2015) — 289.030801.

=76.5.
In 2015, the average life expectancy of men
will be about 76.5 years.

9. a) The data points are
(70,75),(60,62), and (85,89).
The points on the regression line are
(70.5,).(60.,). and(85.y,).
The y-deviations are
v, =175, y,—62, and y, —89.
We want to minimize
S=(y,=75) +(y, -62)" +(y, —89)°
Where:
y,=m-70+b
v, =m-60+b
vy, =m-85+b
Substituting we get:
S =(70m+b-75)" +(60m+b—62) +

(85m +b—89)’

In order to minimize S, we need to find the
first partial derivatives.

JS
b
=2(70m+b-75)+2(60m+b—-62)+
2(85m+b—89)
=140m +2b—150+120m +2b —124 +
170m+2b—178
= 430m +6b — 452
as
om
=2(70m+b-175)-70+
2(60m+b—62)-60+
2(85m+b—89)-85
=9800m +140b — 10,500 + 7200m +120b —
7440 +14,450m +170b — 15,130

=31,450m +430b—33,070
We set these derivatives equal to 0 and solve
the resulting system.

10.

b)

a)

Chapter 6: Functions of Several Variables

430m+6b—-452=0

31,450m +430b—-33,070 =0
The solution to this system is
b =-1.236842105

m =1.068421053
We use the D-test to verify that S(b,m) is a

relative minimum.
We first find the second-order partial
derivatives.

S, =6,8, =430,S =31,450
2
D = Sbb : Smm - [Sbm]
D =6-31,450 - [430]’
=3800
Since D>0and S,, =6>0,Shasa

relative minimum at
(—1.236842105,1.068421053) .

The regression line is
y=1.068421053x —1.236842105

x =381
y= 1.068421053(81) —1.236842105

= 85.
A student who scores 81% on the midterm
will score about 85% on the final.

The data points are
(1912,78.0),(1956,84.5),(1973,90.5),
(1989,96.0),and (1993,96.5).

The points on the regression line are
(1912,y,),(1956,y,),(1973,y,),
(1989, y, ),and (1993, y;).

The y-deviations are
v, —78.0, y, —84.5, y, —90.5,

v, —96.0, and y, —96.5.

We want to minimize

S=(y —78.0) +(y, -84.5) +
(v, —90-5)2 +(y, —96.0)2 +

(ys—96.5)"

Where:
v, =m-1912+b

v, =m-1956 +b
v, =m-1973+b
v, =m-1989+b
ys=m-1993+b
Substituting we get:
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S =(1912m+b-78.0)" +(1956m + b —84.5)" +
(1973m+b-90.5)" +(1989m +b —96.0)" +

(1993m +b-96.5)"

In order to minimize S, we need to find the
first partial derivatives.

%*_ 2(1912m+b-178.0) +
ob
2(1956m +b—84.5) +
2(1973m+b-90.5) +
2(1989m +b-96.0) +
2(1993m +b-96.5)
=19,646m +10b—891

95 _ 2(1912m+b-78.0)-1912 +
om

2(1956m + b —84.5)-1956 +
2(1973m+b-90.5)-1973 +
2(1989m +b—-96.0)-1989 +
2(1993m+b-96.5)-1993

=38,605,158m +19,646b —1,752,486

We set these derivatives equal to 0 and solve
the resulting system.
19,646m+10b6-891=0

38,605,158m +19,646b —1,752,486 =0
The solution to this system is
b =-372.6256376

m =0.2350227209
We use the D-test to verify that S(b,m) is a

relative minimum.
We first find the second-order partial
derivatives.

S,, =10,5, =19,646,S

D= Sbb 'Smm - [Sbm ]2

D =10-38,605,158 —[19,646]’
=86,264

Since D>0and S,, =10>0,Shasa

relative minimum at

(—372.6256376,0.2350227209) .

The regression line is
y =0.2350227209x —372.6256376.

= 38,605,158

mm

11.

13.

667

b) In 2010,
y =0.2350227209(2010) — 372.6256376

=~ 99.8.

According to the model, the world record in
the high jump will be 99.8 inches in 2010.
In 2050,

» =0.2350227209(2050) - 372.6256376

=109.2.
According to the model, the world record in
the high jump will be 109.2 inches in 2050.

) It does not seem realistic that the record

could be more than 9 feet. The linear
function increases without limit, while
human abilities eventually reach a limit.

Answers will vary. The concept of linear

regression involves fitting a linear equation to a
set of data in such a way that the sum of the
squares of the deviations of the actual y-values
from those on the line is a minimum.

Answers will vary.

a) Converting the times to decimal notation
and using the STAT package on a calculator,
we get the regression equation
vy =-0.0059379586x +15.57191398 .

b) We predict that the world record in 2010
will be about 3.636617 minutes or 3:38.2.
We predict that the world record in 2015
will be about 3.60693 minutes or 3:36.4.

¢) According to the regression model, we
would predict the world record in 1999 to be
3.7019 minutes or 3:42.1. This is about a
second faster than the actual world record.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



668 Chapter 6: Functions of Several Variables

2.  Find the maximum value of
Exercise Set 6.5 f(xy)=2xy
subject to the constraint
4x+y=16.

1. Find the maximum value of We first express 4x+y=16as 4x+y—-16=0.

fl()).c,y) N xz . We form the new function F, given by:
subject to the constraint oy B
3x+y=10. F(x,y,4) =2xy = A(4x+y—-16).

We first express 3x+y = 10as 3x+y—10=0. We find the first partial derivatives:

We form the new function F', given by: Fo=2y-44,
F(x,y,ﬂ)zxy—ﬂ(3x+y—10). F,=2x-4,
We find the first partial derivatives: F,=- (4x +y-— 16)-
F(x, y,ﬂ) =xy— /1(3x +y-— 1()) We set each derivative equal to 0 and solve the

F —v_31 a resulting system:

YT 2y-41=0 (1)

F(x,y,ﬂ):xz—ﬂ(3x+z—10) e A=0 2)

F=x=d 4x+y-16=0 G ]
F(x,y,/i) = xy—4(3x+y—10)

Solving Eq. (2) for 4, we get:
F, =—(3x+y-10). PR
=2x.

We set each derivative equal to 0 and solve the

resulting system: Substituting into Eq. (1) for 4, we get:

y=34=0 (1) 2y—4(2x)=0,ory=4x.  (4)
x—A=0 (2) Substituting 4x for y in Eq. (3), we get:
sestos0 0[] bera)-r0-0
Solving Eq. (2) for 4, we get: 8x= 126
xX=
A=x Then, using Eq. (4) , we have:

Substituting into Eq. (1) for 4, we get:
y—3(x):0, ory=3x. (4)
Substituting 3x for y in Eq. (3), we get:

y= 4(2) =8.
The maximum value of f subject to the
constraint occurs at (2,8) and is

3x+3x-10=0 f(2,8)=2-2~8=32.
6x=10
X= 10 - S 3.  Find the maximum value of

6 3 f()c,y)=4—x2—y2
Then, using Eq. (4), we have: subject to the constraint
y=3[§)=5. x+2.y=10.

3 We first express x +2y =10as x+2y—-10=0.

The maximum value of f subject to the We form the new function F', given by:

F(x,y,A)=4-x>-y* = A(x+2y-10).

5
constraint occurs at | —,5 |and is . . .
( j We find the first partial derivatives:

5 5. 25
25|=25==2
f(3 ) 373
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F(x,y,ﬂ,)=4—£2 -y’ —ﬂ,(§+2y—10)

F.=-2x-4,
F()c,y,/7,)=4—x2 —22 —ﬂ,(x-i-ZX—lO)
F, =-2y-24,

F()c,y,/7,)=4—x2 -y’ —j,(x+2y—10)
F, =—(x+2y-10).

