Exercise Set 2.2

d) Find the points of inflection. f "(x) exists

e)

for all values of x, so the only possible
inflection points occur when f"(x)=0.

18-36x+12x* =0

3-6x+2x>=0 Dividing by 6
Using the quadratic formula we have:
3+43
X =
2

x=0.634 or x = 2.366

£(0.634) =2.250

£(2.366) = 2.250

The points, (0.634,2.250) and
(2.366,2.250) are possible inflection points

on the graph.
To determine concavity we use
0.634 and 2.366 to divide the real number

line into three intervals,
A :(—0,0.634), B: (0.634,2.366),

and C: (2.366,)

Then test a point in each interval.
A: Test 0,

£"(0)=18-36(0)+12(0)°
=18>0
B: Test 1,
F(1)=18-36(1)+12(1)°
=-6<0
C: Test 3,
£"(3)=18-36(3)+12(3)’
=18>0

We see that f'is concave up on the intervals
(—00,0.634) and (2.366,00) and concave

down on the interval (0.634,2.366) .
Therefore, the points (0.634,2.250) and

(2.366,2.250) are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

o f() 7

-2 100 ::fw:xl G-x?

-1 16 4

1 4 A

2 4 :[

4 16 L — !
-1 ol 1 2 3 4 x

34. f(x)=

a)

b)
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X (1—x)2=)c2—2x3+x4
f'(x)=2
f(x)=2-12x+12x°

x—6x* +4x°

f' (x) exists for all values of x, so the only
critical points of fare where f'(x)=0.
2x—6x+4x’ =0
2x(1-3x+2x7) =0
2x(1 —x)(l —2x) =0

2x=0 or 1-2x=0 or 1-x=0
x=0 or x= l or x=1
2
The critical values are 0, —, and 1.

£(0)=(0)* (1-(0))°

M)
)= (=) =0

The critical points (0,0), (%,%) ,and

Applying the Second Derivative Test, we
have:

£"(0)=2-12(0)+12(0) =2>0

So, the critical point (0,0) s a relative

N——

(1,0) are on the graph.

minimum.

el e

So, the critical point l L is a relative
2°16

maximum.

fr(=2-12(1)+12(1)" =2>0

So, the critical point (1,0) is a relative

minimum.
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d)

e)

1
We use the points 0, E’ and 1 to divide the

real number line into four intervals,

(=000, (0,%), (%1) and (1,e0) , we

know that f (x) is decreasing on the
intervals (—oo,O) and (%,1) , and f(x) is
increasing on the intervals
1
0,— | and (1,00).
(03 ) (1)
Find the points of inflection. f "(x) exists
for all values of x, so the only possible
inflection points occur when f"(x)=0.
2-12x+12x* =0
1-6x+6x" =0
Using the quadratic formula we have:
3543
X =
6
x=0.211o0rx = 0.789

£(0.211) = 0.028

£(0.789) = 0.028

The points, (0.211,0.028) and

(0.789, 0.028) are possible inflection points

on the graph.
To determine concavity we use
0.211 and 0.789 to divide the real number

line into three intervals,
A :(—e0,0.211), B: (0.211,0.789),

and C: (0.789,)
Then test a point in each interval.

A:Test0, f"(0)=2-12(0)+12(0)’

=2>0
B: Test l,f"[lj = 2—12(1)“2(1)2
27 \2 2 2
=-1<0
C:Testl, f"(1)=2-12(1)+12(1)
=2>0

We see that f'is concave up on the intervals
(—00,0.211) and (0.789,00) and concave

down on the interval (0.211,0.789)..
Therefore, the points (0.211,0.028) and
(0.789,0.028) are inflection points.

35.

Chapter 2: Applications of Differentiation

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) o5}
-2 36
-1 4 S
2 4
3 36 o5 | 05 1 15 2%
f0) =x%(1-x)?
—0.25]

(x)==(x+ o2
Y f(X)_ ( 1) 3(x+1)%
" __g x+ 7A:_ 2

fU(x) =gl Y

The domain of fis R.

b) f'(x) does not exist for x =—1. The
equation f '(x) = 0 has no solution,
therefore, x = —11is the only critical value.
F(=1)=(-1+1)" =0.

So, the critical point, (—1,0) , 1s on the

graph.
c) We apply the First Derivative Test. We use
—1 to divide the real number line into two

intervals A:(—oo,—l) and B: (—1,00) and

then we test a point in each interval.
A: Test —2,

2 2
"(=2)= —=——<0
AT,
B: Test O,
£0)=—2—p=2>

Thus, (—1,0) is a relative minimum. We also
know that f (x) is decreasing on the interval
(—oo, —1] and increasing on the interval
[~Le0).

d) Find the points of inflection. f "(x) does not

exist when x =—1. The equation
f"(x) = 0 has no solution, so x =—11is the

only possible inflection point. We know that

f(-1)=0.
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e)

To determine concavity, we divide the real
number line into two intervals, A : (—oo, —1)

and B: (—l,oo) and then we test a point in

each interval.

