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109. Using the fnlnt feature on a calculator, we get:

[ (1= )ax =757, 2 [ (o= [T (ace s (ar

= Jl4(x+5)dx+'[j(ll—%x)dx

110. Using the fnInt feature on a calculator, we get:

1 ’ 1,7
[ x(x-5)" dx =885333. =[5x2 +5x:|l +[11x—2le
111. Using the fnInt feature on a calculator, we get: = % + ?
2 % g_ _
[x (2 x]dx 9.524. _125_ 4 s
112. Using the fnlnt feature on a calculator, we get: s o s
2_ 3. x)dx = x)dx + x)dx
[ jdle.sm. Izi ) ng(z) bty
X = 3
= J_z(xz +4)dx+J0 (4—x)a’x
113. Using the fnInt feature on a calculator, we get: E 0 1T
08 =|—+4x +|:4x——x2}
[ ——dx=10.987. 3 . 27
-0 x” +4
3 3
= @+4(o) - ﬂ+4(—2) +
114. Let F(x)be an anti-derivative of f(x)on 1l 3 3
the interval a < x < b. Then, by the
Fundamental Theorem, we have: {(4 (3) _1(3)2 j _ (4 (0) _1(0)2 ﬂ
b 2 2
f(x)dx = F(b)—F(a)
“ _lo 32 15 0
=—F(a)+F(b) =015 ) 5~
=- F(a) F(b) 109
=— af x)dx. 6
71 =181
4. [Te(x)ar=["g(x)dx+| g(x)d
Exercise Set 4.4 ) j—zg(x) v -[—zg(x) x+jo g(x)ax

Lo [ r()ac=["r(x)ax+ [ £ (x)dx {
= ["(@x+1)av+ [ (10~ x)dx (0_( 22]}[2—0)

:[xz +x]3 +|:10x—lx2}5
1 2

3 2.3
=[(3 @)~ (0 () ]+ ) o
(106)-3657 )-(106)-307 e

=(12—2)+(7—25—%j

=10+12
=22
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245 33
T34
1079
T2
=891

= [ (o

= [ (~x-D)du+ [ (- +4x+5)dx

1 ! X ’
=[——x2—x} +| —=—+2x%+5x
2 » 3 »

To calculate the points of intersection, we set
f(x)equal to g(x)and solve.

fx)=2(x)
9=x"
NCENES

3=x
The graphs intersect at x = —3 and x = 3.

10.

12.

499

16 =x°
M =x
The graphs intersect at x =—4 and x =4.

To calculate the points of intersection, we set
f(x)equal to g(x)and solve.

fx)=glx)
7=x"-3x+2
0=x"-3x-5
Applying the quadratic formula we have:
(33 40 ()
2(1)
_3%429

2
The graphs intersect at

3+@ 3—\/5
and x = .
2 2
f(x)=g(x)
—-6=x>+3x+13
0=x"+3x+19

This equation has no real solution; therefore, the
graphs do not intersect.

. To calculate the points of intersection, we set

f(x)equal to g(x)and solve.
fx)=2(x)
X —x-5=x+10
x’=2x-15=0
(x=5)(x+3)=0
x=5=0 or x+3=0

x=5 or x=-3
The graphs intersect at x = -3 and x = 5.

fx)=2(x)
X =T7x+20=2x+6
X =9x+14=0
(x=7)(x=2)=0

x-2=0 or x-7=0

x=2 or x=7
The graphs intersect at x =2 and x = 7.
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13.

14.

g(x) = f(x) on [—1,0] and f(x) = g(x) on
[0,1] . We use two integrals to find the total

area.

J:01|:0—(2x +x° —x3):|dx +

J()l[(2x+x2 —x3)—0]dx

_':01[0—(2)6 +x° —x3)]dx +

[ (6" +3x7 —9x—12) ~ (4x+3) Jax+
[ [(ax+3)=(x +32* 9x-12) Jax
= J:Sl(f +3x7 —13x—15)dx+

fl(—x3 347 +13x+15)dx

4 -1
= x—+x3—2x2—15x +
4 2

-5

4

Applying the Fundamental Theorem of Calculus
we have:

. 13 ’
|:—x——.x3 +7x2 +15xi|
-1

Chapter 4: Integration

13

_#_(—1)3 +7(—1)2 +15(—1)]

LA

=128

15. ¢ (x) = f(x) over the entire region. We find the

area.
Ji[(x +28) - (x* —8x" +182 ) dx
- j:(—x“ +8x° 182 +x+28) dx

5 2

4
=| - t2xt —6x® + 2 +28x
5 2 |

= [— (45)5 +2(4)" -6(4) +g+28(4)}—

l_ﬂn(—l)“ -6(-1)’ +%+28(—1)}

5
216 193
=4 —
5 10
_exs
10
=621
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17. First graph the system of equations and shade

the region bounded by the graphs.

18.

Here the boundaries are easily determined by
looking at the graph, or by solving the
following:

x=x
0=x"—x
Ozx(xz—l)

x=0 or x*’-1=0

x=0 or x==1

x=0 or x=1

Note x > x° over the interval [O,l] . We

compute the area as follows:

j(j(x— x3)dx

<

The boundaries are easily determined from the
graph.

19.

501

First graph the system of equations and shade
the region bounded by the graphs.

_xz y
Y 4
3
)
y=x+2 B
-Vz -1 1 2 3

Here the boundaries are easily determined by
looking at the graph, or solving the following
equation:

X =x+2
X -x-2=0
(x=2)(x+1)=0
x=—1 or x=2
Note (x + 2) > x” over the interval [—1,2] . We
compute the area as follows:

J‘: ((x+2) —xz)dx
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20.

21.

The boundaries are easily determined from the
graph.

Jj[x - (x2 - Zx)J dx

= J‘j (—x2 + 3x) dx

3 3 3
=[-T 42y
3 2 )

First graph the system of equations and shade
the region bounded by the graphs.

ul .
10: y=6x-x

— WA UNAI0O

9112345(\7891011

Here the boundaries are easily determined by
looking at the graph, or by solving the following
equation:

x=6x—x"
x> -5x=0
x(x—S)zO

x=0 or x=5
Note (6x - xz) > x over the interval [0,5]. We

compute the area as follows:

22,

Chapter 4: Integration

15,
3 2

KR N O
e Y N N

Here the boundaries are easily determined by
looking at the graph. Note —x 2 (x2 —6x) over

the interval [0,5]. We compute the area as

follows:

Jj (—x - (x2 - 6x)) dx

= J: (—xz + Sx) dx

3 5
x5,
=|-—+=x

|: 3 2 :|()
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23. First graph the system of equations and shade

24,

the region bounded by the graphs.

Yooy =2x-x

o
QA W N =

Here the boundaries are easily determined by
looking at the graph, or by solving the following
equation:

—x=2x—x*
X =3x=0
x(x—3)=0

x=0 or x=3
Note (Zx — xz) > —x over the interval [0,3] .

We compute the area as follows:
Jj ((2x —x? ) - (—x)) dx

= J:(—xz + 3x) dx

Here the boundaries are easily determined by
looking at the graph. Note Jx = x% over the
interval [0,1] . We compute the area as follows:

503

[SIN

(\/;—xz)dx

2)
37!

|2 X
3 3,

3 1y 3 o)’
o )

[
s
—_—
=
NN
=
&

1
N

First graph the system of equations and shade
the region bounded by the graphs.

y
4
IEERE
y=x
X
0 1

Here the boundaries are easily determined by
looking at the graph, or by solving the following
equation:

c=4x

xt=x
xt=x=0
x(x3—l)=0

x=0or x=1
Note 4/x > x over the interval [0,1]. We

compute the area as follows:

[ (¥x - x)ax

0

= J‘OI (x% - x)dx
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x=02

Here the boundaries are easily determined by
looking at the graph. Note 3 > x over the

interval [0,3] . We compute the area as follows:

[[(G-x)ax _125

2 2 28.
ot |

27. First graph the system of equations and shade Here the boundaries are easily determined by

the region bounded by the graphs. looking at the graph. Note x* > x’ over the
interval [0,1]. We compute the area as follows:

y
9 T 3
. jo (x —-X )dx
7
‘ [ ]
Z 34
3 3 4 3 4
) [ _(o)
1 3 4 3 4
X
0 5 10 15 20 25 1 1
Here the boundaries are easily determined by = 374
looking at the graph. Note 5 = Jx over the 1
interval [0,25]. We compute the area as 1
follows:
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30.

Exercise Set 4.4

First graph the system of equations and shade
the region bounded by the graphs.

-15
Here the boundaries are easily determined by
looking at the graph, or by solving the
following:

4—4x=4-x*
¥ —4x=0
x(x—4)=0

x=0 or x=4.

Note (4 — xz) > (4 — 4x) over the interval [0, 4] .

We compute the area as follows:
j:[(4 —x) = (4 4x) Jax

= J: (—xz + 4x) dx

10

S~—_|

2 % 4
Here the boundaries are easily determined by

looking at the graph. Note x* +12> x” over the

interval [1,3]. We compute the area as follows:

31.

32,

505

P )
- jf ldx

=[],
=(3-1)

=2.

First graph the system of equations and shade
the region bounded by the graphs.

y=x

x=2

X

1 2 3 4
Here the boundaries are easily determined by

looking at the graph. Note (xz +3) > (xz) over

the interval [1,2]. We compute the area as

follows:

jlz[(xz + 3) - (x2 )] dx
= le 3dx

(o]

- (3(2)-3(1)

=3.

y=x2+x

-2 -1 §S§E 1 2 3 4

y=2x"-x-3

Here the boundaries are easily determined by
looking at the graph. Note

x> +x 22x> —x -3 over the interval [-1,3].

We compute the area as follows:
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J‘g[ x’ +x)—(2)c2 —x—S)]dx

—x? +2x+3

=[.
{_x_ﬂ +3x}
5

33. First graph the system of equations and shade
the region bounded by the graphs.

y
160

140
120

1001y = x* +6x-15

y=2x"-6x+5

X

4 2 B2 4 6 8 10
Here the boundaries are determined by solving
the following equation:

2x> —6x+5=x>+6x-15
x> =12x+20=0
(x=2)(x—10)=0
x=2 or x=10
Note (x2 +6x—15) > (2x2 —6x+5) over the
interval [2,10]. We compute the area as

follows:

Chapter 4: Integration

jzm X +6x-15)~ (2% ~6x+5) | dx

(
[(- +12x-20)ax

10
X 62 —20x
3 2

|
(o)

34. The average value is:
1

35. The average value is:

b a'[a f
#2)‘[2 (4—x2)dx

_1 4x_x_}
4 3 5
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36. The average value is:

Yay =

1 1
=1_—(0)L
Ir .
I[e ]o
[¢-¢]

=e—1, or approximately 1.718.

sl s

x

e'dx

37. The average value is:

39. The average value is:

40. The average value is:
1 b
x)dx
b—a L f( )
1

- 2__@j02(mx+1)dx

2

Ilm ,
=—| —x"+x
2[2 l)

yav=

=%[(2m+2)—01
=m+1.

41. The average value is:

1 b
b—a'[a f(x)dx

Yay =

1 a
—a_—(O)L

(4x + S)dx
1
= ;[sz + SxJ

a
0

_ l[(Z(a)z + 5(‘1)) - (2 (0)2 + 5(0))i|

a

= %[(2512 +5a)-0]

=2a+5.
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42. The average value is:

! J‘jf(x) dx

- b—a

yav

n+1

n+l

43. The average value is:
1 b
P L f(x)dx
1 2 n
=—-[1 x"dx,

2-(1)

1 1 n+l ’
== X
1l n+1 .

=[ 1 (2)" - 1

yaV:

n+1 n+l
_2n+1 1

T+l n+l
B 2n+l _1
n+l

44. The average value is:

b ! J:f(x)dx

Var =
a

1 5n

=—-| —d

5_(1)J1 0

1
:Z[nlnx]l5
zi[nlnS—nlnl]
= umns—o]

4

zg(lnS).

n#0

nz0

(1)n+1j|

Chapter 4: Integration

45. a) We find total profit by integrating:
P(10)=R(10)-C(10)

["TR(0)-C'(r)]ar

= ["[(100¢') - (100~ 0.21) ]t

= jom[looe’ ~100+0.2¢ )dr
=[100¢' 100 +0.172 "

100¢"° ~100(10) +0.1(10)°) -

(100¢* ~100(0)+0.1(0)’)
= (100¢'° —990) - (100)

=100e" —1090

=2,201,556.58
The total profit for the first 10 days is
approximately $2,201,556.58.
b) The average daily profit for the first ten days
is given by
1 10 . .
P =15 gd [R(0)=C'(0)]ar
1

= 5[2.201556.58]  From part @

= 220,155.66

The average daily profit over the first 10
days is approximately $220,155.66.