We set each derivative equal to 0 and solve the
resulting system:

—2x-1=0 (1)

—2y-24=0 (2)
x+2y-10=0 BB ]
Solving Eq. (1) for 4, we get:

A=-2x.

Substituting into Eq. (2) for A, we get:
—2y-2(-2x)=0, ory=2x. (4)
Substituting 2x for y in Eq. (3), we get:
x+2(2x)—10 =0

5x=10
x=2.
Then, using Eq. (4), we have:
y=2(2)=4.

The maximum value of f subject to the
constraint occurs at (2,4) and is

F(24)=4-(2) -(4)
=4-4-16
=-16.

2

Find the maximum value of
fxy)=3-x"-y’

subject to the constraint

x+6y=37.

We first express x + 6y =37 asx+6y—-37=0.
We form the new function F , given by:
F(x,y,ﬂ) =3-x"—y)’ —ﬂ,(x+6y—37).

We find the first partial derivatives:
F.=-2x-4,

F,=-2y-64,

F, =—(x+6y-37).

We set each derivative equal to 0 and solve the
resulting system:

669

2x—-A=0 (1)
2y-64=0 2)
x+6y-37=0 (3)[1:6_)2;170):0 or J

Solving Eq. (1) for 4, we get:
A=-2x
Substituting into Eq. (2) for 4, we get:
—2y—6(-2x)=0, ory =6x. (4)
Substituting 6x for y in Eq. (3), we get:
x+6(6x)—37 =0

37x =37

x=1.

Then, using Eq. (4) , we have:
y=6(1)=6.
The maximum value of fsubject to the
constraint occurs at (1,6)and is

£(1,6)=3-(1) —(6)’
=3-1-36
= -34.

Find the minimum value of
f(x,y) = x? +y2

subject to the constraint
2x+y=10.

We first express2x+y=10as 2x+y—-10=0.
We form the new function F, given by:
F(x,y,4)=x+y" - A(2x+y-10).

We find the first partial derivatives:

F(x,y,/l) =x"+y —ﬂ(2§+y—10).

F.=2x-24,
F(xy,4)=x"+y —l(2x+X—10).
F,=2y-4,

F()c,y,/l):x2 +y° —l(2x+y—10)
F, =—(2x+y-10).

We set each derivative equal to 0 and solve the
resulting system:

2x-24=0 (1)
-2=0 ()
2eey-10=0 @)% ]
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Solving Eq. (2) for 4, we get:

A=2y.

Substituting into Eq. (1) for 4, we get:
2x-2(2y)=0, orx =2y. (4)
Substituting 2y for x in Eq. (3), we get:

2(2y)+y-10=0 7.

5y=10
y=2.
Then, using Eq. (4), we have:
x= 2(2) =4.
The minimum value of f subject to the
constraint occurs at (4, 2) and is
f(4,2)=4>+2°
=16+4
=20.

Find the minimum value of

flny)=x"+y"

subject to the constraint

x+4y=17.

We first express x+4y =17 asx+4y—-17=0.
We form the new function F , given by:
F(x,y,/l) =x"+y’ —ﬂ,(x+4y—17).

We find the first partial derivatives:
F.=2x-1,

F,=2y-44,

F, =—(x+4y-17).

We set each derivative equal to 0 and solve the
resulting system:

2e-iz0 ()
a1z ()
x+4y—-17=0 (3) [;&tg;:))m or]

Solving Eq. (1) for 4, we get:
A=2x
Substituting into Eq. (2) for 4, we get:
2y-4(2x)=0, ory =4x. (4)
Substituting 4x for y in Eq. (3), we get:
x+4(4x)-17=0

17x =17

x=1.

Then, using Eq. (4), we have:
y= 4(1) =4.

Chapter 6: Functions of Several Variables

The minimum value of f subject to the
constraint occurs at (1,4) and is
F(LA)=1 +4°

=1+16

=17.

Find the minimum value of

f(x,y) = 2y2 —6x7

subject to the constraint

2x+y=4.

We first express2x+y=4as 2x+y—-4=0.
We form the new function F, given by:
F(x,y,A)=2y" —6x* = A(2x+y—4).

We find the first partial derivatives:
F(x,y,/l) =2y’ —6x" — l(2§+y—4)

F =—12x-24,
F(x,y,ﬂ,)=222 —6x2—ﬂ(2x+2—4)
F =4y-4,

F()c,y,/7,)=2y2 —6x2—4(2x+y—4)
F, =—(2x+y—4).

We set each derivative equal to 0 and solve the
resulting system:

-12x-21=0 (1)

4y—-21=0 (2)
2x4y-4=0 B[]
Solving Eq. (2) for 4, we get:
A=4y.
Substituting into Eq. (1) for 4, we get:
-12x - 2(4y) =0
8y=-12x

3

y=-Jx (4)

Substituting —%x for y in Eq. (3), we get:

2x+(—§xj—4=0
2

1
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The minimum value of f subject to the
constraint occurs at (8,—12)and is

f(8,-12)=2(-12)" —6(8)’
=2(144) - 6(64)
= 288384
= -96.

Find the minimum value of

f(x,y) =2x" +y2 —Xxy

subject to the constraint

x+y=8.

We first expressx +y=8asx+y—-8=0.
We form the new function F, given by:
F(x,y,A)=2x"+y* —xy—A(x+y-8).
We find the first partial derivatives:

F o=4x—y-4,

F,=2y—x- A,

F,=—(x+y-8).

We set each derivative equal to 0 and solve the
resulting system:

4x—y-A1=0 (1)
2y—x—-A=0 (2)
x+y-8=0 (3) [ ]

Subtracting Eq. ( ) from Eq. (1) we get:

3
5x=3y=0, orx—Sy (4)
.3 .
Substituting 37 for x in Eq. (3), we get:

3
Zy+y-8=0
Sty

8

2y=8

5)’
y=35.

Then, using Eq. (4), we have:

The minimum value of f subject to the
constraint occurs at (3,5)and is

F(3.5)=2(3) +(5 -(3)(5)
=18+25-15
=28,

671

Find the minimum value of

f(x,y,z) =x"+y’ +7

subject to the constraint

y+2x—z=3.

We first express y+2x—z =3
asy+2x-z-3=0.

We form the new function F , given by:
F(x,y,2,4)

=x+y +22 - A(y+2x-z-3)

We find the first partial derivatives:

F =2x-24,
F, =2y-A4,
F =2z+4,

F,= —(y+2x—z—3).
We set each derivative equal to 0 and solve the
resulting system:

)

2x=21=0 (
2y-4=0  (2)
2z+4=0 (3)
y+2e-z=3=0 (4)[@1{*:;1 ]
we

Solving Eq. (1) for x, we get

x=A
Solving Eq. (2) for y, we get:

1
=—A
Y72
Solving Eq. (3) for z, we get:

!
—_12
T

Substituting A for x, %/1 for y, and —%ﬂ for z

into Eq. (4), we get:
y+2x—-z-3=0

lﬂ+2/1—(—lﬂ)—3=0
2 2

31=3
A=1.
Then,
x=A1=1
_1, 1
Y 2
1
z=——ﬂ=—l
2 2
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10.

The minimum value of f subject to the

. 1 1 .
constraint occurs at | 1,—, _E and is

11 . l 2 _l 2
{EERRONE)

:1+l+—
4 4

3
E .
Find the minimum value of

f(x,y,z) =x"+y’ +7

subject to the constraint

x+y+z=2.

We first express x +y+z=2
asx+y+z-2=0.

We form the new function F , given by:
F(x,y,2,4)

=x"+y +7" - A(x+y+z-2)

We find the first partial derivatives:

F =2x-1,
F,=2y-4,
F =2z-4,

F, =—(x+y+z—2).
We set each derivative equal to 0 and solve the
resulting system:

26-2=0 ()

2-2=0 (2

2z-4=0 (3)
x+y+z-2=0 (4)[1??;12;23:0, orJ

Solving Eq. (1) for x, we get:
1

x=—A
2

Solving into Eq. (2) fory, we get:
1

=—A
Y73
Solving into Eq. (3) for z, we get:

1
z==—A
2

11.