A: Test —2,

2 2
f"(2)=———=-—<0
AR

B: Test 0,
2 2
f"0)=——=-—<0
R

Thus, f (x) is concave down on the interval
(—oo,—l) and on the interval (—l,oo).
Therefore, the point (—l, 0) is not an

inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

) = (x+ ])2/32 e

k)

-9 4
-2 1
0 1
7 4

36. f(x)=(x-1)"

a)

b)

9]

() = 2 (e S =2
f(x)— ( ) 3(x—1)%

3

" 2 % 2
fr(x)= —g(x—l) = —W
The domain of fis R.
f '(x) does not exist for x = 1. The equation
f'(x) =0 has no solution, therefore, x =1is
the only critical point.
F(1)=(1-1)" =0.
So, the critical point, (1,0) is on the graph.

We apply the First Derivative Test. We use
1 to divide the real number line into two

intervals A:(—oo,l) and B: (l,oo) and then

we test a point in each interval.

2 2
A: Test 0, £'(0) = r=-=<0
3(0)-1)" 3
2

B: Test 2, f'(2) =

d)

e)

245

(1,0) is a relative minimum. f(x) is
decreasing on the interval (—eo,1) and
increasing on the interval (l,oo) .

Find the points of inflection. f"(x)does not
exist when x =1. The equation

£"(x) =0 has no solution, so x =1is the
only possible inflection point. We know that
f(1)=0.

To determine concavity, we divide the real
number line into two intervals,

A: (—oo,l) and B: (l,oo) and then we test a

point in each interval.

A: Test 0, £"(0) = —;%= —§<O
9((0)-1)
B: Test2,f"(2) = S S

o(@)-1)"
Thus, f (x) is concave down on the intervals
(—oo,1) and(1,0) . Therefore, the point
(1,0) is not an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) 21

7 4 3_)‘()6):0671)2/3
0 1 5|
21 1

9 4

3 33
R O A e

The domain of fis R.

b) f '(x) does not exist for x = 3. The equation

f'(x) =0 has no solution, therefore, x =3is

the only critical value.
£(3)=((3)-3)" —1=-1.

So, the critical point, (3,—1) is on the graph.
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)

d)

We apply the First Derivative Test. We use
3 to divide the real number line into two

intervals A :(—e,3) and B: (3,%) and then

we test a point in each interval.

A: Test2,f'(2) =
3

1
B: Test4,f‘(4)=—23=—>0
3((4)-3)" 3

f (x) is increasing on both intervals

(—0,3] and [3,c0) , therefore (3,—1) is not a
relative extremum.

Find the points of inflection. f "(x) does not
exist when x =3. The equation

f"(x) =0 has no solution, so at x = 3is the
only possible inflection point. We know that
f(3)=-1.

To determine concavity, we divide the real
number line into two intervals,

A :(—0,3) and B: (3,0) and then we test a

point in each interval.

2
A:Test 2,f"(2)=— 7=2>0
9((2)-3)"
2 2
B: Test4, f"(4)=—————=--<0
o((4)-3)" 0

Thus, f (x) is concave up on the interval
(—,3) and f(x)is concave down on the
interval (3,e0). Therefore, the point
(3,—1) is an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X X 0
5 f_(3) T jw-w-n10-1
2 -2 = Y75 6 8 10

4 0 f

11 1 —2r

/73_

i

Chapter 2: Applications of Differentiation

38, f(x)=(x-2)"+3

a)

b)

)

d)

() = Ly % =1
f'(x)=2(x-2) 3(x—2)%

" 2 % 2
fr(x)= —g(x—z) = _W
The domain of fis R.
f '(x) does not exist for x =2 . The equation
f"'(x) =0 has no solution, therefore,
x =2 is the only critical point.
£(2)=((2)-2)" +3=3.
So, the critical point, (2,3) is on the graph.

We apply the First Derivative Test. We use
3 to divide the real number line into two

intervals A:(—oo,Z) and B: (2,00) and then

we test a point in each interval.

A:Test 1, f'(1) =
3

. 1
B: Test 3, f'(3) 3((3)_2)% 30
f (x) is increasing on both intervals
(—o0,2) and(2,c0) , therefore (2,3) is not a
relative extremum.
Find the points of inflection. f"(x)does not
exist when x =2 . The equation f"(x) =0
has no solution, so x =2 is the only possible
inflection point. We know that f(2)=3.To
determine concavity, we divide the real
number line into two intervals, A : (—oo,2)
and B: (2, oo) and then we test a point in

each interval.

A:Test 1, f"(1)=-

2.

Thus, f (x) is concave up on the interval

B: Test 3,f"(3) =-

(—=,2) and f(x)is concave down on the

interval (2,c0). Therefore, the point (2,3) is

an inflection point.
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f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

b f(x) {_ﬁ f=x-2)+3
-6 1 £
1 2 8
3 4 2
10 5 o
e I R R S R U
gk

' __i X — _%=_ 4
" _i X — 7%: 4
f (x)—g( ) 9(x—4)%

The domain of fis R.

b) f '(x) does not exist for x =4 . The equation

f '(x) =0 has no solution, therefore,
x =4 is the only critical point.
F(4)==2(4)-4)" +5=5.

So, the critical point (4,5), is on the graph.

¢) We apply the First Derivative Test. We use
4 to divide the real number line into two

intervals A :(—cc,4) and B: (4,) and then

we test a point in each interval.

4 4
A:Test3,f'(3)=—————==>0
AT

4 4
B: Test 5, f'(5) =———————,=--<0
(-4 3

Thus, (4,5) is a relative maximum. We also
know that f (x) is increasing on the interval

(—oo, 4) and decreasing on the interval

(4,00).

d) Find the points of inflection. f"(x)does not

exist when x =4 . The equation
f"(x) =0 has no solution, so x =4 is the

only possible inflection point. We know that

f(4)=5.