46. a) We find total profit by integrating:
10
P(10)=[ [R'(r)-C'(t)]dt
= [ (75¢' ~21)~ (75~ 31) ar

= _[010[75e’ -75+ t]dt
10

= 75e’—75t+1t2}
2

0

|
= (75e‘° —75(10)+%(10)2j—
[75e° —75(0)%(0)2)

= (75¢" = 700) - (75)
=75¢"" =775
~1,651,209.94

The total profit for the first 10 days is
approximately $1,651,209.94.
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b) The average daily profit for the first ten days 49. We find the average weekly sales for weeks 2
is given by through 5 by integrating over the interval [1,5]
1 10
P =——"|R()=C'(t)]dr as follows:
=R ()] o
| S, =——[s(t)ar
= E[l’ 651,209.94] From part (a). S-1-
1s
~165,120.99 =ZJ1 9e'dt
The average dz.lily profit over the first 10 1 0u' T
days is approximately $165,120.99. = Z[ e } 1
47. We find the average weekly sales for the first 5 - 1[965 _ 961]
weeks as follows: 4
1 s Or 5
Sav:a OS(t)d[ Zz[e —€:|
1 30¢'d =327.8135.
- g,[ e Therefore, average weekly sales for weeks 2
1 5 though 5 week are $327.8135 hundred, or
= §[9e 1. $32,781.35.
_ 1 5 0
=<[9¢" -9 50. R, =—["R(t)di
| 5-272
=—[9¢ -9 N
5[ ] =3 [ 0.5¢dr
o s
=—|e -1 _1 P
5 [¢-1] = 5[0.56 I
= 265.3437. 1 ;
Therefore, average weekly sales for the first 5 = 5[0-56‘ - 0-5621

weeks are $265.3437 hundred, or $26,534.37.

-1 -¢]

1 4
8. R =] R(t)dr ~ 23.50402

1 ea Therefore, average monthly revenue for months

= ZJ‘) 0.5¢'dt 3 through 5 is $23.50402 thousand, or
$23,504.02.

~LloseT

4 0 51. a) We notice —0.003s> > —0.009¢> , which
=l|:e4 ~¢] means M '(¢) = m'(t) so Ben has the higher

? rate of memorization.
_ 4 10 . ,
=gle'=1] b) M(10)~m(10) = [ "[M'(1) ~m"(s) ] dr
= 6.69977 10

, [ [(~0.003¢ +0.2¢) - (~0.009¢* +0.2¢) |t
Therefore, average monthly revenue for the first 0

4 months is $6.69977 thousand, or $6699.77. _ J.(IOO.OO6t2dt

10

=[0.002¢" |

0
=0.002(10)" —0.002(0)’
=2-0

=2
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1 0
c) m,, ij() m (l)d[

1 10
m,Z=—-
¥ 10-0"70

- i[—o.oosﬁ +0.1¢ ]”)
10 0

(-0.009¢> +0.2¢) dt
- %[(—0.003 (10)' +0.1(10)*) -
(~0.003(0)" +0.1(0) )

=%[(—3+10)—(0+0)]

1

=—(7
o)

'
10

Alice averaged memorizing about 0.7 words
per minute during the first 10 minutes.

1 0
d) m,, =m.[0 M (l)dl
1 10
m, =——-:
¥ 10-0"70

= L[—O.OOU3 + O.ltz]w
10 0

(-0.003¢” +0.2¢) it
- %[(—0.001 (10)' +0.1(10)*) -
(~0.001(0)" +0.1(0)]

=%[(—1+10)—(0+0)]

1

=—(9

=2 209
10

Ben averaged memorizing about 0.9 words
per minute during the first 10 minutes.

52. a) Notice 10¢ > ¢*for 0 <t <10, therefore,
S(#)=s(¢). Bonnie will have the higher

test score.

Chapter 4: Integration

1 10
b) Sav 210—_7 . S([)dl
5, LI LA

10-777

i 10
=5H7

1 10
=517],
=1[103—73]

9

=73.
Antonio scores 73, on average, when he
studies for 7 — 10 hours.

1 10
C) Sav —m 6 S(t)dt
1 10
s, =———| 10tdt
10-6"¢
1 10
22[51‘2}6
1
= Z[5(10)2 -5(6)’]
1
=—[320
11320)
=80.

Bonnie scores an 80, on average, when she
studies for 6 — 10 hours.
d) We integrate as follows:

1 10
004 |:10t—t2:|dt

_1 (50
10\ 3

=16.67
Their test scores will be approximately 16.7
points apart.

53.

w

a) W(0)=-6(0)"+12(0)+90 = 90.
At the beginning of the interval, the
keyboarder’s speed is 90 words per minute.
b) First, we find the derivative.
W'(r)=—121+12
Next, we set the derivative equal to zero to
find the critical value.
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W'(1)=0
-12t+12=0
=1
The only critical value occurs when ¢ =1.
We also know that W" () =-12<0.

Therefore, by the Max-Min Principle 2, we
know that an absolute maximum occurs at
t=1.

W (1)=-6(1)" +12(1)+90 = 96

Thus, the maximum speed is 96 words per

minute, occurring 1 minute into the interval.

1 5
c) "Vavza ()W(l)dl
1 5
W o=——| (-6 +12:+90
a 5_00( £ +121 +90)dr

= %[(—2(5)3 +6(5)" +90(5)) -
(2(0)" +6(0)" +90 (o))]

1
=—|350-0
{[s50-0]

= %[—2? +617 + 90t]

=70
The keyboarder’s average speed over the 5
minute interval is 70 words per minute.

54. Letting t = 0 represent the year 2000, we are
looking for the average over the interval

1<r<5.

1 ¢5
P =——| Pl(t)d
=5 P

1
=~ 728236 gt
4

_1[2823 4|
41 0.01 1

_ 1 001r J°
= Z[28,23oe ],
28,2

_ 8, 30|:eo.01(5) _60.01(1):|

4

= 7057.5[0.04122093]

=290.92
The average population from 2001 to 2005 was
approximately 290.92 million people.

511

55. a) C(0)=42.03¢""""") =42.03

The initial dosage is 42.03 micrograms per
milliliter.

1 120
b Cu :120—1ojw C(t)d

1 120

Cav =T
110710

:L 42.03 0010501 ”
110 -0.01050 10

=L 42.03 o~ 001050(120) | _
110\ -0.01050

42.03 ~001050(10) }

(42.0367().0105(” ) dt

~0.01050
1
~—[2468.4439]
110

=22.44

The average amount of phenylbutazone in
the calf’s body for the time between 10 and
120 hours is about 22.44 micrograms per
milliliter.

s6. 7, =—— [T (x)dx

~ 1220
1 p12 N
T,=—] (435-184x+857x" -
12 70

0.996x° +o.0338x4)dx
= L 43.5x-9.2x2 +Ex3 —0.249x* +
12 3
0.00676x° |
0
= i[652.36032 -0]
12

= 54.36

The average temperature in New York over
the whole year is approximately 54.4
degrees.
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57.

a)

b)

We determine the average temperature as

follows: 58.
1 10 )

ook (—t +5t+40)dt
1 t,; 5 10

=—| ——+=1 +40¢
10f 3 2 )

= %[[—@%@0)2 +40(10)]—

10| 3

:ﬁz 31.67
3

The average temperature over the 10 hour
period is 31.7 degrees.
First, we find the critical values.

f(t)==2t+5 59.
f(r)=0
=2t+5=0
t=§=2.5
2

Since there is only one critical value and
f"(t) = -2 <0, we know that it represents a
maximum over the closed interval.

Therefore, the minimum temperature must
be at an endpoint. We have:

£(0)==(0) +5(0)+40 =40

£(10) = =(10)" +5(10) +40 = —10

The minimum temperature over the 10 hour
period is minus 10 degrees.

From part (b), we know that the maximum
temperature occurs when r=2.5.
Substituting we have:

£(2.5)=—(25) +5(2.5)+40 = 46.25

Therefore, the maximum temperature over
the 10 hour period is 46.25 degrees.

Chapter 4: Integration

1
=<[5'-1]
=é[125—1]

14
6
=20.667
The average emission over the period is

approximately 20.667 billions pollution
particulates per year.

First graph the system of equations and shade
the region bounded by the graphs.

Here the boundaries are determined by looking
at the graph. Note x” > x~ over the interval
[1,5] . We compute the area as follows:

f (xz -x7 ) dx

3 5
X -1
=|—+x
|:3 :|l

_ 608
15
=405,
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60. First graph the system of equations and shade

61.

the region bounded by the graphs.

<

Il

a

|

M
WA U 0O
(>4

5 4 3 - S

Here the boundaries are determined by looking

at the graph. Note ¢ > ¢* over the interval

[-2.0]. We compute the area as follows:
[ (e =e)ax

o]

_ (—670 _e° ) _ (_e—(—z) _ e(fz) )

(1 1) (e —e’z)

=e +e’ -2
= 5.524.

First graph the system of equations and shade
the region bounded by the graphs.

Here the boundaries are determined by looking
at the graph. We will split the interval [—2,2]

up into two parts.

On the interval [—2,0] we have x+6>-2x.

ol
_ . 8
y=-2x 7
y=x+6 |
X
30 2 7/_1 1 2 3

62.

513

On the interval [0,2] we have x+62= x°.

¥
9
8
7
5
4
3
2
= 3
y=x+6 ; y=x .
3 2 7 1 2 3

We compute the area as follows:
[ [(x+6) = (-22)Jax + [ [(x+6)~x* Jax

- j” (3x+6)dx+j:[

x4 xz ’
[—x +6x} +|——+—+6x

4 2 N
=16

—x +x+6}dx

—6))+(10-0)

1
x=-l\ X

y=x°
Here the boundaries are determined by looking
at the graph. Note x” > x’ over the interval

[-11]. We compute the area as follows:

Il (x -x dx
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63. First graph the system of equations and shade
the region bounded by the graphs.

s
+y=17
6 Y
5
4
x+2y =2 3
2
X
R 71 _10 1 2 4
y-x=1

Here the boundaries are determined by looking
at the graph. We will split the interval [0,4] up

into two parts. Solving each equation for y, we
have

x+2y=2—)y=—§+l

y—x=1->y=x+1
2x+y=T—>y=-2x+7

On the interval [O 2] we have x+1> —— +1

6

5

1 4
y=-—x+13
\2/2,

y=x+1

On the interval [2,4]we have

1
2x+72——x+1.
2

Ny =-2x+7

y=-—x+1

—
w oA WS

\ZN

X
271 40 1 2 d
-2

We compute the area as follows:

jj{(x+l)—[—%x+lﬂdx+
Jj{(—2x+7) - (—%x +1ﬂdx

=| —xdx+ [—%x+6}dx

=(3-0)+(12-9)

64.

Chapter 4: Integration

First we find the coordinates of the relative
extrema.

y =3x" -20x°

y'=15x* —60x>

The derivative exists for all real numbers. We
solve y'=0.

15x* —60x* =0
15x° (x2 —4)=o
1557 (x+2)(x=2)=0

x=0 orx=-2 orx=2
We use the Second Derivative Test.

y"=60x" —120x
When
x=-2,

y"'=60(-2)" =120(-2) = -240 <0

Therefore there is a relative maximum at
x=-2.

When

x=2,

y"'=60(2)’ —120(2) =240 >0

Therefore there is a relative minimum at x =2 .
When x =0,y" =0 so the test fails. We use the

First Derivative Test and test a value in
(—2,0) and (0,2).

Test —1:15(~1)" —60(~1)" =—45<0

Test 1:15(1)" —60(1)" = —45<0

Thus the function is decreasing on both
intervals, so there is no relative extremum at
x=0.

We graph the region noting that the equation of
the x-axisis y=0.

wy
=] 5 3
38 x=2 y=3x" - 20x
30
20
10 .
3 1 -1019 X 3

20
-30
-40

x=-2-50
-60
70

On the interval [-2,0],3x> =20x* 2 0, and on
the interval [0,2],0 > 3x" —20x".

We compute the area as follows:
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Exercise Set 4.4

["[(3x° ~202") = (0) Jax +
[7(0)=(3x" ~20x") Jax

[* (3x" ~ 202" )dx + J;[—ij +20x° ] dx

-2

1 0 1 ’
=|:—x6—5x4:| +[——x6+5x4:|
2 -2 2 0

=(0-0)—(32-80)+(-32+80)—(-0+0)
+48+48+0

First we find the coordinates of the relative
extrema.

y=x —3x+2

y'=3x"-3

The derivative exists for all real numbers. We
solve y'=0.

322 -3=0
x*=1=0
x =1

x=-1 or x=1

We use the Second Derivative Test.

y " = 6x

Whenx =-1,y"=6(-1)=-6<0

Therefore there is a relative maximum at
x=-1.

Whenx=1,y"=6(1)=6>0

Therefore there is a relative minimum at x =1.

We graph the region noting that the equation of
the x-axisis y=0.

y
8
3 6
y=x -3x+42 4
N 3
0
3 1 2 1 2 3
-4
-6
-8

On the interval [-1,1],x* =3x+2>0. We

compute the area as follows:

66.

67.

_Q_ R2~R2_R_4 B RZ-OZ_E

ZLV_ 2 4 2 4
[ p4

_m[R_,

2Lv| 4

7pR*
8Lv

_[12[(3x2 +5x)—(3x+K)J dx
=le(3x2 +2x—K)dx

=[x3 +x? —Kx}
=[2+2° -Kk-2]-[1P+1 - K]
=[12-2K]-[2-K]

=10-K
Since

[T (32 +5x)- (32 +K)Jax =6
We solve for K by substituting.

2
1

10-K =6
—K=-4
K=4
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68.

69.

70.

71.

72.

From the graph we find that the interval we are
concerned with is approximately [—4,0.8].

Over this interval V16 —x* > x* +4x . We use
the fnInt function on the calculator to find

[2[N16= ~(x* +4x)[ax = 24.961.