Chapter 6: Functions of Several Variables

Substituting %ﬂ for x, %ﬂ for y, and %ﬂ for z
into Eq. (3), we get:

LI JIL SR
2 2 2

30=2
2
a=2
3
Then,
1 2
X=—ANA=—
2 3
1 2
:—ﬂ:—
YT
1 2
I=—A=—
2 3

The minimum value of f subject to the

. 222 .
constraint occurs at | —,—,— |and is
333

ESRORORG

Find the maximum value of

f(xy)=xy (Product is x - y)
subject to the constraint
x+y=50. (Sum is 50.) .

We first express x+y=50as x+y—-50=0.
We form the new function F , given by:
F(x,y,/l) = xy—l(x-i—y—SO).

We find the first partial derivatives:
Fo=y-4,

F,=x- A,

F,= —(x+y—50).

We set each derivative equal to 0 and solve the
resulting system:

y=4=0 (1)
x—A=0 (2)

() []

x+y-50=0
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Exercise Set 6.5

Solving Eq. (2) for 4, we get:

A=x

Substituting into Eq. (1) for 4, we get:
y—(x)=0, ory=ux. (4)
Substituting x for y in Eq. (3), we get:
x+x-50=0

2x =150
x=25.
Then, using Eq. (4), we have:
y=25.

The maximum value of f subject to the
constraint occurs at (25,25) . Thus, the two

numbers whose sum is 50 that have the
maximum product are 25 and 25.

Find the maximum value of

f(xy)=xy (Product is x - y)
subject to the constraint
x+y=70. (Sum s 70.).

We first express x +y=70as x+y—-70=0.
We form the new function F , given by:
F(x,y,/l) = xy—ﬂ,(x+y—70).

We find the first partial derivatives:

Fo=y-4,

F,=x- A,

F, = —(x+y—70).

We set each derivative equal to 0 and solve the
resulting system:

a0 ()
x—A=0 (2)
x+y-70=0 (3) [;ix;%it:)):o or:|
Solving Eq. (2) for A, we get:

A=x

Substituting into Eq. (1) for A, we get:
y—(x)=0, ory=ux. (4)
Substituting x for y in Eq. (3), we get:
x+x-=70=0

2x=170
x=35.
Then, using Eq. (4) , we have:
y=35.

13.

14.

673

The maximum value of f subject to the
constraint occurs at (35,35). Thus, the two

numbers whose sum is 70 that have the
maximum product are 35 and 35.

Find the minimum value of

f(x,y) =Xy (Product is x - y)
subject to the constraint
x—y=6. (Difference is 6.) .

We first expressx —y=6asx—y—-6=0.
We form the new function F, given by:
F(x,y,/l) = xy—ﬂ,(x—y—6).

We find the first partial derivatives:

Fo=y-4
F, =x+ A4,
F,=—(x-y-6).

We set each derivative equal to 0 and solve the
resulting system:

y—4=0 (1)

x+A=0 (2)
x—y—-6=0 (3) [;Sﬁf;;ﬁg:“ or]
Solving Eq. (1)for A, we get:
A=y.

Substituting into Eq. (2) for 4, we get:
x+(y)=0, ory=—x. (4)
Substituting —x for y in Eq. (3) , we get:

xX— (—x) -6=0
2x=6
x=3.
Then, using Eq. (4), we have:
y=-3.

The minimum value of f subject to the
constraint occurs at (3,—3). Thus, the two

numbers whose difference is 6 that have the
minimum product are 3 and 3.

Find the minimum value of

f(xy)=xy (Product is x - y)
subject to the constraint
x—y=4. (Difference is 4.) .

We firstexpressx —y=4asx—y—-4=0.
We form the new function F, given by:
F(x,y,/l) =xy—ﬂ,(x—y—4).
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15.

We find the first partial derivatives:
Fo=y-4,

F,=x+ A,

F, = —(x—y—4).

We set each derivative equal to 0 and solve the

resulting system:

y=4=0 (1)
x+A=0 (2)
x—y—4=0 (3) [
Solving Eq. (1) for 4, we get:
A=y
Substituting into Eq. (1) for 4, we get:
x+(y):0, ory=—x. (4)
Substituting —x for y in Eq. (3) , we get:
x— (—x) -4=0
2x=4
x=2.
Then, using Eq. (4) , we have:
y=-2.

The minimum value of f subject to the
constraint occurs at (2, —2) . Thus, the two

numbers whose difference is 4 that have the
minimum product are 2 and -2 .

Find the minimum value of

fayz)=(x=1)+(y=1)" +(z=1)°
subject to the constraint
x+2y+3z=13.

We first express x +2y+3z =13

asx+2y+3z-13=0.

We form the new function F , given by:

F(x,y,2,4)

=(x=1) +(y=1)" +(z-1)" -
A(x+2y+3z-13)

We find the first partial derivatives:

F, =2(x-1)-4,

F,=2(y-1)-24,

F. =2(z-1)-34,

F, =—(x+2y+3z-13).

Chapter 6: Functions of Several Variables

We set each derivative equal to 0 and solve the

resulting system:

2(x=1)-4=0 (1)
2(y-1)-24=0 (2
2(z-1)-32=0 (3

x+2y+3z—13 =0 (4)|:f(x+2y+3z—13):0, or

x+2y+3z-13=0
Solving Eq. (1) for x, we get:
2x-2-1=0

2x=2+4

x= 1+lﬂ.
2

Solving Eq. (2) for y, we get:
2y-2-24=0
2y=2+24
y=1+A4
Solving Eq. (3) for z, we get:
2z-2-31=0
27=2+34

3
z=1+=A
2
o 1
Substituting 1+ Eﬂ for x, 1+ A for y, and

1+%l for z into Eq. (4), we get:
x+2y+3z-13=0

[1+%ﬂ)+2(1+ﬂ)+3(1+%ﬂj—13 =0

1+%/1+2+2ﬂ+3+%l=13

6+74=13
TA=17
A=1.
Then,
x=l+lﬂ=l+l=§
2 2 2
y=1l+A=1+1=2
3 5

z=1+§ﬂ=1+—=—.
2 2 2

The minimum value of f subject to the

) (3 5 )
constraint occurs at | —,2,— |.
2’72
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Exercise Set 6.5

Find the minimum value of
fxy2)=(x=1) +(y—4) +(z-2)’
subject to the constraint
3x+4y+2z7=52.

We first express 3x +4y+2z =52

as3x+4y+2z-52=0.

We form the new function F , given by:

F(x,y,2,4)

=(x=1)" +(y=4) +(z-2)" -
A(3x+4y+2z-52)

We find the first partial derivatives:

F. =2(x-1)-34,

F, = 2(y—-4)-44,

F, =2(z-2)-24,

F,= —(3x+4y+2z—52).

We set each derivative equal to 0 and solve the

resulting system:

2(x-1)-34=0 (1)
2(y-4)-42=0 (2)
2(z-2)-24=0 (3)

3x+4y+27-52=0 (4)|: ~(3x+4y+22-52)=0, or

3x+4y+27-52=0
Solving Eq. (1) for x, we get:
2x-2-31=0
2x=2+34

x=1+§/1.
2

Solving Eq. (2) fory, we get:
2y—-8-44=0
2y=8+441
y=4+24.
Solving Eq. (3) for z, we get:
27-4-24=0
2z=4+21
z2=2+4

]

675

3
Substituting 1+ Eﬂ for x, 4+2A for y, and

2+ A for zinto Eq. (3), we get:
3x+4y+2z-52=0

3[1+%/1)+4(4+2/1)+2(2+/1)—52=o

§/1=29
2

A=2.
Then,

x=l+§ﬂ.=1+§-2=4
2 2

y=44+21=4+2-2=8
72=2+A1=2+2=4.