247

e) To determine concavity, we divide the real
number line into two intervals, A : (—oo,4)
and B: (4,<><>) and then we test a point in

each interval.

;V — i > 0

9((3)-4)" °

B: Test 5,f7(5) = ————— =250
9((5)-4)" °

Thus, f (x) is concave up on both intervals

(—oo,4) and (4,0) Therefore, the point

A: Test 3,f"(3) =

(4, 5) is not an inflection point.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x y
f(x) L f=-26c-HP+5
—4 -3 4
3 3 o
5 3 Il 'y 1 1 1 1 1
12 3 240 2 4+ 6 8\ L2x
ok
_3_
AL

40. f(x)=-3(x-2)"+3

, 6 2
a) f(x)=—§(X—2)/=_W
" _é x— 7%: 2’
S (x)—9( 2) 3(x—2)%

The domain of fis R.

b) f '(x) does not exist for x =2 . The equation
f '(x) =0 has no solution, therefore,
x =2 is the only critical point.
£(2)=-3((2)-2) +3=3.

So, the critical point, (2,3) is on the graph.
¢) We apply the First Derivative Test. We use
2 to divide the real number line into two

intervals A :(—c,2) and B: (2,) and then

we test a point in each interval.

A:Test 1,f'(1) = —%: 2>0
1)-2)"
2
B: Test3, f'(3) = —————,=-2<0
(3)-2)
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2

Thus, (2,3)1i lati i . Weal . - %
us ( )1sa1Tef11vem.ax1mum .easo f(x)= X %+(4—x2)
know that f (x) is increasing on the interval (4 - xz)
(—o0,2) and decreasing on the —xr 44—
interval (2,00). N (4 _ 2 )/
d) Find the points of inflection. f "(x) does not 4_2y2
exist when x = 2 . The equation - ( R )%
f"(x) =0 has no solution, so x =2 is the B
only possible inflection point. We know that = (4 -2x ) (4 - Xz) :
f(2)23 fn(x)
e) To determine concavity, we divide the real 1 y
number line into two intervals, = (4 —2x? ) [__j(4 — X ) *(—2x)+
A: (—00,2) and B: (2,00) and then we test a p 2
point in each interval. (4 -x )7 " (—4x)
A:Test 1, f"(1) = 2 r=%>0 x(4—2x2) dx
3 _ 3 = 3 _ 15
-y ) (ae)
B:Test3»f"(3)=w=§>° 4x-2x —4x(4- )
- %
Thus, f (x) is concave up on both intervals (4 - 2)
(—e°,2) and (2,c0) Therefore, the point _Ax- 2x° - 16)/C+ 4x’
(2,3) is not an inflection point. (4 - xz) ’
f) We sketch the graph using the preceding _ 2x° —12x
information. Additional function values - 4_ 3 %
may also be calculated as necessary. ( - )

The domain of f(x)is [-2,2].

* f (x) :ﬂX) A b) First, we find the critical points.
-6 -9 FAY f'(x) does not exist when 4—x* =0
1 0 7/‘ 2 N\4567x Solve:
3 0 - 4-x*=0
10 -9 -
: x2 = 4

x=+/4
41. f(x)zx\/4—x2 =x(4—x2)% ¥=12

Since the domain of f(x)is [-2,2], relative

2) f'(x) - x-l(4 — 52 )’% (—2x) extrema can not occur at x =—-2 orx =2
2 because there is not an open interval
+( 4_ 2 )% (1) containing —2 or 2 on which the function is

defined. For this reason, we do not consider
—2 or 2 in our discussion of relative
extrema.

Next, we simplify the derivative.
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The other critical points occur where

f'(x)=0.
4-2x ~0
4-x°
4-2x*=0
2x% =
x’=2

xzi\/E

The critical values are —\/E and \/E .

f(_ﬁ):‘ﬁm=—x/5x/_=—2
f(ﬁ):ﬁm=«/§«/§=2

Therefore, (—\/5 , —2) and (\/5 ,2) are critical

points on the graph.
¢) We use the Second Derivative Test.

2 ()
T
_—4W2+12V2 82 _

N
The critical point (—\/5 , —2) is a relative

4>0

minimum.

4H2-12V2 -8\2
2% 22
The critical point (\/5 ,2) is a relative

=-4<0

maximum.
If we use the points —/2 and v/2 to divide
the interval [—2, 2] into three intervals

[—2,—\/5), (—\/5,\/5), and (\/5,2] , We
see that f (x) is decreasing on the intervals
[-2.—V2] and [V2,2] and f(x)is

increasing on the interval [—\/5 ,x/E ] .

249

d) Find the points of inflection. f "(x) does

not exist where 4 — x> =0 . We know that
this occurs at x =—2 and x =2 . However,
just as relative extrema cannot occur at
(—2,0) and (2,0) , they can not be inflection

points either. Inflection points could occur
where f"(x) =0.

2x3—12x_
(4-2)"
2x° —12x=0
2x(x2—6)=0
2x=0 or x’-6=0
x=0 or x’ =6

x=0 or x=1J6
Note that f (x) is not defined for x =+6.
Therefore, the only possible inflection point
is x=0.
£(0)=(0)y4-(0)" =0.
Therefore, (0,0) is a possible inflection

point on the graph.
To determine concavity, we use O to divide

the interval (—2,2) into two intervals,

A: (—2,0) and B: (0,2) and then we test a

point in each interval.