From the graph we find that the interval we are
concerned with is [0,2] . Over this interval

—4
wd—x* > > xl . We use the fnlnt function
X"+

on the calculator to find

jz[x\/4—x2 L }dxz 5.8855.
0 x"+1

From the graph we find that the interval we are
concerned with is approximately [—1.54,1.35] .
Over this interval

1-x+8x*—4x* 22x* +x—4 . We use the
fnInt function on the calculator to find

J'm |:(1—x+8)c2 —4x4)—(2x2 +x—4)]dx

-1.54

=~16.708.

From the graph we find that the interval we are
concerned with is [—1,1] . Over this interval

V1—x* 21— x*. We use the fnlnt function on
the calculator to find

jll[m ~(1 —xz)]dx ~0.2375.

a)

@
o

-80
b) From the graph we estimate that the first
coordinates of the three points of
intersection of the graphs are
a=-1.8623,b=0,c =1.4594 .
¢) Using the fnlnt feature on a calculator, we
find that

J:OI.8623|:3-8X5 —18.6x" — (19x4 —55.8x° ):Idx
=~ 64.524

Chapter 4: Integration

d) Using the fnlnt feature on a calculator, we
find that

"‘;44594[3.8)(35 —18.6x° — (19)64 —55.8%° ):Idx
=17.683

Exercise Set 4.5
j(S +x° )5 3x2dx
Let u=8+x’, then du = 3x%dx.
P
= Jusdu Substitution: u_gﬂz
du=3x“dx

1
= guﬁ +C Formula A

1 6
= 8(8 + x3) + C  Reverse substitution

j(xz —7)6 2xdx

-7
xdx

2
_ 6 ep e USX
= Ju du Substitution: 4, -,
1
=—u'+C
7

:;( :_7) +c

j(xz - 6)7 xdx

Let u = x> —6, then du = 2xdx. We do not have
2xdx. We only have xdx and need to supply a
2. We do this by multiplying by -2 as follows.

= %2‘[ (x2 - 6)7 Xxdx  Multiplying by 1

- % [(x*—6) 2xdx [af r()as = [ur ()]

1 s
= E _[ u'du Substitution: Z;:Zxdi
L
=—u +C Formula A
16
1,, 3
= E(x - 6) +C Reverse substitution
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Exercise Set 4.5

_3
==|u'du Substitution: “~* +21
3 du=3x“dx
1
=—u’+C
15
_Livs)+c
—E(x + ) +
j(3t4 +2) dt

Let u=3r*+2, then du = 12£3dt. We do not

have 12¢°dt. We only have t’dt and need to
supply a 12. We do this by multiplying by

512 as follows.

1
== 12J (3" + 2)7 £dt  Multiplying by 1

1 4 3
= —2j(3t +2)12¢%dr
1 a4
udu Substitution: u=3t +32
12 du=12¢"dt
1
=—u’+C Formula A
24
(3l + 2) Reverse substitution
24

_[(215 -3)rdr

= L-10j(2t5 —3)¢'de

B _.[ )-10¢*dr

= —Judu Substitution: u=215 743
10 du=10t"dt

1

= _u2 + C
20

= (2 -3) +C
20

10.

11.

2

j dx

1+2x

Let u=1+2x, then du = 2dx.
du
— Substitution: dulgfli
u

=lnu+C Formula C, u > 0.

=In (1 +2x ) +C  Reverse substitution

5
ij+7dx

u 5x+7
= J— Substitution: Zu ;C;x
u

=lnu+C
=In(5x+7)+C

j(ln )c)3 ldx

X

Let u =1nx, then du = labc.

X
= Ju3du Substitution: u:lnlx
du==dx
x
1,
=—u +C Formula A
4
1 4
= Z (lIl x) +C Reverse substitution

j(ln x)7 %dx

7 . =1
= Ju du Substitution: “~ "

du:i_dx
X

=lu8 +C
8

:é(lnx)g +C

Ie“dx

Let u =3x, then du = 3dx. We do not have

517

3dx. We only have dx and need to supply a 3.

We do this by multiplying by -3 as follows.
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1 x/2
= g 3.[ e dx Multiplying by 1 14. je dx
1 !
1 —_. x/2
=§je3x~3dx 7 ZJe dx
1
1 _ — x/2
= g"‘eudu Substitution: Z;i;dx 2—[6 2 dx
1, +C Formula B = Zjeudu Substitution: Z;ill/z%x
=—e ormuia
3 =2e"+C
1 x
= §€3x +C Reverse substitution =2e""+C
5
15. xte  dx
12, [e™dx J
X Let u=x", then du = 5x*dx. We do not have
=2 7Ie7xdx 5x*dx. We only have x*dx and need to supply
| a 5. We do this by multiplying by £-5 as
= 7_[€7x ~Tdx follows.
1 5
1 B — . 4 x . .
= 7J€udu Substitution: Z;Z;dx 5 ij ¢ dx Multiplying by 1
1 40
=le”+C —gj5xe dx
! L R
_ %e“ iC = EJE du Substitution: dues it
1
= geu +C Formula B
x/3
13, [edx R .
x 1 = ge + Reverse substitution
Let u= g, then du = gdx. We do not have
1 16 3 x4d
de. We only have dx and need to supply a . jx ¢ ax
1 4
1 -_. 3%
3 We do this by multiplying by 1-3 as T4 4Jx e dx
follows. = i.[ 4x’e™ dx
1
=_. 3J e dx Multiplying by 1 | .
3 = —Je"du Substitution: 3
/3 1 d 4 du=4x"dx
=3|e"" - —dx
J 3 = le“ +C
= 3‘[6"st Substitution: Z;L/?de ‘1" .
=3e"+C Formula B = Zex +C
=3¢ +C Reverse substitution
17. [ dr

Chapter 4: Integration

Let u=—¢, then du = —2tdt. We do not have
—2tdt. We only have tdt and need to supply a

—2 . We do this by multiplying by (—%) . (—2) as
follows.
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19.

Exercise Set 4.5

— (_%) . (_2) j te*’z dt Multiplying by 1

1 _
= —EI(—Zt)e “dt
1 _2
= —Eje”du Substitution: Z;;Z,d,
1.
=——¢e"+C Formula B
2
1
= —Ee +C Reverse substitution
3
jtze” dt

- (_%)-(—3)_[&’34#

__1 322 )e ™" dr
S1(537)

1 u . . u=- 3
= —EJ‘e du Substitution: du=i3t2dl
= —le” +C
3
= —le”3 +C
3
1
| dx
S5+2x

Let u=5+2x, then du =2dx. We do not have
2dx. We only have dx and need to supply a 2.
We do this by multiplying by -2 as follows.

1 1 I
= E : 2.[ St ox dx Multiplying by 1
1 i 2dx
295+2x
1 ¢d _
. Substitution: Z;j;j;
2% u
1
=Elnu+C Formula C, u > 0.
1
= E In (5 + ZX) +C  Reverse substitution

20.

21.

22,

23.

519

oo u=2+8x
=—|— Substitution: ;, Zg ;-

=—Inu+C

:éln(2+8x)+C

J' dx

12+3x

Let u =12+ 3x, then du =3dx. We do not have

3dx. We only have dx and need to supply a 3.

We do this by multiplying by +-3 as follows.

_L 3JL
3 J1243x

_1 J» 3dx
3712+3x

_1rdu o u=1243x
=—|— Substitution: ;3=

37 u

Multiplying by 1

1
= Elnu +C Formula C, u > 0.

= %ln (12 + 3x) + C  Reverse substitution

dx
J‘1+7)c

=l'7J‘ dx
1+7x
1 7dx

77 1+7x

_1du o u=l4Tx
=—|— Substitution: ;7

7 u

=llnu+C
7

=%1n(1+7x)+c

dx

1-x
Let u =1-x, then du = —dx. We do not have
—dx. We only have dx and need to supply a
—1. We do this by multiplying by (—1)(~1)as

follows.
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520 Chapter 4: Integration

dx 4 3 2\’ 3 2
= (_1) . (_1)J ; Multiplying by 1 27. j(x +x +x ) (4x +3x" + 2x) dx
-X
ldx Let u=x*+x*+x% then
=_1""1—x du=(4x3+3x2+2x)dx.
du - _4,3,.2
—_ == Substitution: Z;jﬁ = Ju7du Substitution: “~* +); +X2
u = du=(4x 32242
=—lnu+C Formula C, u > 0. 1
=—u*+C Formula A
=—In (1 —-X ) +C  Reverse substitution 8

Loy 3, 2y
= g(.x +x +x ) +C  Reverse substitution

d
4. y al
-X
d 32 2 4
:(_1).(_1)J4_’“x 28, [(x" -’ -x) (3x* —2x—1)ax
_ 9 PP u=x3 7)(2 —-X
_ _J. —dx = Ju du Substitution: du:(3x2 —2x2—1)dx
4-x |
d L __t w0
=— a Substitution: Z;i:?h 10 u-+C Formula A
u
=—Inu+C = E(ﬁ = xz - x)lO + C  Reverse substitution
=-In(4-x)+C
e“dx
25 [o(r 1) ar ». [
Let u=1>—1, then du = 2tdt. We do not have Let u=4+e", thendu =e'dx.
2tdt. We only have #dt and need to supply a 2. _ du Substitution: “=4++¢"
We do this by multiplying by 1 -2 as follows. u du=e*dx
1 5 =lhnhu+C Formula C, u > 0.
=—. 2_[1(12 —1) dt  Multiplying by 1 _
2 =In (4 +e" ) +C  Reverse substitution
1
=—[2(r -1) ar
2 e'dt
1. o 30. [—
= E J wdu Substitution: ’:1:;;2;(# 3te
d _

1 = a Substitution: ':[iﬁi
=—u’+C Formula A u umed
12 =lhhu+C Formula C, u > 0.

1
= —( 2 1)6 +C Reverse substitution =In (3 +eé' ) + C  Reverse substitution

12

2
26. jtz (r —1)7 dt 31. J'lnx dx
X

_1 2(3 7 Using properties of logarithms, we have
_5'3jl (1) di 2-Inx Inx

| ] | dx =2[ == dx
=§I3t2 (r-1) ar x x |

Let u =1nx, then du = —dx.

1y L =Pl X
=—|u'du Substitution: due3ids B

3 = = QIudu Substitution: “~*

1 du:%dx
e )

=—u' +

2" ¢ =u+C Formula A
= L ([3 — 1)8 +C = (ln X)2 +C Reverse substitution

24
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32,

33.

34.

35.

Exercise Set 4.5

jde

u=lnx

Substitution: 1
du :;dx

zjuzdu
= llf +C
3

:%(lnx)z +C

dx
J‘xlnx

Let u=1nx, then du = ldx.
X

_ L.(ldxj 36.
Inx \ x

1 =
=|—du Substitution: * lnlx
u du=—dx
X
=lhu+C Formula C, u > 0.

=In (ln X) +C  Reverse substitution

dx
J‘xlnxz
dx
:'[2xlnx
1 dx
=ijlnx

11

. =Inx
Substitution: * nlA

2y du=Lax 37.

_[x ax* +bdx

Let u = ax* +b, then du = 2axdx. We do not
have 2axdx. We only have xdx and need to
supply a 2a. We do this by multiplying by
5--2a as follows.

521

1
=—" ZaIx ax® +bdx Multiplying by 1
2a
1
= —j2ax ax® +bdx
2a

=i_"\/;du

2
s u=ax“+b
Substitution: ; —5

1
= —ju% du
2a
1 2 :
=—-—u% +C Formula A
2a 3
1 3
= — (ax2 + b)é +C Reverse substitution
3a

j\/ax+b dx
=é-aj\/ax+b dx

zl a-~ax+bdx
Jard

a
=éj«/;du

=éJ‘u%du

.. u=ax+b
Substitution: ;=

= 1~gu%+C

a3
2
=—(ax+ b)% +C
3a
IR)ek'dt =P, ~Jek'dt
Let u = kt, then du = kdt. We do not have kdt.

We only have df and need to supply a k. We do
this by multiplying by + -k as follows.

1 K o
= ; k- R)je 'dt  Multiplying by 1
1 kt
=k [ - kar
P _
= fjeudu Substitution: f];itkdz
PO u
=—¢e"+C Formula B
k
R 0kt
= 76 +C Reverse substitution
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38.

39.

[perax 40.
= bje‘”dx
1
=—-a-b|e“dx
—ab]
b
=—|e" -adx
|
= éje”du Substitution: Z;f;dx
a
b
=—e"+C
a
= ée‘” +C
a
J. Cdx 41.
(2-+)
Let u=2—x*, then du = —4x’dx. We do not
have —4x’dx. We only have x’dx and need to
supply a —4 . We do this by multiplying by
L -—4 as follows.
3
= —l (—4)JL¢)C7 Multiplying by 1
4 (2-+%)
_ _l _[ —Ax3dx
4722 )7 42.
1 (du T u=2-x*
= _Z'[u_7 Substitution: dued B
_ 15
= —Zju du
- L -6 +C Formula A
4 -6
= L (2 - x4 )76 +C Reverse substitution
24
1
= =+C
24(2-x*)
43.