The minimum value of f subject to the
constraint occurs at (4,8,4) .

The area of the page is given by A = xy and the
perimeter of the page is given by P =2x+2y.
See the figure.

X

We want to maximize the area
A=xy

Subject to the constraint
2x+2y=39.

We first express 2x+2y =39 as
2x+2y-39=0.

We form the new function F , given by:
F(x,y,/l) = xy—ﬂ,(2x+2y—39).

We find the first partial derivatives:
Fo=y-24,

F,=x-24,

F, =—(2x+2y-39).

We set each derivative equal to 0 and solve the
resulting system:

y=24=0 (1)
x-24=0 (2)
2x+2y-39=0 (3) [;ﬁxz:i;i%):o, or J
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18.

From Egs. (1) and (2) we see:
y=24A=x

Substituting x for y in Eq. (3) , we get:
2x+2x-39=0

4x =39
39
X :I 29%.
Then,
y=x=92.

The maximum area subject to the constraint
occurs at (9%,9%) . The maximum area is
A=92.92=95L in® The area of the standard
84X 11 paper is not the maximum area of paper
that has a perimeter of 39 in.

The area of the room is given by A = xy and the
perimeter of the room is given by P =2x+2y.
See the figure.

X

We want to maximize the area
A=xy

Subject to the constraint
2x+2y =80.

We first express 2x + 2y = 80 as
2x+2y-80=0.

We form the new function F , given by:
F(x,y,4)=xy—A(2x+2y—80).

We find the first partial derivatives:
F.=y=24,

F,=x- 24,

F, =—(2x+2y-80).

We set each derivative equal to 0 and solve the
resulting system:

y=24=0 (1)
x=21=0 (2

2x+2y—-80=0 (3) [;&2%8:(2:0, or ]

19.

Chapter 6: Functions of Several Variables

From Egs. (1) and (2) we see:
y=24A=x

Substituting x for y in Eq. (3) , we get:
2x+2x-80=0

4x =80
80
x=—=20.
4
Then,
y=x=20.

The maximum area subject to the constraint
occurs at (20,20) . The dimensions of the

largest room that can be built are 20 ft by 20 ft.
The maximum area the room is

A=20-20=400 ft* .

We want to minimize the function s given by
) (h, r) =2xrh+27r’

subject to the volume constraint

r’h =217, or 7r*h—27 = 0.

We form the new function S given by
S(h.r,A)=27rh+27r* — A(7r’h=27).

We find the first partial derivatives.

S, =2mr—Anr?,

S, =2xh+4nr—2Aznrh,

S, =—(mr’h-27).
We set these derivatives equal to 0 and solve the
resulting system.

27r—Anr’ =0 (1)
27th+4mr=2Anrh =0 (2)

7r*h =27 =0. (3){('"%27)_0, }

w2 h=27=0

We solve Eq. (1) for r:

m’(2—ﬂr)=0
azr=0 or 2-Ar=0
2
=0 or =—
r r pi

Note, r =0 can not be a solution to the original
. Lo 2
problem, so we continue by substituting 7 for r

in Eq. (2).
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27h + 47r(3) - 2271'(3}1 =0
A A

27rh+87”—47rh=0

8% =0
2

hed

2

Since h = % and r =% , it follows that 4 =2r.

substituting 2r for £ in Eq. (3) yields:
zr’ (2r) -27=0

27 =27
)
r=—
2r

r= 3,}£ =1.6
2

So when r=~1.6 ft and h=2(1.6) = 3.2 ft, the

surface area of the oil drum is a minimum. The
minimum area is about

272(1.6)(3.2) +27(1.6)" = 48.3 ft.

(Answers will vary due to rounding
differences.)

We want to minimize the function s given by
s (h, r) =27rh+ 27r*

subject to the volume constraint

r*h =99, or 7r*h—99 = 0.
We form the new function § given by
S(h.r,A) =27rh+27r* — A(7r°h—99).
We find the first partial derivatives.

S, =2mr—Anr?,

S, =2xh+4nr—2Aznrh,

S, =—(mr’h-99). 21.

We set these derivatives equal to 0 and solve the
resulting system.

27r—Anr* =0 (1)
27th+4xr =2Anrh=0 (2)

~(7r2h=99}=0, or
7 h—99 =0, (3){( - }

7rh=99=0

677

We solve Eq. (1) for r:

m’(2—ﬂr)=0
zr=0 or 2-Ar=0
2
=0 or =—
r r pi

Note, r =0 can not be a solution to the original
problem, so we continue by substituting % for r
in Eq. (2).

27h+ 47[(%) - 227[[%)%1 =0

27z'h+87ﬂ-—4ﬂ'h=0

87
—=27nh=0
A
h=l
A

Since h = % and r :% , it follows that h =2r.

substituting 2r for /s in Eq. (3) yields:
zr’ (2r) -99=0

27 =99
s 99
r=—
2r

r= 3,f% =25
2

So when r=25in.and h=2(2.5) =5 in., the

surface area of the juice can is a minimum. The
minimum area is about
27(2.5)(5.0)+27(2.5)" = 117.8 in’.

(Answers will vary due to rounding
differences.)

We want maximize
S(L,M)=ML-I
subject to the constraint
M+L=90.
We first express M + L =90 asM +L-90=0.
We form the new function F , given by:
F(L,M,A)=ML-L*-A(M+L-90).
We find the first partial derivatives:
F,=M-2L-1,
F,=L-1,
F, =—(M+L-90).
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22,

We set each derivative equal to 0 and solve the
resulting system:

M—2L—ﬂ.=0 (1)
L-a=0 ()
M+L-90=0 (3) [;4(14;_259:%):0, or ]

Solving Eq. (2) for 4, we get:
A=L.
Substituting into Eq. (1) for 4, we get:
M-2L-L=0
M-3L=0

M =3L. (4)
Substituting 3L for M in Eq. (3), we get:
3L+L-90=0

4L =90

L=225.

Then, using Eq. (4) , we have:
M =3(22.5)=675.
The maximum value of S subject to the
constraint occurs at (22.5,67.5)and is

§(22.5,67.5) = (67.5)(22.5)—(22.5)°
=1518.75-506.25
=1012.5

We want maximize

S(L,M)=ML-1I’

subject to the constraint

M+L="70.

We first express M + L =70 asM +L-70=0.
We form the new function F, given by:

F(x,y,A)=ML-L*—A(M+L-70).
We find the first partial derivatives:
F,=M-2L-2,
F,=L-1,
F,=—(M+L-10).
We set each derivative equal to 0 and solve the
resulting system:

M-2L-1=0 (1)
L-1=0 (2)
o) [T
Solving Eq. (2) for 4, we get:
A=L.

M+L-70=0

23.
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Substituting into Eq. (1) for 4, we get:
M-2L-L=0
M-3L=0

M =3L. (4)
Substituting 3L for M in Eq. (3), we get:
3L+L-70=0

4L =170

L=175.