A: Test —1,
) 2(-1)" =12(-1) 10
f (—1) = )—2%) = 3—% >0
[+
B: Test 1,

2(1)3—12(1)=—_10<
[4_(1)2:|% 3%

Thus, f (x) is concave up on the interval

"

(—2,0) and f(x) is concave down on the
interval (0,2) . Therefore, the point (0,0) is

an inflection point.
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f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) l;k}'(x):x —
-1 _\/g 2r
1 3 oy

V3 B T Ry R R

The domain of f(x)is [-11].
b) f'(x)does not exist when x = %1.

However, the domain of f(x) is [—l, 1] .

Therefore, relative extrema can not occur at
x =—1 or x = 1 because there is not an open

interval containing —1 or 1 on which the

function is defined. The other critical points

occur where f'(x)=0.

2 —
2x° -1 ~0
1-x°
2x*-1=0
w=i
2
1
x=t—
V2
.. 1 1
The critical values are ——— and — .
2 2

d)

Chapter 2: Applications of Differentiation

Therefore, [—L,l] and [L,_l] are
V272 272

critical points on the graph.

We use the Second Derivative Test.

1
The critical point [—

)

is a relative

maximum.

1

f[—] —4>0
2

.. . 1 1). .

The critical point (—,——j is a relative
NI
minimum.
L and L to divide
V22
the interval [—1,1] into three intervals
i 1 1 1 1
_L_— 5 T T = = | and _,1 , wWe

L2 ] ( V22 ) [ﬁ }
see that f(x) is increasing on the intervals

1

:_1,_$} and {%1} and £(x)is

decreasing on the interval {—

If we use the points —

1 1
V2'\2 }
Find the points of inflection. f ”(x) does

not exist when x =—1 and x =1 . However,
inflection points cannot occur at those
values because the domain of the function is

[~1,1]. The remaining possible inflection

points occur when f"(x)=0.

—2x" +3x

(1-2)"

-2x*+3x=0
x(-2x*+3)=0
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x=0 or 2x’-3=0 f"(x)
x=0 or X’ =% (o +1) (-20) - (1-° )[2(x2 +1) (2x):|
= -~
x=0 or x=£ ((XZH))
2 = (¢ +1)[-2x(* +1) —4x(1-)]

Note that f(x) is not defined for x = 176 . - (xz N 1)4
Ther(e):fore, the only possible inflection point is =) ¥ 2y —dx+dy
x=0. = .
f(O)ZO. (x2+1)
Therefore, (0,0) is a possible inflection point on - 2x° — 6);
the graph. (xz + 1)

e) To determine concavity, we use 0 to divide the

) ) i The domain of fis R.
interval (—1,1) into two intervals, A: (-1,0) ) )

b) Since f '(x) exists for all real numbers, the
and B: (0,1) and then we test a point in each

only critical values are where f '(x) =0.

interval.
2

1 1) _-10 =X _5
A: Test ——, f"| —— |=—~<0 — - =

Zf[ 2) 3% (2 +1)°

. 1 " 1 _ 10 1_x2 =0 Multiplying

Bifesta, f [E)_37>0 by (x2+1]
Thus, f (x) is concave down on the interval X =1
(-1,0) and f(x)is concave down on the x=2/1=21

The two critical values are

interval (0,1) . Therefore, the point (0,0) is an ve—1andxel.

inflection point.

f)  We sketch the graph using the preceding f (_ 1) = _—21 = 1
information. Additional function values may (<) +1 2
also be calculated as necessary. 1 1
f(l) = P +1 = P
£ A t O
-1 0 05 The critical points (—1,—1) and (1,1) are
—1 N J0)=—x1-% 2 2
| 4\/3 350505 Nos | isx on the graph.
B T4 e c) We use the Second Derivative Test.
1 0 3
o 2E) =61 4 1
f( 1)_ I:( 1)2 1:|’% _8_2>
X -1) +
43. =
f(x) x*+1 !
2 - So the point | —1,—— |i lati
9 F(o)= (x +1)(1) 2x(2x) Quoten o the point [ , 2) is a relative
(xz + 1) minimum.
212y 200 -6(1) -4 1
=x + X f”(l)=w=?=_5<0
(x* +1) [(1) + 1]
1-x 1
IPEERYY So the point [1,—) is a relative maximum.
(x +1) 2
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d)

e)

We use —1 and 1 to divide the real number
line into three intervals (—eo,—1), (=1,1),
and (1,0). f(x)is decreasing on the
intervals (—oo,l] and [l,oo) , and f(x) is
increasing on the interval [—1,1] .

Find the points of inflection. f "(x) exists
for all real numbers, so the only possible
points of inflection occur when f ”(x) =0.

2x* —6x _

==0
(x2+1)‘
2x° —6x=0
2x(x2—3)=0
2x=0 or x’-3=0
x=0 or x*=3
x=0 or x=i\/§

There are three possible inflection points at

x=—x/§,0,and\/§.
N
_f)e¥3 W3
AR e
0 _o
1

f(0)=—F—===0

(JE)Z +1

=
&
I
W
I
b=

The points [—\E,—?], (0,0) , and

[\/g ,?] are three possible inflection

points on the graph.
To determine concavity we use

—\/5 ,0, and \/5 to divide the real number
line into four intervals,

A:(—oo,—\/g),B: (—x/g,O),C: (0,\/5),
and D: (\/5,00)

Then test a point in each interval.