Chapter 4: Integration

3x%dx
j (1 +x° )5

du 3
e =1+

=|— Substitution: * x2

u u=3x“dx

=————+C
4(1+x°)
j12x51+6x2 dx

Let u=1+6x?, then du = 12xdx.
2

= J\S/; du Substitution: Z;:S;C dx
1
= J MA du
5 ¢
= —ué +C Formula A
6
5 6
= g(l + 6x2 )é +C Reverse substitution
_[Sx A —x% dx

=(—%)(—2)j§x-41—x2 dx
:—%I—Zx-41—x2dx
=—§j%du
=—§ju%du

=—2u% +C
=—2(1—x2)%+C

S u=l-x
Substitution: 4, _ 5 4

12
IO 2xe" dx

We first find the indefinite integral
J 2xe* dx

2
_ u s U=X
= Je du Substitution: ;5
=e"+C Formula B
lfz . .
=e" +C Reverse Substitution
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45.

Exercise Set 4.5

Next, we evaluate the definite integral on [0,1] .

1 2 27
j 2xe’ dx = |:ex } Let C = 0.
0 o
2 2
=V _ 0
1 0
=e —e
=e—1
1 2 x3
IO 3x7e" dx
We first find the indefinite integral
3
J‘3xzex dx
u . . M:X3
= Je du Substitution: 2
du=3x“dx
=e"+C
x3
=e" +C

Next, we evaluate the definite integral on [0,1] .

1 2 x3 x3 !
_[03x e dx=|:e :| Let C = 0.

0

=e—1

I(j )c()c2 + 1)5 dx
We first find the indefinite integral
Jx (xz + 1)5 dx

= %2.[ X (x2 + 1)5 dx Multiplying by 1

:%J‘Zx(xz +1)5 dx

1 _2
= 5 J' wdu Substitution: Z:;iz:;x
1
=—u +C Formula A
12

:é(x2 +1)6 +C

Reverse Substitution

Next, we evaluate the definite integral on [0,1] .

523
I(jx(xz + 1)5 dx

=ix2+161 Let C = 0.
(1)

0

1 6 1,6
-Ler-Lo
16 1
"3
21
T4

46. jlzx(xz - 1)7 dx

We first find the indefinite integral
_[x (xz - 1)7 dx

=%~2Jx(x2 —1)7 dx

=%J‘2x(x2 —1)7 dx

1 2
= 5 J' u'du Substitution: Z;zzxa}x
1
=—u*+C
16

L/, 38
=—Ix"-1) +C
(=)
Next, we evaluate the definite integral on [1,2].

jlz x(xz - 1)7 dx
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4 dt
0 E
We first find the indefinite integral
dt
1+1

du
_ Lo U=l
=|— Substitution: ;, _

47.

u
=lnu+C

=In(1+1)+C

Formula C, u > 0

Reverse Substitution

Next, we evaluate the definite integral on [0,4].
4 dt
0141

=[In(1+ t)I: Let C = 0.

=[In(1+4)~In(1+0)]

=In(5)-1In(1)

=In5-0

=In5

48. jje“dx

We first find the indefinite integral
j edx

1

=—-4|e*dx
|

= lj 4e* dx
4

= Je”du Substitution: Z;:idx

=e"+C

=" +C

Next, we evaluate the definite integral on[0,2].

Let C =0.

=—¢" ——e¢
4 T4

:lex l 0
4° 3
I

= (e"-1)

49.

50.

Chapter 4: Integration

4 2x+1
[l
x"+x-1
We first find the indefinite integral
2x+1
[255 g
x +x-1
du 2
= 7 Substitution: ':l;iz;fl dlx
=lnu+C Formula C, u > 0

=In (x2 +x— 1) +C Reverse Substitution
Next, we evaluate the definite integral on [1,4] .

J'14 2x+1 dx

X +x-1

:|:]n(x2+x—l):|:1 LetC =0.

= [111((4)2 +(4)-1)-1n(()° +(1)—1)]
=1n(19)—1In(1)

=In19-0

= 1In19

J'3 2x+3
1 X" +3x
We first find the indefinite integral
j 2x+3
x* +3x
_rdu
o
=lnu+C

dx

2
s u=xT+3x
Substitution: ;, 75 3¢
FormulaC, u >0

=In (x2 + 3x) +C  Reverse Substitution

Next, we evaluate the definite integral on [1,3] .

J'3 2x+3
U x? +3x

= [ln (x2 + Sx):lf

dx

LetC =0.
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52.

53.

Exercise Set 4.5

b .
J e dx
0
We first find the indefinite integral
j e tdx
= —f —e “dx  Multipling by 1
= —j e'du Substitution: "
=—e"+C Formula B
=—"+C Reverse Substitution
Next, we evaluate the definite integral on [O,b] .
b -x
j e dx
0
x b
= [—e ] LetC =0.
0
=W _ (_67(0))
=—e"+e"
=1-e"
b —-2x
j 2edx
0
We first find the indefinite integral
j 2e dx
= —j —2e dx
= —j e'du Substitution: Z:;E; dx
=—e"+C Formula B
=— +C Reverse Substitution

Next, we evaluate the definite integral on [0,5].

j: 2e dx

b
= [—e’“]o Let C = 0.

= e (=)

b

jo me "™ dx

We first find the indefinite integral
J me "™ dx

= —I —me ™ dx  Multipling by 1

— | Lo u=—mx
= je du Substitution: 4, __ .
=—e"+C Formula B
=—e"™+C Reverse Substitution

Next, we evaluate the definite integral on [0,5].

525

j: me” " dx
= [_e"”* ]Z Let C = 0.
= e (=)

— _e—mb +€0

_ 1_ efmlz

54. j: ke dx

We first find the indefinite integral
j ke dx

= —f —ke™™dx  Multipling by 1

= —j e'du Substitution: Z:;]—Cde
=—e"+C Formula B
=—F4C Reverse Substitution
Next, we evaluate the definite integral on [O,b] .
b
j ke ™ dx
0
b
= [—e‘k‘ ]O Let C = 0.
_ _e—k(h) _ (_e—k(()))
— e 10
— 1_ e*kb

55. [ (x-6) ax

We first find the indefinite integral

I(x —6)2 dx

_ 2 Lo u=x—6
= Ju du Substitution: ; ~ ;-
L5
=—u +C Formula A
1 3 .
= g (x - 6) +C Reverse Substitution

Next, we evaluate the definite integral on [0, 4] .
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3 2
56. [ (x=5) ax
We first find the indefinite integral

j(x —5)2 dx

_ 2 Lo u=x-=5
= Ju du Substitution: ;, ~ ;-
1
=—u'+C
3
1 3
= 5 (x - 5) +C Reverse Substitution

Next, we evaluate the definite integral on [0,3].

[((x=5) ax

= B(x—sf T Let C = 0.

0

3 3
=§(—2) —g(—5)
8 ( 125
33

117
T3
=39

57.

Chapter 4: Integration

J‘2 3x?dx
0 (1 +x° )5
We first find the indefinite integral
3x’dx
(1 +x° )5
d _
= —I: Substitution: M_HX;
u du=3x“dx
=|udu
L
=——u +C Formula A
4
= ——(1 + x3 ) +C Reverse Substitution
1
4(1+x°)
Next, we evaluate the definite integral on [0,2].
_[2 3x2dx
0 (1 +x° )5
r 2
1
=| - 1 LetC =0.
4(1+x°
L 0

(mm)(-3)

___ L, 66l
26,244 26,244

6560

26,244

1640

T 6561
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Exercise Set 4.5

*d
jj X dax

o]

We first find the indefinite integral

J' xdx

1 ¢cdu o
=——|— Substitution; “~7 ¥ 3
447 du=—4xdx

= +C
24(2-x")

We evaluate the definite integral on[-1,0].
J'O x'dx
-1

o)

6

"
59. _[077x~3 1+ x*dx

We first find the indefinite integral
j7x 1+ xdx

=7J‘x-3 1+ x%dx

2112x~3 1+ x*dx
2

= %Im (Zxdx)

= % J' Judu Substitution: 15
= % _[ u% du

= %u% +C Formula A

= %(1 +x° )% +C Reverse Substitution

We evaluate the definite integral on [O, J7 :I .

NA
jo Txyl+ x> dx

{ Lo+ 2)%f Let € =0,
:H%{H(ﬁ)z)%)—[%(u(o)z)%j]

o) (o)
(42)-

315

8

21
8

Y

60. J:IZx-Sl—xzdx

We first find the indefinite integral
J12x-31- 2" dx

=6[2x-31-xdx

= ~6[V1- 2" (~2xdx)
=6 [ Yudu

= —6[u’*du

= —5u”s +C
=—5(1—x2)%+C

2
I u=l-x
Substitution: ;, _ 5 .

Formula A

Reverse Substitution
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61.

62.

63.

Next, we evaluate the definite integral on [0,1] .

Left to the student.

J- —2000x

V25— X7

Let u =25-x7, then du = —2xdx.
Note that —2000 = —2-1000.

1000 25,2
= du Substituting: ;, ~75"
J \/; du=—2xdx
=1000[ udu
e
=1000—+C
pas
— 20004’ +C
=2000+25-x* +C
We use the condition D(3)=13,000 to find C.

D(3)=13,000

20004/25—(3)" +C =13,000

20004/16 +C = 13,000
8000+ C = 13,000
C =5000

Thus, D(x)=2000325—x* +5000.

a) We will evaluate each integral separately
and then do the operations to find P (t)

First, we will find revenue from the sale of
products.

t)= JR'(t)dt
= [4000¢d

=20007> +C
We use the initial condition to find C.

64.

Chapter 4: Integration

R(0)=0
2000(0)° +C =0
CcC=0
Thus, the revenue from the sale of product is
R(r) =2000¢°.
The revenue from the sale of the machine is
the salvage value of the machine, which is

given by V(r) = 200,000 —25,000¢"".

The cost of the machine was $250,000.
Putting these three functions together, the
total profit from the machine, in dollars, is

P(t)=R(t)+V(r)-C(z)
= (20007 ) + (200,000 - 25,000¢" " ) -
(250,000)

= 20007* — 50,000 —25,000¢"".
b) Substituting 10 for ¢, we have:
P(10) =2000(10)’ — 50,000 — 25,000¢""""
= 150,000 - 25,000e

= §82,042.95
After 10 years the total profit from the
machine is $82,042.95.

dpP _ 9000 -3000x
dx (xz —6x+ 10)2
We integrate to find total profit.

9000 —-3000
P(x) = [0 R0 g

2

(x* —6x+10)
Let u = x> —6x+10, then du = (2x—6)dx
Note that 9000 —3000x = —1500(2x -6).

P(x) =_[ —-1500

= (2x-6)d
(x* —6x+10) (2r=6)dv

_ J. -1500 du  Substitution '~ x(zzj):)zlig
- —1500_[1[261“
=1500u™ +C

=1500(x* ~6x+10) " +C
B 1500
x*—6x+10
We use the condition P(S) =1500to find C.
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P(3) =1500 66. Jzz—x 4—x"dx
1500 B
(3)2 —6(3) +10 +C=1500 We notice that —xv4—x" =0, on [—2,0] and
1500+ C = 1500 0= —xv4—x, on [0,2]. We will divide the
Cc=0 interval into two parts.
Thus, the total profit function is First on the interval [-2,0], we find the
P (x) 1500 indefinite integral.

=610 J(-xa= o)as
65. a) | D(r)dr=]"100,000¢" dr = J[xfa=a?)ax

Find the indefinite integral first. 1 \/7
=—|V4-x" (-2x)dx
J’loo’ 000" gt 2 _[ ( )

— 1 ST u=4-x2
— 5 (;25 .(0'025)‘[100, 000" it = EI\/;du Substitution: ;= 5 .
: O
= 4,000,000 " (0.025)di | udu
_ " L u=0.025t
= 4,000,000 e“du  Substitution: ‘20535 _ % Hc
=4,000,000¢" +C
0.025¢ _ l 452 % C
= 4,000,000¢""" +C —3( )
I[\ga);t(; SV]V e evaluate the definite integral on Next, we will evaluate the integral on [-2,0].

105 jo —x\4—xdx
jo 100,000 dr -

=[4.000,000¢"> ] " Let € =0. = E(“ i )%}

Ll Y

=4,000,000[ ¢ —¢" | 3 3
1, % 1,.\%
= 4,000,000 e** —1 =—(4Y? ——(0)>
[ 1) Lap -1
= 51,218,297 N
There were approximately 51,218,297 divorces = 3

from 1900 to 2005.
b) We found the indefinite integral in part (a), so ] o
we simply need to evaluate the definite integral indefinite integral.

over the interval [80, 106]

Next, on the interval [0,2] , we find the

J::(’ 100, 000" gt

- [4’ 000, 000" ];26 From part (a).
=4.000 000|:e().()25(1()6) _ eo.ozs(so):l
=4,000,000[ ** —¢” |

~ 4,000,000[6.764982546]

= 27,059,930
There were approximately 27,059,930
divorces from 1980 to 2006.
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67.

| (0 - (—xm ))dx

= J(xﬂ)dx

= —%_[M(—Zx)dx
=—%J\/;du
=—%ju%du

2
s u=4-x
Substitution: 4, _ 5 4

3
= La-v)iic
3
Next, we will evaluate the integral on [0,2].

J‘Ozx 4—x*dx

Therefore, the total area is:

J‘_Oz—x\/4—x2dx+.[;x 4—x*dx

4
j xV16 — x* dx

—4
We notice that 0> xv/16— x>, on [-4,0] and
xV16—x* 20, on [0,4]. We will divide the

interval into two parts.
First on the interval [—4,0], we find the

indefinite integral.