Then, using Eq. (4) , we have:
M =3(17.5)=52.5.
The maximum value of S subject to the
constraint occurs at (17.5,52.5) and is

§(17.5,52.5) = (52.5)(17.5) - (17.5)°
=612.5

a) The area of the floor is xy.
The cost of the floor is 4xy.
The area of the walls is 2xz +2yz.
The cost of the walls is 3(2xz +2yz).
The area of the ceiling is xy.
The cost of the ceiling is 3xy.
Therefore, the total cost function is
C(x,y,z) = 4xy+3(2xz+2yz)+3xy

=T7xy+6xz+6yz.

b) We want to minimize the value of
C(x,y,z) =T7xy+6xz+6yz
subject to the constraint of
x-y-z=252,000 (Volume:l-w~h)
We first express x- y-z = 252,000
asx-y-z—252,000=0.
We form the new function F, given by:
F(x,y,2,4)
=Txy+6xz+6yz—A(x-y-z—252,000)
We find the first partial derivatives:
F =Ty+6z—Ayz,
F,=7x+6z-Axz,
F =6x+6y— Axy,
F, =—(x-y-z—252,000).
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We set each derivative equal to 0 and solve
the resulting system:

Ty+6z-Ayz=0 (1)
Tx+6z-Axz=0  (2)
6x+6y—Axy=0 (3)
xyz—252,000=0 (4)[ ~(xy2-252,000)=0, °']

x-y-2=252,000=0

Solving Eq. (2) for x and Eq. (1) for y, we get:

6z 6z
X = and y= .
Az=17 Az=17
Thus, x =y.

Substituting x for y we get the following

system:
Tx+6z—Axz=0

6x+6x—Axx=0
xxz—252,000=0
Which simplifies to:
Tx+6z—Axz=0 (5)
2x—Ax" =0 (6)
x*z—252,000 =0 (7)
Solving Eq. (6) for x, we get

12x-Ax* =0

x(12-2x)=0

x=0 or 12-Ax=0

x=0 or x=2
A

12
We only consider x = T since x cannot be 0 in
the original problem. We continue by
12
substituting = for x into Eq. (7) and solving for

zZ.
2
[%) z—252,000=0

144
s 252,000
- 252,000
144
z=17504%

12

12
Next we substitute 7 for x and 17504% for z in

Eq. (5) and solve for 4.

679
7(2)-1-61750/12 —1(2}75012 =0
P P
84 ) )
7+10,500/1 —21,0004" =0
10,50012=&
P
3 _ 84
10,500
s L
125
a=1
5
Thus,
=2 12 153
2017
5
12 12 5
- 2122260
L T
5

2
7=17504% = 1750(%) =70

The minimum total cost subject to the constraint
occurs when the dimensions are 60 ft by 60 ft
by 70 ft. The minimum cost is found as follows:

C(60,60,70) =7-60-60+6-60-70+6-60-70
=125,200 + 25,200 + 25,200
=75,600.

The minimum total cost of the building is
$75,600.

X
Area of top: x°.

Cost of top: 2x°.
Area of sides: 4xy.

Cost of sides: 2-4xy = 8xy.
Area of bottom: x”.

Cost of bottom: 3x°.
Total cost:

C(x,y) =2x" +8xy+3x’ =5x" +8xy
Volume: x’y=12.
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We want to minimize

C(x,y) =5x" +8xy

subject to the constraint

x’y—-12=0.

We form the new function F, given by:
F(x,y,4)=5x" +8xy - ﬂ(xzy - 12).
We find the first partial derivatives:

F. =10x+8y—2Axy,

F, =8x—Ax’,
F, = —(xzy—12).

We set each derivative equal to 0 and solve the
resulting system:

10x+8y—-24Axy=0 (1)
8x—Ax* =0 (2)
x’y—-12=0
We solve Eq. (2) for x:
8x—Ax*=0
x (8 - ﬂx) =0
x=0 or 8—Ax=0
x=0 or X = §
A
. 8 . .
We only consider x = z , since x cannot be 0 in
the original problem.

Substituting %forx in Eq. (3), we get:

2
(%) y=12=0

64
Fy = 12
12

:—12
Y64
3

=2 P
=16

8 3
Substituting — for x and — A*for y in
£72 T

Eq. (1) and solving for 4, we get:

Chapter 6: Functions of Several Variables

)

2
80 34 _,
A2
160-34" =0
40 =160
3
A=3 @
V3
A =3.764
Then,
. T
3.764
3(3.764)"
Y=~ 2.66.
16

The dimensions that will minimize the costs are
2.13 ft by 2.13 ft by 2.66 ft.

25. C(xy)=C(x)+C(y)

2 3
c(x,y)=10+%+200+%

2 3

=210+ +2
6 9

We need to minimize

2 3
C(x,y)=210+%+%

subject to the constraint
x+y=10,100.

We first
express x +y =10,100as x + y—10,100 = 0.

We form the new function F, given by:

F(x,y,/l)
xZ 3

=210+Z+y3—/1(x+y—10,100).
We find the first partial derivatives:
Fo=2-1

3

1,
F ==y -1,

y 3y

F, =—(x+y-10,100).
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We set each derivative equal to 0 and solve the
resulting system:

S-A=0 ()

lyz—/1=0 (2)
(

3
x+y=10,100=0  (3) [ o]
From Eq. (1) and Eq. (2) we see:
x=31=y".
Thus, x = yz.
Substituting y* for x in Eq. (3), we get:

¥ +y-10,100=0

(y+101)(y—100)=0
y+101=0 or y—100=0

y=-101 or y =100.

Since y cannot be —101 in the original problem,

we only consider y =100 . If y =100, then

x =100* =10,000. To minimize total costs,
10,000 units should be made on machine A and
100 units should be made on machine B.

Find the minimum value of

f(xy)=xy
subject to the constraint
X +y =9.

We first express x> +y* =9as x> +y* —9=0.
We form the new function F , given by:
F(x,y,4)= xy—/i(xz +y° —9).

We find the first partial derivatives:

F =y-2x4,

F,=x-2 yA,

F, = —(x2 +y° —9).

We set each derivative equal to 0 and solve the
resulting system:

y—2xA=0 (1)
x=2yA=0 (2)
B
Solving Eq. (1) for 4, we get:
=2
2x

Substituting into Eq. (2) for 4, we get:

681

y
=22 |y=0
(hjy
2
x-L=0
X

x* =y

Substituting x”for y* in Eq. (3), we get:

x2+(x2)—9=O
2x* =9
)
2
x== 2
2
Then

9
=+ |
4

Thus, there are four pairs that satisfy the
constraint:

FEle-oes
i
555
(B E )
()
E-EHE )

The minimum value of f subject to the
constraint occurs at

[t —

is ——.
2
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217.

Find the minimum value of

f(x,y) =2x" +y* +2xy+3x+2y

subject to the constraint

y'=x+1.

We first express y* = x+1lasy* —x—1=0.
We form the new function F , given by:
F(x, y,ﬂ)

=2x" +y’ +2xy+3x+2y—/l(y2 —x—l).
We find the first partial derivatives:

F =4x+2y+3+ 4,
F,=2y+2x+2-24y,

F, = —(y2 —x—l).

We set each derivative equal to 0 and solve the
resulting system:

4x+2y+3+4=0 (1)
2y+2x+2-22y=0 (2)

y'—x-1=0

Solving Eq. (1) for 4, we get:
4x+2y+3+4=0
A=—4x-2y-3. (4)
Solving Eq. (2) for 4, we get:
2y+2x+2-24y=0
24y =2y+2x+2
2y+2x+2

2y
2= y+x +1' (5)

y

Setting Eq.(4) equal to Eq. (5) and solving for

A=

x we have:

+x+1
—4x—2y-3=2"27"
y

—4xy—2y’ =3y=y+x+1
—2y* =3y—y—1=x+4xy

-2y’ —4y-1= x(1+4y)

2

—‘zyl - fyy 1. (6)
Solving Eq. (3)for x we have:
y —x-1=0

y —l=x (7)

Substituting Eq. (7) into Eq. (6) , we have:

Chapter 6: Functions of Several Variables

—2y* —4y-1 2

W_y

—2y* —4y—1=(y" =1)(1+4y)

=2y* —dy—-1=y" +4y’ —1-4y
0 =4y’ +3y’
0=y"(4y+3)

y =0 or 4y+3=0

-1

3
=0 or =——
y Y=73

Using equation (7) When y=0,
x=(0) -1

49 9 21 21 3
+

__1»

128°
The minimum value of f subject to the

. 7 3 .
constraint occurs at | ——,—— [and is
16 4

7 3 155
! (Ez)ﬁ |
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Find the maximum value of

f(x,y,z) =x+y+z

subject to the constraint

X +y =1,

We first express x* +y* +z° =1
asx’+y +z°-1=0.