A: Test —2, f"(<2) = —— <0

B: Test —1, /(1) =%> 0

44, f(x) =

Chapter 2: Applications of Differentiation

C:Test 1, f'(1) = —%< 0

D: Test 2, £"(2) =%>o

We see that fis concave down on the
intervals (—oo,—\/g ) and (0,\/5 ) and

concave up on the
intervals (—\/5,0) and (\/g,oo) . Therefore

the points [—\E,—?J, (0,0) , and

[\/g ,?] are inflection points.

f) We sketch the graph using the preceding

information. Additional function values
may also be calculated as necessary.

* f(x) Oé— _f(x):L
_3 _ 3 X2+l
10
-2 _2 Z\
’ 123%
2 2
< L
3 2 i
8x
X +1
8 —8x”
a) f'(x)=2—xz
(x +1)
" 16x° —48x
frx)=———5~
(x +1)

The domain of fis R.

b) f' (x) exists for all real numbers. Solve:

f(x)=0
_ 2
8 8x2 ~0
(x2+1)
8—-8x*=0
=1
x==1

The two critical values are
x=—-landx=1.
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Exercise Set 2.2
8(-1 8
= B
(1 +1 2
8(1 8
- s
(1" +1 2
The critical points (—l, —4) and (1,4) are on
the graph.

¢) We use the Second Derivative Test.
f'(-1)=4>0
So the point (—1, —4) is a relative minimum.
f(1)=-4<0
So the point (1,4) is a relative maximum.

f (x) is decreasing on the intervals
(—oo,l] and [l,oo) , and f(x) is increasing
on the interval [-11].

d) Find the points of inflection. f"(x)exists
for all real numbers, so the only possible
points of inflection occur when f "(x) =0.

3 —_—
16x 4§x ~0
(x2 + 1)
16x* —48x =0
16x(x* =3)=0
16x=0 or x*-3=0
x=0 or X’ =3
x=0 or x= i\/§
There are three possible inflection points
—\/g, 0, and \/g .
f(=3)=-23
£(0)=0
F(V3)=23
The points (—\/g, —2\/5) R (0,0) , and
(\/5 s 2\/5 ) are three possible inflection
points on the graph.
e) To determine concavity we use —x/§ ,0, and

\/g to divide the real number line into four

intervals, A:(—oo,—\/g), B: (—\/5,0)’
C: (O,\/g),and D: (\/g,oo)

Then test a point in each interval.

253

A: Test =2, f"(=2) = 2 <0

B: Test —1,f"(-1)=4>0
C:Test 1, f"(1)=—4<0

D: Test 2, £"(2) =%>0

We see that fis concave down on the

intervals (—oo,—\/g) and (0,\/5) and

concave up on the
intervals (—\/E,O) and (\/g ,oo) . Therefore

the points (—\/g, —2\/5), (0,0), and

(\/5 s 2\/5 ) are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

(x2 +1)(=6) — (~6x) (2(x* +1) (2x))
((x +1)2)
([ +1)(-6) - (-6x) (2) (24)]
(x +1)

_ —6x" —6+24x’
(x2+1)3
_ 18x* -6
(xz-i-l)3
The domain of fis R.
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b) Since f '(x) exists for all real numbers, the
only critical values are where f '(x) =0.
—6x
(x2 + 1)2

—6x=0 Muluplylr;g
by (x2 +1)

=0

x=0
The critical valueis x=0.

3
1(0)= (O)2 +1 =3

The critical point (0,3) is on the graph.

¢) We use the Second Derivative Test.

fu(O):M:j:—6<0

((0y +1) !

So the point (0,3) is a relative maximum.

We use 0 to divide the real number line into

two intervals (—oo,O) and (0,00) . f(x) is
increasing on the interval (—oo,O] , and
f (x) is decreasing on the interval [O,oo) .

d) Find the points of inflection. f"(x)exists

for all real numbers, so the only possible

points of inflection occur when f ”(x) =0.

2_
18x ? ~0
(x2+1)
18x*-6=0
18x° =6
w=1
3
xziL

There are two possible inflection points at
1

1
E and E
f(‘%}ﬁ

G

xX=-

Chapter 2: Applications of Differentiation

(O8]

9
4

—_—

3 pE—
1 4
7+ —
3 3
1 9 1 9
The points | ——=,— | and | —=,— |are
[ NG 4j (ﬁ 4)

possible inflection points on the graph.
To determine concavity we use
1 1
—— and —= to divide the real number
NEING]

line into three intervals,
1 1 1
A:| —o,——|,B: | ——=,— |, and
( 3 J ( 343 )

[}

Then test a point in each interval.

A: Test —1,f"(_1):M:§>0
((—1)2+1)
B:TestO,f"(O):M:_6<o
((0)2+1)
o 181 =6 3
C:Testl, f"(l)=———==>

((1)2 +1)3 2

We see that fis concave up on the intervals

(— —Lj and (L J and concave
1) \/g \/5 4

down on the interval[ j . Therefore

1 1
V373
1 9 1 9
the points | ———,— | and | —,— |are
P ( N 4] [ﬁ 4]

inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) "
-3 3
10
-1 %
L3
3 3
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Exercise Set 2.2

a)

b)

<)

d)

f'(x) )y

8- 24x

(1)

The domain of fis R.

f' (x) exists for all real numbers Solve:
f'(x)=0
8x

(x2 + 1)2

8x=0

x=0
The critical valueis x =0.
—4
f(0)=—>—=-4
(©) (0)2+1

The critical point (0, —4) is on the graph.