Chapter 4: Integration

j(O—x\/16 —x? )dx
= J.(—x\/16—x2 )dx
1
= EI\/16 —x* (<2x)dx
= %J'\/; du Substitution: Z;iﬁ;;i\
= %J'u%du
= lu% +C
3
=1(16—x2)% +C
3
Next, we will evaluate the integral on [—4,0].

|| 162
=E(16—x2)%L
[(30e-0) - (Ss-to)"

0

Lo _ Lo
=216 -2(0)
64
3

Next, on the interval [0, 4] , we find the

indefinite integral.

j(x\/16—x2 —O)dx
= J(x\/16—x2 )dx
= —%jM(—Zx)dx

1 _
= E j \/; du Substitution: Z;igﬁx
1
=—— J u% du
2
= —lu% +C
3

=—%(16—x2)%+c

Next, we will evaluate the integral on [0,4] .
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69.

Exercise Set 4.5

j:x\/16—x2dx

70.
1 3T
= [——(16 -x) 2}
3 0
VA 1 VA
-7 -]
1 1
= ——(0)" +=(16)"
3 3
s
3
Therefore, the total area is: 71.
ji—xV16—x2dx+J04xV16—x2dx
_64 .64 128
3 3 3
j ! dx
ax+b
_ l adx
a’ax+b
= l @ Substitution: Z;f;;f
a’ u
= lln u+C
a
1
=—In(ax+b)+C
a
[5xv1-4x> dx = 5[ xv1 - 4xdx
Let u =1-4x", then du = —8xdx. We do not 72.
have —8xdx. We only have xdx and need to
supply a —8. We do this by multiplying by
4. —8 as follows.
1
= == 1|(=8)5| xv1-4x"dx
(-4 )s)sf
= —%j\/l —4x* (-8x)dx
= —%J‘ \/; du Substitution: Z:ii‘;ﬁ]x 73.
= —EJ‘u%du
8
= —iu% +C Formula A
12
3
= —i(l - 4X2 )A +C Reverse substitution
12

531

Ji
e

I

e\/?

= 2"‘2—\/;(11‘

= ZIe”du a

Substitution: “~ 1
du=—tdt

24t
=2e"+C
=2¢" +C

2

j x3 dx = J.xze”jdx
o

Let u=—x", then du = —3x*dx. We do not have
—3x*dx. We only have x’dx and need to supply
a —3. We do this by multiplying by -3 as
follows.

=—l~ —3) [x?e " dx
L))

=— % j e’x3 (—3x2 ) dx

1 __3

= ——jeudu Substitution: “~ ¥ 5
3 du=-3x“dx
[

=——e"+C Formula B
3
1 _3

= —ge +C Reverse substitution

X
= Juggdu Substitution: u:lnlx
du=;dx
1
= 4% C
100
1
— _(1 x)l()() +C
100
i
e
j_zdt

1 1
Let u=—=1", thendu =—t"dr =——dr. We
t t

1 1
do not have ——dr. We only have —dr and
t t

need to supply a —1. We do this by multiplying
by (—1)-(-1) as follows.
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M
= (=) [ (1)t
t
1
u . . u==
= —J.e du Substitution:  ’ 1
du =——dt
=—e"+C Formula B
1
—6‘4 +C Reverse substitution

74. j (e +2)e'dr

u=e' +2

= Judu Substitution: ‘
du=ée"dt

dx
75.
j x(In x)4

Let u=1Inx, then du = ldx.

X

du
L =Inx
— Substitution: nll
u du==dx
X

= Ju"‘du

1
=—u’+C

- —%(lnx)_z e

76. J dt

#2+z

_1 J 312 dt
#2+t

3
. =2
=— j — Substitution: *~ "

du=312dt
= lJ‘I[%du

3
= iI,t% +C

9

:%(2+ﬂf4+c

78.

79.

Chapter 4: Integration

sz x> +1dx
Let u= x> +1, then du = 3x*dx. We do not have

3x’dx We only have x’dx and need to supply a
3. We do this by multiplying by +-3 as follows.

=%~3J‘x2\/x3 +1dx
=%j\/x3+1(3x2)dx

1 _3

= —J‘\/;du Substitution; “~" +21
3 du=3x“dx
1 )

= —juédu
3
2 3

= —ué +C Formula A

=§(ﬁ+4fé+c

dx

I[(m 1) +3(Inx) +4]

X

Let u =1nx, then du = ldx.
by

= J|: + 4i| du Substitution: u=lnx

du=Ldx
x

2

zlu3+§u +4u+C
3 2

=%(lnx)3 +%(lnx)2 +4Inx+C

J' x=3 _dx

(xz - 6x)A
Let u = x* —6x, then du = (2x —6)dx. We do
not have (2x—6)dx. We only have
(x - 3) dx and need to supply a 2. We do this by
multiplying by 1-2as follows.
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2
o u=x-—6x
Substitution: du=(2x-6)dx

4t
t*+38
to supply a 4, by multiplying by +-4

Let u=1In (t4 +8), then du = dt. We need

1 .42 In(t* +8
i),

4 t"+8

u=In(r*+8

= lJ‘udu Substitution: ([ ’ )

4 du=-3"gy

448

_15
= gu +C 83.

= %(ln(t“ +8))2 +C

1 +2t 1 S
81. dr=||1- dr Seethe
j(t+1)2 '[{ (t+1)2] hint

1
=Jdt—_[m dt
Let u=1t+1, then du = dt.
= Jdu - J‘uizdu Substitution: ‘"
= [du-[u”du
=u-[-u"]+K
=t+1+(r+1) " +K

1
=t+—+C

C=K+1
t+1 [ +]

:_.2jx;3ldx 82.

sz +6x

~-dx
(x+3)
x2 +6x+9—9 i —9i
dex numensior.
j X +6x+9 3 9 dx
(x+3)2 ()c+3)2

Let u = x+3, then du = dx.

= Jdu - J%du Substitution: Z;i:;j
u

= Jdu—9'[u’2du+K

=u+9u +K

=x+9(x+3) +K+3

=x+ +C [C=K+3]
x+3
x+3 _ 2 See the
J‘x+1dx_'|.[l+x+l}dx hint.
=J‘dx+‘[ 2 dx
x+1

Let u = x+1, then du = dx.

du _
= Jdu + 2_[7 Substitution: Z;i;;
=u+2Inu+K

=x+1+2In(x+1)+K

=x+2In(x+1)+C [C=K+1]
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84.

85.

86.

j%d;

First, we divide algebraically to see

1
t—4)t-5

=

=Jdt— dr
t—4
Let u=1r—4, then du = dt.

du e
= Jdu - J7 Substitution: Zu;d?

=u— (lnu + Cz)
=t—4-In(r-4)+K
=t—-In(t—4)+C [C=K-4]
jLn’ n#-1
x(Inx)
Let u=1nx, then du = ldx.
X
dbt L u=Inx
=J Substitution: 1
u" du—}dx
= Ju’”du
—n+l
=L _ic
-n+1
—n+l
—n+l1

dx e
J‘e‘” +1 :J.1+e"”

Let u=1+¢", then du = —e "dx.

- _J l:-ee’x x

du —X
o =1
=—|— Substitution: “ +e7x
u du=—e""dx
=—Inu+C

=-In(l+e")+C

87.

88.

89.

90.

Chapter 4: Integration

X —X
e —e
J ——dx
e +e
Let u=e"+e*
u=e*+e”

du o
=|— Substitution: Y —x
u du=(e* —e~ " )dx

, thendu =e" —e"dx.

X

=lnu+C
= ln(ex +e_'”)+C

J»(lnx)" p .

X, n#
X

Let u=1nx, then du = ldx.
X

. =Inx
= Jundu Substitution: * nll
du:;dx

1
= Wt +C
n+1

1 n+l
= n+1(lnx) +C

(ln x)nH
n+1 e

dx
J‘xlnx[ln(ln x):l

Let u=In(Inx), then du = dx.

xlnx
_rdu

L. u=In(Inx

Substitution: (1 )

u du=——dx
xlnx

=lnu+C
=In[In(Inx)]+C

—mx
e
J‘l_aeﬂnx dx

Let u=1-—ae

—mx

, then du = ame ™ dx.

L,
am? 1—ae™™
1 ¢du

=—|— Substitution:
am u

u=l-ae” ™

du=ame™"™ dx

=Llnu+C
am

= ﬁ[ln (l - ae"”):l +C
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93.

Exercise Set 4.6

j9x(7x2 +9)" dx, n#-1
= 9J X (7x2 + 9)”dx

Let u=7x>+09, then du = 14xdx. We do not

have 14xdx. We only have xdx and need to
supply a 14. We do this by multiplying by
14 as follows.

=i-14-9jx(7x2 +9)"dx

:%J14x(7x2 +9)'dx

= ﬁ u"du Substitution: d/fi;i
B i un+l
14 n+1
9 n+
=————(7x" +9) %
14(n+1)
j5x2 (2x° —7)" dx, n#—1
=5[x* (20" -7)
Let u=2x"—7, then du = 6x*dx.
=— 6 5[ (22 =7)
_ 2 2 3 A4\
= 6J6x (2x 7) dx
= éju” du Substitution: u:2x32_
du=6x“dx

+1
u)l

+C

3.
6 n

5 n+l
= TP (2x3 -7 +C

No, this is not a theorem. Let f(x)=x".

Then [2[ f(x)]dx = [2x°dx =%+C;

however, [f(x)]z +C = [xz ]2 +C=x"+C

constant, the given statement is not true.

535

Exercise Set 4.6

1. J‘4xe4xdx = J.x(4e4xdx)
Let
u=x and
Then
du=dx and v=e"
Using the Integration-by-Parts Formula gives
u dv u-v v du

jx(4e4xdx) =x-e" - Ie”dx

1
=xe*" —=e* +C.
4

dv = 4e*dx

2. J3xe3xdx = Jx (3e3xdx)
Let
u=x and
Then
du=dx and v=e"
Using the Integration-by-Parts Formula gives
u dv u-v v du

J‘x(Se“dx) =x-e" - Je“dx

dv =3e*dx

1
=xe —=* +C.
3

3. jx3 (3x2 ) dx
Let
u=x"  and
Then
du=3x’dx and v=x
Using the Integration-by-Parts Formula gives

dv =3x*dx

u dv u v v du
Jx3 (szdx) =x-x —Jx33x2dx
=x° —j3x5dx
xﬁ
=x"-3-—+C
6
6
=2 -4
2
xﬁ
=7+C.

It should be noted that this problem can also be
worked with substitution or formula A.
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Integrate using Substitution
J‘x’z (3x2 ) dx

_3
= Judu Substitution: “~" 2
du=3x"dx

Integrate using formula A.
J x (3x2 ) dx
= J3x5 dx
xﬁ
=3 ? +C Using Formula A

6
SR
2

sz (2x) dx
Let

u=x and  dv=2xdx
Then

du=2xdx and v=x’

Using the Integration-by-Parts Formula gives
u dv u v v du

sz (Zxdx) =x-x’ —sz 2xdx

=x* —J2x3dx
x4
=x'-2.=—+C
4
=x'——x*+C
1
=—x*+C
2

It should be noted that this problem can also be
worked with substitution or formula A.

jxesxdx
Let

u=x and dv=e"dx
Then

du=dx and v= %es‘”

We integrated dv using the formula

J‘be“dx = ée“ +C.

a

Chapter 4: Integration

Using the Integration-by-Parts Formula gives
u dv u v v du

J‘x(esxdx) = x-ée” —Jéesxdx

1 11
=x-—e —=—=e"+C
55

5
(J-be‘“dx = Ee“ + C)

a

1 1
=—xe* ——e +C.
5 25
j2xe4‘dx
Let
u=2x and dv=e"dx
Then

du=2dx and v= ie“

Using the Integration-by-Parts Formula gives
u dv u v v du

= 1xe4x —l~le4x +C
2 2 4
1 1
=—xe" ——e*" +C
8
J‘xe’zxdx
Let
u=x and dv =edx
Then
1 2x

du=dx and v= —Ee’
We integrated dv using the formula

b
jbe‘”dx =—e"+C.
a

Using the Integration-by-Parts Formula gives
u dv u v v du

[x(evdx) = x(—%e‘zxj—.[[—%e_zxjdx

=—lxe_2x— _L —le_zx +C
2 2 2

('[ be“dx = Ee‘" + C)

a
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Exercise Set 4.6

jxe_xdx
Let

Uu=x and dv=e"dx
Then

du=dx and v=-e"
Using the Integration-by-Parts Formula gives
u dv u v v du

J‘x(e”‘dx) =x- (—eﬁ) — J’(—e”‘ ) dx

=—xe " —(-1): (—e”‘ ) +C

=—xe " —e" +C.
sz In x dx
Let
u=Inx and dv=x"dx
Then
1 1,
du=—dx and v=—x
X 3
Using the Integration-by-Parts Formula gives
u dv u v v du

Jinx(x dx) = 1nx-[%x3)—j(%x3jedxj

1 1
==x'Inx- j—xzdx
3 3

zlx3 lnx—lx3 +C
3 9

3 1 3
_xXInx x o
3 9
jx3 In x dx
Let
u=lnx and dv=x'dx
Then
1 1,
du=—dx and v=—x
X 4
Using the Integration-by-Parts Formula gives
u dv u v v du

Jinx(x*dx) = lnx-[iﬁ)—j(%x“j[%dx]

=lx4 lnx—J‘lx3dx
4 4

4 4
_X lnx_x__’_c.
4 16

11.

12.

13.