We form the new function F , given by:
F(x,y,2,4)

= x+y+z—ﬂ,(x2 +y +7° —1)

We find the first partial derivatives:

F.=1-2Ax,
F, =1-2Ay,
F =1-21z,

F,= —(x2 +y* +7 —1).
We set each derivative equal to 0 and solve the
resulting system:

1)

1-2Ax=0 (
1-24y=0 (2)
1-22z=0 (3)
@ ]

From Eq. (1) , Eq. (2) , and Eq. (3) we see:
L
24
Substituting x for y and z in Eq. (4) , we have:
X’ +(x)2 +(x)2 -1=0

X+y +72-1=0

X=y=2.

3xt =1

Pl

3
x=% l:iL
3 3

Since x =y = z it follows that

1
When x=—

3
y ! and !
= — 1=—
V3 V3

1
When x =——
NG
y——L andz——L
V3 V3

29.

683

However, it is clear looking at the function that
the point that will yield a maximum value is:

[L x L]

333

The maximum value is found as follows:
1 1 1 1 1 1

A
B3ABNE) BB

Find the maximum value of

f(xy,2)=x"y"7"

subject to the constraint

Xy +E =2,

We first express x> +y* +z° =2

asx’+y’+7°-2=0.

We form the new function F, given by:

F(x,y,2,4)

=x’y'z —ﬂu()c2 +y +7 —2)

We find the first partial derivatives:

F =2xy’7" —2x
_Ah2.2

F, =2x"yz —2Ay,

F = 2x*y*z =24z,

F, = —(x2 +y* +7 —2).

We set each derivative equal to 0 and solve the

resulting system:

2xy°z" —2Ax=0
2x*yz" =24y =0
2x*y*z-24z=0

X4y 4+ -2=0

7( 2+y2 +2272):(), or

x2+v2+z2—2:0
Rewriting the system we get:

x(2y*2*-24)=0 (1)

y(2x’2? -22)=0 (2)

2(2°y’ =22)=0 (3)

—| x2+y2+z'2—2 =0, or

X2+ y2 +77-2=0 (4)|:x£+y2+222_0) }
Note that for
x=0,y=0, orz :O,f(x,y,z) =0. For all
values of x,y, and z # O,f(x,y,z) > (0. Thus the

maximum value of f cannot occur when any or
all of the variables is 0. Thus we will only
consider nonzero values of x, y, and z.
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Using the Principle of Zero Products, we get:
From Eq.(l) From Eq. (2) From Eq.(3)
V'ZP-2=0 x*77-1=0 xy'-1=0
yZZZ =1 =1 xzyz =1
Thus, y*z* = x*z> =x*y*and x* =y* = 7"
Substituting x”for y* and z* in Eq. (4) , we
have:
X +x+x-2=0

3xt =2
w=2
3

xzi\/z
3

Since x*> = y* = z”it follows that

8
Thus f (x, v,z) has a maximum value of o7 at

(ol fl)

3 3 3

Find the maximum value of
fxyz)=x+2y-2z

subject to the constraint

Xy + =4,

We first express x* +y* +z° =4
asx’+y +z°-4=0.

We form the new function F , given by:
F(x,y,2,4)

= x+2y—22—/1(x2 +y +7° —4)
We find the first partial derivatives:

Chapter 6: Functions of Several Variables

F =1-22x,
F,=2-24y,
F =-2-21z,

F,= —(x2 +y +7° —4).
We set each derivative equal to 0 and solve the
resulting system:

1-24x=0 (1)
2-24y=0 (2)
-2-22z=0 (3)
B —(x2+y2+zz —4):0~ or
x2 =+ y2 + Zz - 4 - O (4)|:x2 +y2+22 —4=0

From Eq. (1), Eq. (2), and Eq. (3) we see:

1 1 1
x=—-,y=—, and z=——. Then y=2xand
Y A M year

z = —2x. Substitute these values into
Eq.(4) and solve for x:

4+ (2x) +(2x) -4=0

X +AX +4x7 =4

9x* =4
E..
9
x== i:i%
9 3
When x=%
3
y:2-g:£andz:—2 —:—i.
3 3 3
When x=——

We evaluate the function at each of the
possibilities to find the maximum.

EREROEE
33 3) 3 3 3

=6 Maximum.
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__2. 88

3 3 3

=-6 Minimum.
Therefore, f (x, y,z) has a maximum value of 6

Find the maximum value of

f(x,y,z,t) =x+y+z+t

subject to the constraint

XAy +7 =1,

We first express x> +y> +7° +1* =1
asx’+y’ +77+1°—-1=0.

We form the new function F , given by:
F(x,y,z,t,4)

= )c+y+z+t—/7,(x2 +y +7 4 —1)
We find the first partial derivatives:

F =1-2A4x,
F, =1-21y,
F =1-21z,
F =1-2,

Fy=—(x+y +7+7 -1).
We set each derivative equal to 0 and solve the
resulting system:

1)

1-24x=0
1-24y=0 (2)
1-22z=0 (3)
1-24r=0 (4)
XY+ +-1=0 (5)
- x2+y2 +z'2+t2—1 =0, or
|:x£+y2+22+r21—0) i|
From Eq. (1), Eq. (2), Eq. (3), and Eq.(4),

we see:
1

2%
Substituting x for y, z, and ¢ in Eq. (5) , we

—_~ o~~~

have:

32,

685
x +()c)2 +(x)2 +(x) -1=0
4x* =1
ool
4
x=il
2
Since x =y =z =t it follows that
When x=l
2
y:l andz:l andt:l
2 2 2
1
When x =——
2

1 1 1
y=—-—andz=-—andt=-—.
2 2 2

However, it is clear looking at the function that
the point that will yield a maximum value is:

rriri
2°2°272 )

The maximum value is found as follows:

S l,l,l,l =l+l+l+l=2.
2°2°2°2

Find the minimum value of

f(x,y,z) =x"+y +7

subject to the constraint

x—=2y+5z=1.

We first express x —2y+5z =1
asx—2y+5z—-1=0.

We form the new function F , given by:
F(x,y,2,4)

=X +y +27 - A(x=2y+5z-1)

We find the first partial derivatives:

F =2x-1,
F,=2y+24,
F =2z-54,

F, = —(x—2y+51—1).
We set each derivative equal to 0 and solve the
resulting system:

1)

2x—A4=0 (
2y+24=0 (2)
2:-54=0 (3)

(4)

4 |:—(x—2y+iz—l):0, or j|

x=2y+5z-1=0

x=2y+5z-1=0
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33.

From Eq. (1) , Eq. (2) and Eq. (3) , we see that:
A

54
x=—,y=-4, and z=—. Then,
2 2

y=-2xand z="5x.
Substituting —2x for y, and Sx for z into Eq.
(4), we get:
x—2(-2x)+5(5x)-1=0
x+4x+25x=1
30x=1

1Y 1
¢ (30) 6

The minimum value of f subject to the

. 1 11 .
constraint occurs at | —,——,— |and is
30" 1576
oise)= (o) +() (&)
f T s =\ =< + - + -
307 1576 30 15 6
1 1 1
=—t——t—
900 225 36
_
30°

We want to maximize

p(x.y)

subject to the constraint.

B=cx+c,y.

We first express B =c,x+c,y as
cx+c,y—-B=0

Then we form the new function P, given by:
P(x,y,ﬂ) = p(x,y)—l(clx+c2y—B) .
We find the first partial derivatives.