(%)

=0

We use the Second Derivative Test.
r"(0)=8>0
So the point (0, —4) is a relative minimum.

f(x) is decreasing on the interval (—e=,0] ,

and f(x) is increasing on the interval [0,o) .

f" (x) exists for all real numbers. Solve

f'(x)=0.
—-24x"
8—’63 =0
(xz + 1)
8—24x" =0
ool
3
X = iL
3
There are two possible inflection points
1 1

——and —.

NERNG)

1 1
The points | ——=,-3 | and | —,—3 |are
[ NG ) (\/5 )

possible inflection points on the graph.

255

. . 1
e) To determine concavity we use ——— and

V3

1 .. ..
— to divide the real number line into three

3
1 1 1
intervals, A:| —oo,—— |, B: | ——=,—= |,
( V3 j ( NERE) )
and C: (L )
Then test a point in each interval.
A:Test -1, f"(-1)=-2<0
B: Test 0, "(0)=8>0
C:Test 1, f"(1)=-2<0
We see that f'is concave down on the

1 1
intervals | —eo,—— | and | —=,e0 | and
( V3 ] (ﬁ ]

1 1
concave up on the interval [—T,—j .
3°3

1
Therefore the points | ——=,—3 | and
( 3 J

1
—=,—3 | are inflection points.
(\/5 j

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

G 1
~+ -4
-2 _%
-1 -2
1 -2

47. Answers may vary, one possible graph is:
1x)

e

-9 38-7-6-5-4-3-2-110122345¢6 7289
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48. Answers may vary, one possible graph is:
ftx)

X

9 87-6-5-43-2-1 0N 234567809

49. Answers may vary, one possible graph is:
/(x)

X

9 -8-7-6-5-4-3-2-114012345¢6 789

50. Answers may vary, one possible graph is:

f(x)
\

987654321 01 23 4§ 56289

51. Answers may vary, one possible graph is:
/x)
5

1

X

987 6-5-4-321

RN

52. Answers may vary, one possible graph is:
f(x)

— WA N 0O

01234W9

.9-8-7-6-5-4-3-2X&}\012 456789
£

-4

Chapter 2: Applications of Differentiation

53. Answers may vary, one possible graph is:
14 fx)
12
10
8

-9-8-7-6-5-4-&0/1345 6 7 8 9

54. Answers may vary, one possible graph is:

SR

o S\A O

1)

4
2
X

-9-8-7-6-5-4-3-2-1012 4 5 6 78 91011
)
-4
-6
-8
55.-100. Left to the Student.

101. R (x) =50x—-0.5x"
C(x) =4x+10
P(x)=R(x)-C(x)
= (50x-0.5x") - (4x+10)
=-0.5x" +46x—10
We will restrict the domains of all three
functions to x = 0 since a negative number of
units cannot be produced and sold.
First graph R(x) =50x—-0.5x"
R' (x) =50—-x
R"(x)=-1
Since R'(x)exists for all x>0, the only
critical points are where R '(x) =0.
50-x=0

50=x Critical Value
Find the function value at x =50 .

R(50) =50(50)—0.5(50)’

=2500-1250

=1250
This critical point (50,1250)is on the graph.
We use the Second Derivative Test:
R"(50)=-1<0
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Exercise Set 2.2

The point (50, 1250) is a relative maximum.

We use 50 to divide the interval [0,°) into two
intervals, [0,50) and (50,0), we know that R is
increasing on [0,50] and decreasing on [50,c°).
Next, find the inflection points. Since R "(x)

exists for all x>0, and R"(x) = —1, there are
no possible inflection points.

Furthermore, since R”(x) <0 forall x>0,R
is concave down over the interval (O,oo) .

Sketch the graph using the preceding
information. The x-intercepts of R are found by

solving R(x) =0.
50x—0.5x" =0
0.5x(100-x) =0
0.5x=0 or 100-x=0
x=0 or 100 = x
The x-intercepts are (0,0) and (100,0).

Next, we graph C(x) =4x+10. This is a linear
function with slope 4 and y-intercept (0,10) .

C (x) is increasing over the entire domain

x 2 0 and has no relative extrema or points of
inflection.

Finally, we graph P(x)=—0.5x" +46x—10
P’ (x) =—-x+46

P(x)=-1

Since P'(x) exists for all x>0, the only
critical points occur when P' (x) =0.
-x+46=0

46 =x Critical Value
Find the function value at x =46 .

P(46) = —0.5(46)" +46(46)-10
=-1058+2116-10
=1048
The critical point (46,1048) is on the graph.
We use the Second Derivative Test:
P"(46)=-1<0

The point (46,1048)is a relative maximum.

102.

257

We use 46 to divide the interval [O,oo) into two
intervals, [0,46) and (46,), we know that P is
increasing on [0,46]and decreasing on [46,0).
Next, find the inflection points. Since P" (x)

exists for all x>0, and P"(x) = —1, there are

no possible inflection points. Furthermore, since
P"(x) <0 forall x>0, P is concave down

over the interval (0,c).

Sketch the graph using the preceding
information.