537

Jxlnx/;dx =Jxlnx% dx

Let
u=1In x% and dv = xdx
Then
1 1 - 1 1
du=—r-—x Bgy=——dx and  v=-x
) 2x 2
Using the Integration-by-Parts Formula gives
u dv u 1% % du
Jln x% (xdx) =1In x% (x_] - J[x—j(idx)
2 2 2x
x*1In x% 1
= — j—xdx
2 4
210
_X Inx —lxz ‘C
2
a lnx—l 2+C (lnx/:—lnx)
4 8
sz Inx® dx
Let
u=Inx* and  dv=x%dx
Then

du = de and v= lx3
X 3

Using the Integration-by-Parts Formula gives

u dv u v v du
Jlnxs (xzdx)zlnx2~ x_3 —J i Lidx)
3 3 X
31 3
_XInx —szdx
3
3 3
x Inx —lx3+C
3 3

3

:x3lnx—%+C (lnx3:3lnx)

jln(x+5)dx
Let
u=In(x+5) and dv=dx
Then
du = dcx and v=x+5
x+5

Choosing x+5 as an
antiderivative of dv

Using the Integration-by-Parts Formula gives
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14.

15.

u dv
Jin(x+5)dx =
u v v du
1
1 . -
n(x+5)-(x+5) j(x+5)[x+5dxj
= (x+5)In(x+5) - [dx
=(x+5)In(x+5)—x+C.
[in(x+4)dx
Let
u=In(x+4) and dv=dx
Then
du = de and v=x+4
x+4

Choosing x+4 as an
antiderivative of dv

Using the Integration-by-Parts Formula gives

u dv
[in(x+4)dx =
u % v du

in(a+4) (e4)- [+ )
= (x+4)In(x+4)- [dx
=(x+4)ln(x+4)—x+C.

j(x+2)lnxdx
Let

u=Inx and dv:(x+2)dx
Then

2
du:ldx and v:x—+2x
X 2

Using the Integration-by-Parts Formula gives
u dv

Ilnx~(x+2)dx=
u % % du
ln(x)- £+2x —j x—2+2x (ldxj
2 2 X
2
=X 4ox 1nx—j(f+2jdx
2 2
2

- %+2x 1nx—j§dx—j2dx

2 2
=X yox|mx-2—2x+C.
2 4

16.

17.

Chapter 4: Integration

j(x + 1) In xdx
Let
u=Inx and dv:(x+l)dx
Then
1 2
du=—dx and v=—+x
X 2
Using the Integration-by-Parts Formula gives
u dv
jlnx~(x+1)dx =
u % % du

1n(x)-(§+x]—j[§+x]edx)
= %+x lnx—j[§+1)dx

=|—+x lnx—J%dx—de

2 2
=|Z4x|lnx-—x+C.
2 4

j(x—l)lnxdx

Let
u=Inx and dv=(x-1)dx
Then
1 2
du=—dx and v=—-x
X 2
Using the Integration-by-Parts Formula gives
u dv
jlnx-(x—l)dx =
u v v du

= ——x 1nx—J§dx+Jldx

2 2
X X
=|—=x lnx—7+x+C.
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18. j(x—Z)lnxdx

Let
u=Inx and dv:(x—Z)dx
Then
2
du :ldx and v :x——2x
X 2
Using the Integration-by-Parts Formula gives
u dv
jlnx~(x—2)dx =
u % % du

2
= x——2x 1nx—j£dx+‘[2dx
2 2
2 2
=X ox|mx-X+2x+C
2 4
19. j xvx+2dx
Let
u=x and dv=+x+2dx =(x+2)% dx
Then
3
x+2 % ;
du=dx and v =Q=g(x+2)%
FA 3
Using the Integration-by-Parts Formula gives
u dv
Ix(x/x +2dx) =
u Vv v du

2 3 2 3
x~§(x+2)A —jg(x+2)é dx
=%x(x+2)% —%J‘(x+2)% dx

=Zx(x+2)ﬁ _g—(x+2) +C
3 3 0%

= 2(xrr2)t - L (xr2)% 4
3 15

539

20. jx\/x+5dx

Let

u=x and dv=~x+5dx= (x+5)% dx
Then

3
+5 % 3
du=dx and v= (x+5) =g(x+5)%
A 3
Using the Integration-by-Parts Formula gives
u dv

jx(\/x+5dx) =

u v v du

x-%(x-i—S)% —j%(x+5)% dx

2 3/ 2 3
:§x(x+s)4_§j(x+s)4dx

2y 2(xs)
—3x(x+5) 3 % +C

=§x(x+5)%—%(x+5)%+C.

21. jx3 In (Zx) dx
Let
u= ln(2x) and dv=xdx
Then

L-2abc:labc and v:lx4
X X 4
Using the Integration-by-Parts Formula gives
u dv u v v du

[in(22) () = n (2x).[§j_ I[Tj(ld)

4
X

X 3
=Zln(2x)—j7dx

du=

4 4

=2 In(2x)-+C.
4 16
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22,

23.

sz In (Sx) dx
Let

u= ln(Sx) and
Then

dv = x*dx

du =i-5dx :ldx and v :lx3
X X 3

Using the Integration-by-Parts Formula gives
u dv u v v du

[n(5x)(x*dx) = In (5x)- ();_3] _I[%})de)
=%31n(5x)—j§dx

3 3

=%1n(5x)—%+c.

J‘xzexdx
Let

u=x and
Then

du=2xdx and v=e"

Using the Integration-by-Parts Formula gives
u dv u v v du

sz (exdx) =x’¢" —Jerxdx

We will use integration by parts again to

dv=e"dx

evaluate ije‘”dx

Let

u=2x and dv=e"dx
Then

du=2dx and v=e"

Using the Integration-by-Parts Formula gives
u dv u v v du

ij (exdx) =2xe" — JZe‘”dx
=2xe" —2e" +C,
Thus,
szexdx =x’e" — Ierxdx
=x’e" - (er‘” —2¢* +C1)
=x'e" —2xe" +2¢" —C,

=x’e" —2xe" +2¢" +C [C = —Cl]

Chapter 4: Integration

Note, Since we have an integral Jf(x)g(x)dx ,

where f (x) can be differentiated repeatedly to

a derivative that is eventually O and g (x) can be

integrated repeatedly easily, we can use tabular
integration as shown below:

f(x) and Sign of g(x) and
Repeated Derivatives Product Repeated Integrals
2
X
\ + e’
2x \
— - >,
2 \
\ + \ ex
0 \
—

24,

We add the products along the arrows, making
the alternate sign changes.

szexdx =x%e* —2xe* +2¢* +C

[(nx)* dx
Let

U= (ln x)2 and dv =dx
Then

du = 21nxdx and v=x

X

Using the Integration-by-Parts Formula gives

u dv u v v du
J(ln )c)2 dx = (ln x)2 X - _[(x) (mdx)

X

= (lnx)2 -x—jZlnxdx
=x(In )c)2 —2J1n xdx

= x(lnx)2 —2(x1nx—x+C1)
See Example 1.
=x(Inx)’ —2xInx+2x+C. (C=-2C,)
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25. szezxdx

Let
u=x* and
Then

dv = e*dx

du=2xdx and v = %e“ (Jbe"‘ b +C]

a

Using the Integration-by-Parts Formula gives
u dv u v v du

sz (e“dx) =x’ %e‘ —J(%ez‘” j 2 xdx

1
—x’e" — jxezxdx

2

We will use integration by parts again to

evaluate jxezxdx
Let

Uu=x and
Then

dv = e*dx

a

dl/i = dx and V= %ebc (J‘be“\ — Eem +C)

Using the Integration-by-Parts Formula gives

u dv u v v du
jx(ezxdx) = x(lezx)—j(leh)dx
2 2
1 11
=—xe’ ———e" +C,
2 22
1 1
=—xe* —Zez" +C,
Thus,
sz (ezxdx)=x2~le‘” J' lehj 2 xdx
2 2
1
=x"-—e" — | (xe’ Jdx
Lo flae
:%xzex—[—xezx 1€2X+C1)
1 2 x 2x 2x
—Exe ——xe" +—e" -C,
1 2 x 2x 2x
=5xe ——xe"+—e" +C
[c=-C]

541
Alternatively, we can also use tabular
integration as shown below:
f(x)and Sign of g(x)and
Repeated Derivatives Product Repeated Integrals
x2 e2x
\ +
2x \ 1
\ _ \ EeZ)c
\ " \ _ €2X
0 ~ L.
8

26.

We add the products along the arrows, making
the alternate sign changes.

Ixzezxdx

= 1x262x 1x62” +—e” +C
2 2
jx_S In x dx
Let
u=Inx and dv=x"dx
Then
1 r
du=—dx and v=—x
X —4
Using the Integration-by-Parts Formula gives
u dv u v v du

[inx(xdx) =1n 2(—%) - J(—%)(%dx}
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27. ije_zxdx 28. jxse4xdx
This integral requires multiple applications of

This integral requires multiple applications of
the Integration-by-Parts formula. However,

the Integration-by-Parts formula. However, we

since f( x) = x’ is easily differentiable and to a will use tabular integration as shown to simplify
derivative that is eventually 0 and our work.
g (x) = e*Z,r can be integrated easily USing f(x) and Slgn of g(x) and
J' be™ = 26” +C we will use tabular Repeated Derivatives Product Repeated Integrals
) ) a ) ) xS e4x
integration as shown to simplify our work. +
f(x) and Sign of g(x) and * _ Ze“
Repeated Derivatives Product Repeated Integrals Zox\ 1
e X n ™
N 2\ 16
1
3x7 1 60x _ —e*
B _Ze 64
2 120 1,
6x 1 —2x + Py '
+ —e 256
4 120 1
6 1 > _e4x
B e - 1024
8 0 1
0 1 s e4x
% e 4096
- We add the products along the arrows, making
We add the prpducts along the arrows, making the alternate sign changes to obtain
the alternate sign changes to obtain S 4
3 o Jx edx
jx e dx
5 1 4x 4 1 4x 3 1 4x
3( 1 ij 2[1 “) =x"|—e" |=-5x"| —e |+20x7 | —e" |-
=x|——e —3x" | —e + 4 16 64
2 4
1 1
1, 1 60x* | —e"* |+120 =
6x(—§ez“j—6(ge“j+C * (2566 ) x(1024e
1
1 3 3 3 4
__Exze—zx 2 e 2 e 2 L o 120(40966 j"'c
_ 1 5 4x 4 4x 5 3 4x 2 4x
=—xe " ——xe' +—xet ——xe" +
4 16 16 64
1
> xe** —ie“ +C
128 512
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29. j(x4 + 4) e dx
This integral requires multiple applications of
the Integration-by-Parts formula. However,
since f (x) = x* +4 is easily differentiable and
to a derivative that is eventually 0 and
g (x) = ¢’* can be integrated easily using

b .
jbe“ =—e“ +C we will use tabular
a

integration as shown to simplify our work.

543

30. j(xz —x+ l) e "dx

This integral requires multiple applications of
the Integration-by-Parts formula. However, we
will use tabular integration as shown to simplify

f(x) and Sign of g(x) and
Repeated Derivatives Product Repeated Integrals
xt+4 e

4x°

[§)

i

12x

24x
—e
27
l 3x
—e
81
1 3x
—e
243

24

our work.
f(x) and Sign of g(x) and
Repeated Derivatives Product Repeated Integrals
X —x+1 x
+ e
3x2 ) 1 \ .
_ —e
. \ n
+ e
6 —x
_ —e
0 \

We add the products along the arrows, making
the alternate sign changes to obtain

j(x4 + 4) e dx

= (x4 +4)(le3xj—4x3 (163X)+
3 9
12x° Le“ —24x Le“ +
27 81
1 3x
24| —e |+C
243
= l()c“ + 4) e —ix3e3x +£)C2€3X -
3 9 9

ixez"' +£er +C.
27 81

We add the products along the arrows, making
the alternate sign changes to obtain

j(x3 —x+ 1) e “dx

= (x3 —-Xx+ 1) (—e_x) - (3x2 - 1) (e_x ) +
6x(—e_x)—6(e_x)+C

=—xe " +xe "t —e =3x’¢ +e " —
6xe™ —6e" +C

=—xe™ —3x%e ™ —5xe* —6e* +C.

3l. fxz In xdx

In Exercise 9 we found the indefinite integral

3 3
x’Inx x
-—+C.
9
We use the indefinite integral to evaluate the

definite integral as follows:

sz In xdx =

jlzlenxdx
[FInx « ’
= 3 —? Use C =0.
L 1
[@ne) @' [0'm )
B 3 9 3 9
8 8 1
=|=(In2)-—=|-|0——
3025 |-o-3]
S
3 9
:§ln2—l.
3 9
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32,

33.

2
L X 1n xdx
In Exercise 10, we found the definite integral
4 1 4
ij Inxdx = *nx —x—+C.
4 16

We evaluate the indefinite integral as follows

2 3
L x” Inxdx

r 2
_ x*Inx x‘q

(104 10 g L
4 16 16

—4In2— 1+
16

:4ln2—E.
16

6
j In(x+8)dx

2
First, we find the indefinite integral.
j In(x+8)dx
Let

u=1In (x + 8) and

Then

dv =dx

du = dx and v=x+8

x+8

Choosing x+8 as an
antiderivative of dv

Using the Integration-by-Parts Formula gives

u dv
[in(x+8)dx=
u v v du

1
1 8)- 8)— 8 d.
n(x+8)-(x+8)- [(v+ )(HS x)
=(x+8)In(x+8)— [ dx
=(x+8)1n(x+8)—x+C.
We now use the indefinite integral to evaluate

the definite integral. To simplify our work, we
choose the constant of integration C to be 0.