P =p, —Ac

P, =p, —Ac,.

We set these derivatives equal to 0 and solve for

A.

34.

Chapter 6: Functions of Several Variables

p,—Ac, =0 p,—4c, =0
p, =Ac, p, = Ac,
P _ P_,
¢ G
Thus, A= Py :&.
Cl CZ

Find the maximum value of
p (x, y) = 800x%y%

subject to the constraint
x+y=1,000,000.

We first

express x +y = 1,000,000 as

x+y—1,000,000 = 0.

We form the new function F , given by:
F (x, Y, l)

= 800x7y" — A(x+y ~1,000,000.).
We find the first partial derivatives:

F =800%x%y% )
= 600x 4y — 4,
F, =800%x%y’% i

= ZOOx%y_% -A,
F, =—(x+y—1,000,000).

We set each derivative equal to 0 and solve the
resulting system:

600x 4y —a=0 (1)

200x7y %5 —4=0 (2

x+y—1,000,000 =0 (3)
[ ~(x+y~1,000,000)=0, or ]

x+y-1,000,000=0

From Egq. (1) we see:

1

A
2 =600 (lj
X

Substituting for A in Eq.(2),
% A
200 (fJ ~600 (1) =0

y X

% A
200 [fJ =600 [lj
y X
200x = 600y

x =3y.
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Substituting 3y for x in Eq. (3), we get:
3y+y—-1,000,000=0
4y =1,000,000
¥y =250,000.
Then x = 2(250,000) = 750,000.

In order to maximize production, the company
should allocate $750,000 for labor and
$250,000 for capital.

The method in Section 6.3 is used to find

relative maximum and minimum values of a
function of two variables whereas the method of
Lagrange multipliers is used to find the
maximum and minimum values of a function of
two or more variables subject to a constraint on
the variables. The difference is seen graphically
in the figures on pages 557,558, and 574 in the
text book.

The French mathematician and astronomer

Joseph Louis Lagrange (1736-1813) was born
and educated in Turin, Italy. He was appointed
professor of geometry at the Turin military
academy at the age of nineteen. In 1766 he was
appointed director of the Berlin Academy of
Sciences and twenty years later went to Paris at
the invitation of Louis XVI. During the French
Revolution he was in charge of the commission
for establishing a new system of weights and
measures, the metric system. Lagrange was one
of the greatest mathematicians of the eighteenth
century. He created the calculus of variations,
systematized the field of differential equations,
and worked on the theory of numbers. Among
his accomplishments in astronomy were
calculations of the libration of the moon and
motions of the planets.

37 —44. Left to the student.
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L Jj J: 2ydxdy

3l
“Jo (Jozydx)dy

We first evaluate the inside x-integral, treating y
as a constant:

1 1
jo 2ydx =2y [x]o
=2y [1 - O]
=2y.
Then we evaluate the outside y-integral:

Ty =2 ([2a=2)

=[]
=32 _(?
=9.

2. j(j j:3xdxdy

- jol (j:3xdx)dy

We first evaluate the inside x-integral:

"‘43xdx= ﬁ 4
0 2 )
=3[+ -]

3
=—|16|=24.
{16]
Then we evaluate the outside y-integral:
1 p4 1 N
) (jo Sxdx)dy = [ 24dy ( ['3xar = 24)

=[24y],
=24.1-24.0
=24.
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fl le X ydydx

- ng (jf e ydy)dx

We first evaluate the inside y-integral, treating x
as a constant:

2 _1 ’
J‘l xzydy=x2 _y2:|

Then we evaluate the outside x-integral:

(sl 50 ([o=22)

_[14 J; X ydydx

= [(] v

We first evaluate the inside y-integral:

-
b3 _ 31 Y
J:Zx ydy =x 2}
L < 1o
i 2
= 12_(_2)
2 2
=x 1—2}
12
)
2

Chapter 6: Functions of Several Variables
Then we evaluate the outside y-integral:

IA(JI x3ydy)dx
1 -2
(10r=-32)

= J14—%x3dx

ISJ_I 3x+ y)dxdy

_j (j (3x+y) dx)dy

We first evaluate the inside x-integral, treating y
as a constant:

f (3x + y)dx

r -1
=|—x"+ yx}

Then we evaluate the outside y-integral:

Jj (J__; (3x + y)dx)dy

=J§(y—%)dy

(LI (3x + y)dx =y- %)
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JHJ’3 x +5y dxdy

_j (j (x+5y) dx)dy

We first evaluate the inside x-integral, treating y
as a constant:

f (x + Sy)dx

= sz +5ny
_ B(s)z +5y(3)}—[%(1)2 +5y(1)}
= %+15y —%—Sy

=10y +4.
Then we evaluate the outside y-integral:

j:(f(ﬁsy)dx)dy

=J‘:(10y+4)dy (j:(x+5y)dx= 10y+4)
=[5y? +4y]:

_ [5(_1)2 +4(_1)]—[5(_4)2 +4(_4)}
=(5-4)-[5(16)-16]

=1-80+16
=—63.

Il Jlxydydx

_j (j xydy)dx

We first evaluate the inside y-integral, treating x
as a constant:

1 _1 !
j xydy = x —yz}

689

Then we evaluate the outside x-integral:

J‘,ll(,lb:x)’dy)dx
S5y Joe (vetese)

1, 1,7
— _xz__xﬂ
1

jl _[2 x+y dydx

= [ ([C (e av)ax

We first evaluate the inside y-integral, treating x
as a constant:

f (x + y)dy

2
yz}
1

=l:x(2)+5(2)2}—l:x(x)+%(x)2}
= [2x+2]—[x2 +%x2}

N | —

[

= —ix2 +2x+2.

Then we evaluate the outside x-integral:

J:ll (f (x + y)dy)dx

=jl (—§x2+2x+2jdx
-1 2

(J-Z(x+y)dy = —%xz +2x+2)

1 1
l:——x3 +x7 +2x}
2 -1

[-%(1)3 oS +2(1)}—
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Then we evaluate the outside x-integral:

J‘oz (Lje”}’ dy)dx

9. I(j J:z (x + y)dydx

= JOI (_[:2 (x + y)dy)dx

_ 2 2x ( Yoy o x)
We first evaluate the inside y-integral, treating x - .[ 0 (e )dx -[o ¢ dy=e -e
as a constant: B 2
2x X
x = e —e
[ (et y)y i l)

[ 1, = I ) ¢ } - [lez(o) — }
= +—

r 1 1
|2 l 2| | .3 l 4 =t et +—
=X +2x X +2x 2 2

1, 3,3 X
=——x —x +—x". Leet 1
> > TN ;dydx

Then we evaluate the outside x-integral:

[t abai (15 o

i1, 5 3, We first evaluate the inside y-integral, treating x
= J() X +ox jdx as a constant:
et 1 e
([ e sy =t v 23] I/ L=l
1 X
_ —ix5—1x4+lx3 =Ine’ —Inl
10 4 2 =X

Then we evaluate the outside x-integral:

I o o

2 px
x+y
10. [ [ e dydx 1
=[(r dyld ?
“Jo (Jo ¢ y) . .
We first evaluate the inside y-integral, treating x 12. IO J“l (xz +y° )dydx
as a constant: |
x _ (2 2
J‘O e dy =], (J:l(x +y )dy)dx
ey We first evaluate the inside y-integral, treating x
= [e ]O as a constant:
— ex+x _ex+0
— eZJ: _ex
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J‘jl (x2 +y° )dy

- LT
2 3
=\ x"y+—
L g 3 Y :|1

4
=—x +x" +-.
3 3

Then we evaluate the outside x-integral:

J(j(J (x +y )dy)dx

:|:lx4+—x +lx:| 14.
3 3

j: r x+y )dydx

—j (j (x+3?) dy)dx

We first evaluate the inside y-integral, treating x
as a constant:

Jo G437y

I, 3T
AR

15.