Y
1300
1200
1100
1000

900
800
700
600
500
400
300 Cx)
200
100

R(x)

P(x)

T T 1 1 T 1 T 1T

Lo
10 20 30 40 50 60 70 80 90100 x

(x) =50x-0.5x"

(x) =10x+3

(x)=R(x)-C(x)
= (50x-0.5x*) - (10x+3)
=-0.5x>+40x-3

We will restrict the domains of all three

functions to x = 0 since a negative number of
units cannot be produced and sold.

First graph R (x) =50x—0.5x" as in Exercise
101.

R
C
P

Next, we graph C (x) =10x +3. This is a linear
function with slope 10 and y-intercept (0,3) .

C (x) is increasing over the entire domain

x 2 0 and has no relative extrema or points of
inflection.

Finally, we graph P(x)=-0.5x" +40x -3

P'(x) =—-x+40
P"(x)=-1
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103.

Since P '(x) exists for all x =0, the only
critical points occur when P'(x) =0.
-x+40=0

40=x Critical Value
P(40) =797
The critical point (40,797) is on the graph.
We use the Second Derivative Test:
P"(40)=-1<0
The point (40,797) s a relative maximum.
We know that P is increasing on [0,40] and
decreasing on [40,00) .
Next, find the inflection points. Since P "(x)

exists for all x>0, and P”(x) = —1, there are
no possible inflection points. Furthermore, since
P"(x)<0 forall x>0, P is concave down

over the interval (0,c).

Sketch the graph using the preceding
information.

y
1400 -
1200
1000 -
800 -
600 -
400,
200

R(x) Cx)

P(x)

L1 1
0 20 40 60 80 100120 x

13x’ —240x” —2460x + 585,000

plx)= 75,000
p(2)= 39> — 480x — 2460
75,000
v T8x—480
P'(x)= 75,000

Since p'(x)exists for all real numbers, the only
critical points are where p'(x)=0.
3927 —480x — 2460

75,000

39x* —480x—2460 =0
We use the quadratic formula.

Chapter 2: Applications of Differentiation

_ —bx+b* —4dac
2a
~ —(-480) £ \/(—480)2 —4(39)(-2460)
2(39)
_ 480+/614,160
x=-3.89 o7r8x =~16.20 Critical values

Since the domain of the functionis 0 < x <40,
we consider only x =16.20

X

p(16.20)

_ 13(16.20)" ~240(16.20)° —2460(16.20) - 585,000
- 75,000

=7.17

The critical point (16.20,7.17)is on the graph.

We use the Second Derivative Test:

78(16.20)— 480
p'(x)=———2——=001>0

75,000

The point (16.20,7.17) is a relative minimum.
If we use the point 16.20 to divide the domain
into two intervals, [0,16.20) and (16.20,40],
we know that p is decreasing on [0,16.20] and
increasing on [16.20,40] .

Next, we find the inflection points. p" (x) exists
for all real numbers, so the only possible
inflection points are where p"(x)=0

78x—480

75,000
78x—480=0
78x =480
x=6.15
p(6.15)
_13(6.15)" -240(6.15)" —2460(6.15) - 585,000
- 75,000
=7.52
The point (6.15,7.52) is a possible inflection
point.

To determine concavity, we use 6.15 to divide
the domain into two intervals

A:[0,6.15) and B: (6.15,40] and test a point

in each interval.
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Exercise Set 2.2
78(1)—480
A: Test 1, p"(l) = ~75.000 =-0.005<0
78(7)—480
B: Test 7,p"(7) = s ogy = 0:00088>0

Then p is concave down on (0,6.15) and
concave up on (6.15, 40) and the point

(6.15,7.52) is a point of inflection.

Sketch the graph for 0 < x < 40 using the
preceding information. Additional function
values may be calculated if necessary.

¥ ey
0 7.8 p(x)
8 7.42 =
12 7.25 1
20 | 7.25 10
24 | 157 8
32 | 915 T
40 | 12.46 1620 30 40 %
f(x)=0.025x* —0.71x +20.44
f'(x)=0.05x-0.71
f"(x)=0.05
f' (x) exists for all real numbers. Solve
f'(x)=0
0.05x—-0.71=0
0.05x=0.71
x=14.2
£(14.2)=0.025(14.2)" —0.71(14.2) +20.44
=15.399

f"(14.2) =0.05, so (14.2,15.399) is a relative
minimum. Then f (x) is decreasing on

[0,14.2] and increasing on [14.2,30] .

Next, find the points of inflection. Since
f" (x) = (.05 exists for all real numbers and is

always positive, f (x) is concave up on the

interval (O, 30) .

259

Sketch the graph of f (x) using the preceding

information. Additional values may be
calculated as necessary.

* o
0 20.44 20\/
5 17.52 sk S
10 15.84 ol
15 15.42
20 [ 16.24 T
25 18.32 2 61014 18 22 26 30
30 21.64
105. V(r)=k(20r =r*),  0<r<20
V'(r)=k(40r-3r")
V"(r)=k(40-6r)
V'(r) exists for all in [0,20], so the only
critical points occur where V'(r) =0.
k(40r=3r*)=0
40r-3r* =0
r(40-3r)=0
r=0 or 40-3r=0
r=0 or 40 =3r
r=0 or ﬂ =r
Using the Second Derivative Test:
V”(O)=k(40—6(0))=40k>0 [k>0]
V”(ﬂ) =k 40—6(ﬂj =—-40k <0
3 3
. 40 .
Since V" ? <0, we know that there is a
. . 40
relative maximum at x = ? . Thus, for an
. .. 40
object whose radius is ?mm or 13.33 mm,
the maximum velocity is needed to remove the
object.
106. T (x)=43.5-18.4x+8.57x* —0.996x" +0.0338x"

a) Based on the graph, we would expect the
highest temperature to occur in mid to late
July.

b) Based on the graph, we would expect the
lowest temperature to occur in mid to late
January.
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107.