34.

35.

Chapter 4: Integration

jﬁln (x+8)dx

)

= [(x+8)ln(x+8)—x]z
=[((6)+8)1n((6)+8)(6)] -
[((2) +8)In((2)+8)- (2)]

=[141n14-6]-[101n10-2]
=141n14-10In10—-4.

5
[ in(x+7)dx
First, we find the indefinite integral.
jln(x +7)dx
Let
u=In(x+7) and dv=dx
Then
du = ! dx and v=x+7
x+7

Choosing x+7 as an
antiderivative of dv

Using the Integration-by-Parts Formula gives

u dv
jln (x+7)dx =
u v % du

1n(x+7)~(x+7)—.[(x+7)[x_ll_7dx)

=(x+7)In(x+7)- [ dx
=(x+7)In(x+7)—x+C.

Evaluate the definite integral.

Jj In(x+7)dx

= [(x+7)ln(x+7)—x:lz

=[((5)+7)n((5)+7)-(5)]-
[((0)+7)mm((0)+7)-(0)]

=[12In12-5]-[7In7-0]
=12In12-7In7-5.

1
J xe“dx
0
First, we find the indefinite integral Jxe*dx .

Let

u=x and dv =e’dx
Then
du=dx and v=e"

Using the Integration-by-Parts Formula gives
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u dv u v v du

J‘x(e‘”dx) =x-e - Je‘”dx

=xe' —e" +C.
We now use the indefinite integral to evaluate
the definite integral. To simplify our work, we
choose the constant of integration C to be 0.

jl xe'dx

-
- [(1)6(1) o J _[(0)6(0) _ 6(0)]
= [e—e]—[O—l]

=1.

J: (x3 +2x% + 3)6_2de

First we find the indefinite integral using tabular
integration as shown.

f(x) and Sign of g(x) and
Repeated Derivatives Product Repeated Integrals
X +2x2 43 o2
\\+\
3x +4x ~— _le,h
\\—\ 2
6x+4 1
\ + S _e—2x
S~—~— 4
6 T 1,
T ¥
O \ ieflx
16

We add the products along the arrows, making
the alternate sign changes to obtain
j(x3 +2x% + 3) e dx

= (x* 424 +3)(_%e-2xj_
(3x” +4x) Ge“ j +(6x+4) (—%e”j

37.

545

Evaluate the definite integral.

J: (x3 +2x7 + 3) e dx

C(x) = JC'(x)dx = J4xﬁdx
Let

u=4x and dv=\/x+3dx=(x+3)%dx
Then

3
+3 % 3
du=ddv and v= O 20 g
A 3
Using the Integration-by-Parts Formula gives

j4x (\/x +3dx)
= 4x%(x+3)% —j%(x+3)% -4dx

8 3 8 3
=§x(x+3)é —EJ‘(x+3)A dx

%
=%x(x+3)% _g(x-l‘S) ’ Use K to avoid

7 confusion with cost.
2
= §x(x+3)% —&(x +3)% +K.

3 15

Next, we use the condition C(13)=1126.40to

find the constant of integration K .
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C(13)=1126.40
2(13)((13)+3)% -

104
3

%((13) +3)% +K =1126.40

16

(16) - T 20(16) + K =1126.40

104
=

64)—9(1024)”( =1126.40
15

0656 16,384
3

K =1126.40

16, 896+K—1126 40

1126.40+ K =1126.40
K=0
Therefore, the total cost function is

8 3 6 5
c(x):?c(ﬂg)é O (x+3)”

15

38. j P'(

We w111 use tabular integration as shown below:

X)dx = j1000x2e*’2‘dx

f(x)and Sign of g(x)and
Repeated Derivatives Product Repeated Integrals

1000x> —02x
\

P

2000‘x x _5670.2x

2000 > 250702+

\

||/

0 > 12500

We add the products along the arrows, making
the alternate sign changes.

j 1000x%e "> dx
=1000x” (=S¢ *** ) - 2000x (25¢ > ) +
2000(-125¢>)+C

= -02*( ~5000x> — 50,000x — 250, 000)

We use the condition P (0) =-2000to

determine C.
P(0) =-2000

e ( ~5000(0)" —50,000(0) —250,000)

+C =-2000
—-250,000 +C = -2000
= 248,000

Thus, the total profit function is:
P(x) = —5000x%e™"** —50,000xe "> —

250,000e %" +248,000.

39.

40.

Chapter 4: Integration

a) K(1)=10te"

The number of kilowatt hours the family
uses in the first 7 hours of the day is given

by [ K(r)dr . We find the indefinite
integral first.

_[K(z)dt = JlOte”dt

Let

u=10t and
Then

du=10dt and v=-e"'

Using the Integration-by-Parts Formula
gives

J10tedr =10¢-(—e™" )~ [-e™" -10dt

dv=e'dt

=—10ze” +10je-’dt

=—-10te” —10e”" +C
Next, we evaluate the definite integral.

T

_[0 K(t)dt
T
=[-10re™ —10¢™" |
=[-10Te™" —10e™" ]-[-10(0)e™ — 10 ]
=-10Te”" —10e™" +10.
b) Substitute 4 for T.

4
[ K (1)dr =-10(4)e ¥ =10¢™ +10

0

=—40e™ —10e™* +10

= 9.084
The family uses approximately 9.084 kW-h
during the first 4 hours of the day.

a) [ E(i)di=[ te"dr. Wefind

the indefinite integral first.

jte’k’dt
Let
u=t and dv =eMdt
Then
1
du=dt and v= —Ze”"

Using the Integration-by-Parts Formula gives
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jte’k’dt = (—%ek’ ) —j—%e’k’dt

= —lte”" +lje’k’dt
k

k

LY G W W
k k\ k

= —lte’k’ —Lze"" +C
k k

=—e" (£+L2)+ C.
k k

Next, we evaluate the definite integral.

I:E(t)dt

G

b) Substitute 10 for T and 0.2 for k.
10 00 o
_[0 E(t)dt—JO e dt

_ 0200 | 10 12 + 12
0.2 (02)" ) (0.2)

= —¢?(50+25)+25
= —75¢ +25

= 14.850.
After 10 hours the total excretion of the drug
is approximately 14.850 mg.

J‘x/zlnxdx = Jx% In xdx
Let
b
u=Inx and dv = x"%dx

Then
2 %

du :ldx and v=—x
X 3

Using the Integration-by-Parts Formula gives

547
j Inx (x% dx)

e 3 1)

zgx%lnx—éjx%dx
=%x%lnx—% %x% +C
3 313

2 4
:—x% lnx——x% +C.
3 9

42. det = _[te’ (t+1)" dr

(1+1)°
Let
u=te'  and dv=(t+1)72dt
Then
171
du=(te’+e’)dt and v:(t+)
-1
or
du:e’(t+1)dt and v:—L
t+1

Using the Integration-by-Parts Formula gives

j(—dt

t+1)°

=te' (—ﬁ)—j(—ﬁ)e’ (t+1)dt

43. jmTjdx = J'xf% In xdx

Let

u=Inx and dv= x_%dx

Then
du = labc and %
X
Using the Integration-by-Parts Formula gives

y=2x
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jln X (xi% dx)

= 1nx-(2x%)—j(2x%)(§dx)

= 2x% lnx—2jx_%dx
p lnx—2(2x%)+C

=2x% lnx—4x%+C

=2Jx(Inx)-4/x +C.

131° - oA
44. 8t =[(13 —48) (4 +7) B
J 5’4[ +7 J‘( )( )
We will use tabular integration as shown to
simplify our work.

Chapter 4: Integration

45. j (27" +83x-2)¢/3x +8dx

= (27x° +83x-2)(3x +8)% dx
We will use tabular integration as shown to
simplify our work.

f(x)and Sign of g(x)and
Repeated Derivatives Product Repeated Integrals
3 a—
27x° +83x -2 \Jr) (3x+8)%
2
162x \ 4
+ 2 (3x+8)%
\ 91
162
=T 8 (asen)%
\ 1729
0
16 (3x + 8)2%
43,225

f (t) and Signof | ¢ (t) and Repeated
Repeated Derivatives Product Integrals
131" —48

4t+7

\ 4t+7
\

41+7)5
576( )
0
125 (4i47)%
32,256
J'13t —48
Jat+7

= (137 —48)[ 56(4t+7)/:| 26t|:%(4t+7)%}

26[ 12 (4t+7)1%}+c

32,256

=i(13t2 —48)(4t+7)% —ﬁt(4t+7)% +
16 288

1625

(4t +7)1% +C.
16,128

[ (272 +83x—2) /3 + 8dx
_ %(27;8 +83x-2)(3x+8)% -
%(fslx2 +83)(3x+8)7% +

1296 (3x+8)% - 222 (3548)% +C
1729 43,225

46, [x*(Inx)’ dx

Let

u= (ln x)2 and dv = x*dx
Then

3
du = 21nxdx and v -
X 3

5 2 (lnx

jx (lnx) dx —T J.—x In xdx

Use integration by parts again to evaluate
2
j— x* In xdx .
3
Let
2 ,
u=Inx and dszx dx
Then
3

du =ldx and v =2x‘
X 9
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ngz In xdx =2x3 lnx—_l'gxzdx
3 9 9

=%x3lnx—ix3+K
9 27
Therefore,
sz (ln x)z dx =
*(In :
=x ( x) - g)c3lnx—ix3-i-K
3 9 27
3(Inx)
i) ( x) —%xBInx—Fix}—K
3 9 27

3 3 3

=%(lnx)2—2; Inx+ x7+c (C=-K)

47. jx" (ln x)2 dx, n#-1

Let
u= (ln x)2 and dv = x"dx
Then
n+l
du=21nxdx and v=x
X n+l
n+l 1 2 n
Jx”(lnx)zdx=x (nx) —sz lnxdx
n+l n+1
n+l 1 2
=2 (nx) - 2 J.x"lnxdx
n+1 n+l
Use integration by parts again to evaluate
jx" In xdx .
Let
u=Inx and dv = x"dx
Then
1 x)H—l
du=—dx and v=
X n+l
n+l n
jx” In xdx = ¥ Inx —J al dx
n+l n+l
xn+l lnx xn+l
= - -+K
n+1 (n + 1)
Therefore,
jx" (ln x)2 dx =
n+l 2 n+l n+l
:x (lnx) 3 2 | x lnx_ X K
n+l1 n+l| n+l (n+1)2
n+l n+l n+l
= ) -2 )+ 4C
n+1 (n + 1) (n + 1)

48.

49.

50.

51.

52,

549

jx" In xdx .
Let
u=Inx and dv = x"dx
Then
1 x)H—l
du=—dx and v=
X n+l
n+l 1 n
jx” lnxdx:x nx_J' s dx
n+l n+1

xn+l ln X xn+1

= - ~+C
L (ner1)

Jx"e‘”dx
Let

u=x" and dv=e"dx
Then

X

du=nx""'dx and v=e¢
J‘x”exdx =x"e" - Je" (nx”_1 )dx

n—-1_x

=x"e" —nJ-x e“dx.

j(ln x)" dx
Let
u= (ln x)" and

Then

dv =dx

du = 2(ln x)'H dx and v=x
X

j(ln x) dx=x(Inx)" - _[ x- %(ln x)”_1 dx

= x(Inx)" —nj(ln x)"_1 dx.
No; let f(x)=2and g(x)=x.Then
Jf(x)g(x)dx = J2xdx =x>+C,, but
J‘f(x)dx-‘[g(x)dx = J‘de-‘[xdx =

(2x+C2)(§+C3j.

2
Since x* +C,and (2x+C2)(x—+C3j do not
2

differ by only a constant, the given statement is
not true.

Answers will vary.
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53. Using the fnlnt feature on a calculator, we find

that jl“’xS In xdx ~ 355,986.

Exercise Set 4.7

1.

J‘xe’“dx
This integral fits Formula 6 in Table 1.
Jxe“dx = Lz-e’” (ax - 1) +C

a

In the given integral, a = -3, so we have, by
the formula,
1

(-3)

=—e¢™ (—3x - l) +C

J‘xefhdx = ) ((—3) x— 1) +C

O | =—

= —ée’“ (3x+ 1)+C.

J2xe3‘”dx = 2J xe’*dx

This integral fits Formula 6 in Table 1.
1

jxe‘”dx =—-e" (ax—1)+C

2
a
In the given integral, a =3, so we have, by the
formula,

2f xe™dx = 2~L2-e(3)-* (3x-1)+C

(3)

=%e3‘” (3x—1)+C.

[6 ax
This integral fits Formula 11 in Table 1.
jaxdx S +C, a>0,a#1

Ina

In the given integral, a =6, so we have, by the
formula,

e
In6

j6*dx=

Chapter 4: Integration

1

J dx
VX' =9

This integral fits Formula 13 in Table 1.