691

Then we evaluate the outside x-integral:

j: (_[0 (x +y )dy)dx

_j[x+xj

Ji[y2e dyas

- j:(jo 2¢" dy)dx

We first evaluate the inside y-integral, treating x
as a constant:

"2¢7 d
0 ¢ y

2 x

=2¢" [y);
= 26"2 [x - O]

2
=2xe" .
Then we evaluate the outside x-integral:

{12 )

= J: (erxz )dx (J::Zéz dy = 2)ce‘2 )

J: J‘OHZ (1 —y—x’ )dydx

= UOIZ (1-y-x )dy]dx

We first evaluate the inside y-integral, treating x
as a constant:
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2 1,

x+y)dy

= {y —%yz —xzy]xz { }
13127 |- 2030

[(0)—1(0)2—98(0)} —1-x +2(1 2x+2%)

Il
1
—_—
—
=
~—~—
|
—_
—_—
|
=
o
~
©
|
=
—_
—
=
~
| I
Il

? U S g
=1—x2—l(1—2x2+x4)—x2+x4 T 2 * 2x
2 1,1
=1—x2—l-i-)cz—l)c“—x2+x4 __Ex +5
. 2 | 2 Then we evaluate the outside x-integral:
1 1-x
:Ex4 —x? _|_E =J1)(J1) (x+y)dy)dx
Then we evaluate the outside x-integral: o
1 p1-x? = [__xz +—jdx
= 0 [J{) (l—y—xz)dy)dx 0 2

1
The volume of the solid is 3 units’.

1 1 1
=———4—
10 3 2
=i. 17. f(x,y)=x2 +lxy
15 3
4 0<x<1
The volume of the solid is 5 units”. 0<y<2
Find
1 pl-x 2 el
16. jo JO (x + y)dydx jo JO f(x,y)dxdy
1f pl-x 2 1
= JO (JO (x + y)dy)dx =], [J.O [x +— 3 xy)dx]dy
We first evaluate the inside y-integral, treating x We first evaluate the inside x-integral, treating y

as a constant: as a constant:
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11
376

Then we evaluate the outside y-integral:

jj(jol(xz +%xy)dx)dy

f(x,y) = x? +%xy
0<x<1
0<y<2

Find

jzj%f x,y dxdy

[ o)l

We first evaluate the inside x-integral, treating y
as a constant:

_[0% (xz + %xyjdx

a) ) a0

1
YRR

19.

693
Then we evaluate the outside y-integral:
2f o} 1
IR
J (i 24 )
_L+L{
“l247 a8
I 1 2 1 |
= —(2)+—(2) |-| =(1)+—=1
_24( )+48( ) } [24( )+48( ) }

(1 1 1 1
=l—+—|-|—=+—
112 12} {24 48}

21
12 16
_5
48’

1 1
f(x,y) =x’ —3x+§xy—§y+2
1<x<2
3<y<5
Find

j34jlzf(x,y)dxdy
= J: [le (xz -3x +%xy —%y + 2)dxjdy

We first evaluate the inside x-integral, treating y
as a constant:

2, 1
L (x —3x+§xy——y+2jdx
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20.

Then we evaluate the outside y-integral:

_j‘ U [x —3x+- xy—%y+2jdx]dy

1 1
f(x,y) =x’ —3x+§xy—§y+2
1<x<2
3<y<5
Find

jsjzf x,y dxdy

_j [j (x —3x+— xy—%y+2)dx)dy

We first evaluate the inside x-integral, treating y

as a constant:

2, 1 1
L (x —3x+§xy—§y+2jdx

21.

Chapter 6: Functions of Several Variables

Then we evaluate the outside y-integral:

_j [j (x —3x+— xy—%y+2)dx]dy
J( y——)dy

(1. 17T
e 6" |,
1 1

|5 - 10)] - 0 -1 @)

_[25 5] [4_2
12 6] |3 3

IIJBJ‘Z 2x+3y - z)dxdydz

_M (j 2x+3y-z dx)dydz

We first evaluate the inside x-integral, treating y

and z as constants:

fl(zx+3y—z)dx
= [xz +3yx— zx]:
=[@) +3v(2)-2(2)]-
(1) +3y(=1)=2(-1)]

=[4+6y—2z]-[1-3y+¢]
=3+9y-3z

Then we evaluate the middle y-integral, treating

Z as a constant:
3 2
L (J:l (2x +3y-— Z) dx)dy

= ["(3+9y-32)dy
3

=[3y+§y2 —SZy}

1

304267 -3:0) |-
S0 -3:(0)]

]

[3(1)
{9+8—
4

2
2-6

+
1
Z.
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Finally, we evaluate the outside z integral:

695

Finally, we evaluate the outside z integral:

J: U: (Jj(Zx +3y- Z)dx)dy)dz Jj Ui(ﬁ (8x—2y+ Z)dx)dy)dz

= [ (42-62)dz

=[42:-32°],

L0207 -0

—42-3
=39.

= [*(92-9)dz

o]
(2 -9 |- 207 -500)

=18-18
=0.

J(jj4jz 8x—2y+ z)dxdydz

‘LJ (j (8x—2y+z dx)dydz

n [ e

1-x x
We first evaluate the inside x-integral, treating y = J() _[() (J (xyz dz)dydx

and z as constants:

[ (8x-2y+2)ar

We first evaluate the inside z-integral, treating x
and y as constants:

2—-x
=[4x2 —2yx+zx]: J() (xyz)dz

r 2—x
:[4(2)2—2y(2)+z(2)]— = %xyzﬂ

L 0

(407 -2yt s Lor]
=[16-4y+2z]-[4+2y 2] L2 2
=12_6y+3Z — lxy(z_x)2:|_[0]
Then we evaluate the middle y-integral, treating |2
z as a constant: 1 5
= Ex(Z — x) y

JT(Jj (8x—2y+ Z)dx)dy
= [ (12-6y+32)dy

= [12y —-3y* +3zyr

Then we evaluate the middle y-integral, treating
X as a constant:

=[12(4)—3(4)2 +3z(4)}—
[12(1)-3(1)" +32(1) |

=[48-48+12z]-[12-3+3¢]

=9z-9.
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24,

=

y[(1-x)]

x(4—4x+x2)[1—2x+x2]

1l
= =
—_
[\®]

x—x’+= x}[l 2x+x]

Il
—

2" +x° —xP 42 —x* +
1
Lo lule
4 2 4
zlx5—§x4+2x3—3x2+x
2 4

Finally, we evaluate the outside x integral:
1 pl-x 2-x
=], ( i (xyz)dz)dydx

= l)cs—iyc“+£)c3—3)cz+)c dx
o\ 4 2 4
1
Lo BB pele
24 10 16 2,

10 72195 240 120
T 240 240 240 240 240
13
=

LI

= j6 " [j zdz]dxdy

We first evaluate the inside z-integral, treating x

and y as constants:

Chapter 6: Functions of Several Variables

Then we evaluate the middle x-integral, treating
y as a constant:

j[ e d]d

1
(b
- (2-25* Jt6-22)~(2-)]
=(2—%y2)[4—y]

1
=8-2y-2y’ +Ey3.

Finally, we evaluate the outside y integral:
6-2y

-f [ e zdzjdx]dy

_ 2 _ _ 2 l 3

= 0[8 2y -2y +2y)dy

2, 1,7
{Sy—yz -3 +§y4}
0
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25. The multiple integral of a function of two
variables f (x, y) represents the volume of a
solid based in some region of the xy-plane and
capped by the surface z = f(x,y).

26. f(x,y) represents a joint probability
density function, on a region R. By definition

”Rf(x,y) dxdy =1.

27. Left to the student.
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