108.

109.

©) T"(x) = 0.4056x* —5.976x +17.14
Since T"(x) exists for all real values, we

solve T" (x) = 0 By the quadratic formula,
the solutions are x = 3.9 and x = 10.8 .

T (3.9) = 50.8
T(10.8) = 49.2

The two points of inflection are
(3.9,50.8) and (10.8,49.2).

The left most inflection point (3.9,50.8)

implies that the increase in temperatures will
begin to slow down. The rate of increase in
temperature will start to slow down until
maximum temperature is reached a few
months down the road at which point
temperatures will begin to fall.. The right

most inflection point (10.8,49.2) signifies

the moment when the decrease of
temperature begins to slow down. Again, the
rate of decrease in temperature will start to
slow down, until the minimum temperature
is reached at which point the temperature
will begin to rise.

The rate of change is maximized at the

points of inflection. Looking at the graph, we
estimate the points of inflection to be 75 days
after January first, and 270 days after January
first. Therefore, the number of hours of daylight
are increasing most rapidly approximately 75
days after January 1* or approximately March
16" and the number of hours of daylight are
decreasing most rapidly approximately 270 days
aftf]ir January 1* or approximately September
27t .

Observe that 4 is increasing for all values

of x for which g is positive and /% is decreasing
for all values of x for which g is negative.
Furthermore, for all values of x for which g=0,
h has a horizontal tangent. Therefore, g=h’.

Observe that g is increasing for all values

of x for which £ is positive and g is decreasing
for all values of x for which # is negative.
Furthermore, for all values of x for which A=0,
g has a horizontal tangent. Therefore, h=g".

110.

111.

112.

Chapter 2: Applications of Differentiation

Answers will vary. The “Passion” graph

increases at an increasing rate (concave up) for
a while. It passes through an inflection point
during the increasing part of the graph, where
the level is still increasing, but the rate at which
it increases begins to slow. The graph is
increasing at a decreasing rate (concave down)
The graph continues to increase until it reaches
a relative maximum, at which point the passion
level begins to fall. The rate at which the level
is falling slows passing through one more point
of inflection, until the graph becomes
horizontal.

The “Intimacy” graph is increasing. It appears
to be concave up at first, then passing through
an inflection point, it becomes concave down.
The Intimacy levels continue to increase over
time, so there are no relative extrema.

The “Commitment” graph is increasing and
concave up at the beginning. Then, it passes
thought an inflection point. The graph continues
to increase, but is now concave down. The
commitment graph continues to increase over
time, so there are no relative extrema.

f(x)=ax2+bx+c, az0
f'(x) =2ax+b
f”(x)=2a

Since f (x) exists for all real numbers, the only

critical points occur when f '(x) =0. We solve:
2ax+b=0

2ax =-b
-b
x=—
2a
.. . -b
So the critical value will occur at x =— .
a

Applying the second derivative test, we see that
f'(x)=2a>0, fora>0

f'(x)=2a<0,

Therefore, a relative maximum occurs at

fora<0

-b . ..
X = 2— when a < 0 and a relative minimum
a

-b
occurs at x =— when a>0.
2a
f (x) =3x" —2x
Graphing the function on the calculator we
have:

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



113.

114.

115.

Exercise Set 2.2

f(x) = 3x%% — 2x

=

—|>

-4 IL . \ J 10

4
Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(1,1) and a relative minimum at (0,0) .
f (x) =dx—6x"
Graphing the function on the calculator we

have:

f(x) = 4x— 6x23

-8
Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(0,0) and a relative minimum at (1, —2) .
f(x) =2 (x-2)
Graphing the function on the calculator we

have:
f(x) = x2(x — 2)°

Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(0,0) and a relative minimum at [%,—1.106) .

f(x)=2* (1)
Graphing the function on the calculator we
have:

f(x)=x2(1-x)3

0.2

-0.5 1.5

—02
Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(0.4, 0.035) and a relative minimum at (0,0) .

116.

117.

118.

261

fx)=x—x
Graphing the function on the calculator we

have:
f(x) = x —x

3
0 "":s/ J 4

-1
Using the minimum/maximum feature on the
calculator, we estimate a relative minimum

at(0.25,-0.25).
£(x) = (x=1) = ()"

Graphing the function on the calculator we

have:

f(x) = (x=1)23 — (x+1)23
2

ST, [ SR S—a——n—y )

-2
Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(—1,1.587) and a relative minimum
at(1,-1.587).

a) The cubic and quartic functions appear to be
equally good fits. The cubic function will
ease the computations, where as the quartic
function will be a little better fit to the data.

b) The domain of is the set of positive real
numbers. Realistically, an infant would
spend very little time on the computer, and
eventually people die, so there is a lower
limit and an upper limit on age. We could

use the domain [3,110]

¢) The graphs show that the cubic function
does not have relative extrema on a
reasonable domain. The quartic function has
a relative minimum around x =4.8.
However, judging by the data, it appears that
the average use of a home computer is
increasing with age.
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