1
—_— x+Vx* —a’
el

In the given integral, a’ =9, so we have, by the

dx =1In +C

formula,
1
dx=1n|x++/x* —9‘+C.
et e
1
j25—x2 dx

This integral fits Formula 15 in Table 1.
a+tx

j U =L

+C
a’ —x* 2a

a—x
In the given integral, a’> =25, 0ora=5,s0 we
have, by the formula,

1 |
j25—x2 dxzjsz—x2 dx
5+x
5—-x

+C

This integral fits Formula 16 in Table 1.

a+a® +x*

X

1
=——In +C
a

1
—dx
'[ wa® +x*
In the given integral, a* =4, ora=2,s0 we
have, by the formula,

[~ dx= [———ax
A+ x N2+ X
1, [2+V4+x

=——In
2 x

+C
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[~ 10.

3—x
This integral fits Formula 18 in Table 1.

j al dx = %+£—%ln|a+bx|+C
a+bx b> b b

In the given integral, a =3 and b = -1, so we
have, by the formula,

X
Forany e
SE R S A WS e

(=1 (=1) (=)

=3-x-3In3-x+C.

11.
J’dex
(1-x)
This integral fits Formula 19 in Table 1.
X a 1
dx = —1 bx|+C
I(a+bxf X H%a+lm)+bzlﬂa+ x|+
In the given integral, a =1and b = -1, so we
have, by the formula,
J ol —dx
(1-x)
= 21 - 121n|1—x|+C
(=1) (1-x) (-1)
= ﬁ+ln|l—x|+c.
[
X (8 - x)
This integral fits Formula 21 in Table 1. 12.
1 1 1|

|

= +— +C
x(a+bx)2 * a(a+bx) a n|a+bx|
In the given integral, a =8 and b = -1, so we

have, by the formula,

L
x(S—x)

-1 + In +C
8(8~x) (8)° [8-x
- +14n +C
8(8-x) 64 [8—x

551

j x* +9dx
This integral fits Formula 22 in Table 1.
J x* +a’dx

1
:E[x\/xz +a* +a* n|x+vVx* +d°

In the given integral, ¢ =9 and a = 3, so we
have, by the formula,

J\/xz + Odx
:%[x\/xz +9+9In

J+c

x4+ +9H+C

[in(3x) dx

= [(In3+Inx)dx
= [In3dx + [ In xdx
=In3[dx+ [Inxdx

The integral in the first term is the integral of a
constant and we will integrate accordingly. The
integral in the second term fits Formula 8 in
Table 1.

Jlnxdx =xlnx—-x+C

so we have, by the formula,
jln(sx)dx

=In3[dx+ [Inxdx
=In3-x+C, +xInx—x+C,
=(In3)x+xlnx—x+C

jln(%xjdx
=J(ln(%j+lnxjdx

= ln[%jjdx—kjlnxdx

The integral in the second term fits Formula 8 in
Table 1.

Jlnxdx =xlnx—x+C

(c=c +c)

so we have, by the formula,
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13.

14.

jln(%xjdx
=In%de+Jlnxdx

zlni-x+Cl +xlnx—x+C,
5

:(ln%jx+xlnx—x+C. (C=CI +C2)

jx4 In xdx
This integral fits Formula 10 in Table 1.
1 1
Jx"lnxdxzx"“ ox = |+C
|t 1 (n + 1) |

In the given integral, n =4, so we have, by the
formula,

Inx 1

_4+1 (4+1)2_

=x’ Inx_ 1 +C
S0

5 5
=%(1nx)—;—5+c.

+C

Jx4 In xdx = x**!

j x’edx
This integral fits Formula 7 in Table 1.

n _ax

X e

Jx”e‘”dx = —ij”’le‘”dx+C
a a
In the given integral, n =3 and a = -2, so we
have, by the formula,
3 2x 3
re ——J‘xHefzxdx+C1
-2 -2

JX3€72X dx =

= —lx3e’2x + EJ e dx+C,
2 2
We will apply Formula 7 again, this time with
n=2anda=-2

| N
=__x3e2x+
2

3| xPe® 2

——sz’le’zxdx +C2}+C1

2] =2 =2

= 1 e — Exze’z‘” + EJ‘ xe dx
4 2

15.

16.

Chapter 4: Integration

Now we apply Formula 6

jxe”xdx = Lz e™ (ax - 1) +C
a

with a = -2

1
— __x3ef2x _3x2ef2x +
2 4

%{ 1) -e‘z-*(—zx—l)+C3]+c2 +C,

2
e 3 5 o 3 L0 3 L
e —sze o xe —=e +C.

4
(c=c +c +3c)

(-2
L,

—=X
2

jx3 In xdx

This integral fits Formula 10 in Table 1.
1 1

Jx"lnxdxzx"“ ox = |+C
el (n+1)

In the given integral, n =3, so we have, by the
formula,

jx’zlnxdxzx’“1 Inx 1 ~[+C
341 (3+1)

=x* ln_x_ ! +C
O

4

4
X X
—T(lnx)—E+C.

ij4 Inxdx = 5_[ x* In xdx

This integral fits Formula 10 in Table 1.
1 1

Jx"lnxdxzx"“ ox = |+C
el (n+1)

In the given integral, n =4, so we have, by the
formula,

ln_x_;z +C
4+1 (441

5
=x (lnx)—x?JrC.

5jx4 Inxdx=5-x*" l:
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18.

19.

20.

Exercise Set 4.7

J- dx
VX' +7
This integral fits Formula 12 in Table 1.

1
j— x+Vx*+a’

In the given integral, a* =17, so we have, by the

formula,
1
_[ x+\/x2+7‘+C.
N +7

dx=1In +C

dx=1n

J- 3dx =3J dx
a1 —x? xl—x?

This integral fits Formula 17 in Table 1.

j 1 I a++a* —x*
xwa* —x* X

In the given integral, a*=landa=1,so we

have, by the formula,
1++/1=x2
X

1
=——In +C
a

+C

1 1
3| ———dx=3-| —— |In
'[)cxll—)c2 [ 1)
1++/1—x7

X

=-3In +C

J» 10dx - 10_[ dx i
x(5—7x) x(5—7x)
This integral fits Formula 21 in Table 1.
1 1 1| x|
J 5 dx = +—1In +C
x(a+bx) ala+bx) a
In the given integral, a =5 and b =-7, so we

have, by the formula,

1
10| ————d.
J‘)c(5—7x)2 *

1 X
_10[5(5_7x) (5)2ln _7x]+c
= 2 +gln| al |+C.

5-7x 5 |5-7x]

2 2 1
———dx=—|————d
J5x(7x+2) ) 5'|'x(2+7x) )
This integral fits Formula 20 in Table 1.

J;dx —lln
x(a+bx) a

In the given integral, a =2 and b =7, so we
have, by the formula,

21.

22,

553

2 1 201
Zf——a=%-m
57 x(2+7x) 5|:2

-5 1
———dx=-5|———dx
j 4x* -1 '[ 4x* -1
This integral almost fits Formula 14 in table 1.

X—d

+C

1 1
dx=—1In
sz —a? 2a

xX+a

However, the x”coefficient needs to be 1. We
factor out 4 as follows and then we apply
formula 14.

1 1
—Sjmdx = —Sdex

:_2 ! dx

In the given integral, a® =
have, by the formula,

1
IET SRR WL
47 x - 4 2(5) x+§
_1
=—§1n 2+ C
4 |x+3

[Nor —1dr
This integral almost fits Formula 22 in table 1.

J\/xz —a*dx
:%lixx/xz —d* —ad* In|x+Vx* =d*

However, the x”coefficient needs to be 1. We
factor out 9 as follows and then we apply
formula 22.

[\o(r —4)ar = [3Ji* —tdr =3[ J* ~sar

. . 2 _ 1 _ 1
In the given integral, a” =5 and a = 3, so we
21
3J t —Edl‘

1 1
= 3;[%/!2 -1 —gln‘th/tz -1 }rc
3[ 1
25 INIA —g—gln +C

J+c

have, by the formula,

2 1
t+l—§
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23.

24,

25.

[N4m® +16dm
This integral almost fits Formula 22 in table 1.

J x> +atdx
1
:E[x\/xz +a* +a* n|x+vVx* +d°

However, the m? coefficient needs to be 1. We
factor out 4 as follows and then we apply
formula 22.

j\/mdm = JZ\/mdm
=2[m’ +4dm

In the given integral, a* =4 and a =2, so we
have, by the formula,

2(Vm? +4dm
N

:2~%|:m m’ +4 +41n

J+c

m+~m’ +4H+C

=m\m’ +4 +4ln‘m+\/m2+4‘+C.

jSlnx

2
X

This integral fits Formula 10 in Table 1.
1 1
Jx” In xdx = x™"' ﬂ——z +C
n+1 (n + 1)
In the given integral, n = -2, so we have, by
the formula,

3_[ x 2 Inxdx

_ g2 Inx 1 _|+c
—2+1 (-2+1)

I S 1S
(=)

3
=—(-Inx-1)+C
x( nx—1)+

dx = 3j X In xdx

= —E(lnx+1)+C.
X
j_s Y e = ~5[x7 Inxdx

X
This integral fits Formula 10 in Table 1.

Jx"lnxdxzx"“ In x —;2 +C
n+1 (n+1)

In the given integral, n = -3, so we have, by
the formula,

26.

217.

Chapter 4: Integration

—5-[)(3 In xdx
:_5.x73+1 ln—x_; +C
341 (S3+1)

2 )

5 5
:§(lnx)+ﬁ+c
j(lnx)4 dx

This integral fits Formula 9 in Table 1.
j(ln x)n = x(ln x)n - n_[(ln x)’H dx+C,
n#-1
In the given integral, n =4, so we have, by the
formula,

J(nx)" = x(Inx)" =4[ (nx)"" dx+C,
= x(Inx)* =4[ (Inx) dx+C,

We continue to apply Formula 9.
x(inx)* =4[ (Inx)"" dx+C
= x(1nx)" =4 x(nx) =3[ (Inx)"" ax ]+ C
= x(Inx)" —4x(Inx)’ +12[ (Inx)* dx+C
We apply Formula 9 again.
=x (ln x)4 —4x (ln x)3 +

12 x(Inx)’ =2 In xax |+
=x(In x)4 —4x(In x)3 +12x(In x)2 —~

24 In xdx+C

Now we apply formula 8,
jlnxdx =xlnx—x+C.
= x(ln x)4 —4x(ln )c)3 +12x(1nx)2 —
24[x1nx—x]+C
= x(ln x)4 —4x(ln )c)3 +12x(1nx)2 -
24xInx+24x+C.
15’3 dx = IxBexdx

This integral fits Formula 7 in Table 1.

n _ax

X e

Jx”e‘” dx =

n
——Jx”’le‘”dx +C
a a
In the given integral, n =3 and a =1, so we

have, by the formula,
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29.

Exercise Set 4.7 555
3 x
Jx3exdx=xe _%J‘xzflexdx_'_c jx\/l+2xdx
2 3
=x'e" —3szexdx+C = 15(2)2 (3(2)x— 2(1))(1 +2x)4 +C
We will apply Formula 7 again, this time with ) %
n=2anda=1 =a(6x—2)(1+2x)2+c
2 x
3 x xet 2 oo,

xe ‘3{ 1l edx}rc =%~2(3x—1)(1+2x)%+c

=xe’ =3x%" +6jx€de+C _ i(3x_1)(1+2x)% +C

Now we apply Formula 6 15

ax 1 ax
Jrerav=—-e” (ax-1)+C 30. [xJ2+3xdr

with a =1

This integral fits Formula 23 in Table 1.

:x3e):_3x26x+6[ 12 -ex(x—l)]+C jx\/a-i-bxdx— (3bx 2a)(a+bx)%+C
! In the given 1ntegral, a=2and b=3, so we
=x'e" —3x%e" +6xe" —6e* +C. have, by the formula,

\ [ 22+ 3xdx
——dx ) ;
j\/4x2 +100 = W(3(3)x—2(2))(2+3x)% +C

=3J‘;dx
1[4 X +25

_3J'
——j—dx
27 Jx*+25

x+2

This integral fits Formula 12 in Table 1.

dx=1n

1
=

In the given integral, a® =25, so we have, by

the formula,

X— x%
135(9 4)(2+3x)2 +C.

31. S x =JS' x)dx

- j& dx =100[ ——-dx
(20— x)° (20— x)
ThlS integral fits Formula 19 in Table 1.
x+x*+a’[+C X a 1
J dx = +—zln|a+bx|+C

(a+b)c)2 b’ (a+bx) b
In the given integral, a =20 and b = -1, so we
have, by the formula,

= ——ln x+Vx’ +25 ‘+C
'[\/x +25 100[ ——-dx
20 x)
Joi2vas —100 — 22+ L jpo-o|+c
This integral fits Formula 23 in Table 1. (-1)"(20-x) (-1
jx\/a+bxdx— (3bx 2a)(a+bx)%+C —(2000)+1001n|20 x|+C
20—-x

In the given 1ntegral, a=land b=2,s0we

have, by the formul

Next, we use the condition §(19) =2000to

determine C.

a?
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32,

5(19) =2000
2000

(0-(19)

+1001n[20 - (19)|+ C = 2000

2000 +1001In1|+C = 2000

2000 + C = 2000
Cc=0

Thus, the supply function is

S(x)= (22(?00 j +1001n[20 — x|

= 100{ 20 +ln|20—x|:|.
20—x

1
jp dt—J 2+t)2 dt

This integral fits Formula 21 in Table 1.
1 1 1| x|
J 5 dx = +—1In +C
x(a+bx) ala+bx) a
In the given integral, a =2 and b =1, so we
have, by the formula,

p()=]

—dr
t(2+t)

B NS BN S S
2(2+1) | 241 |
1 1 ( t )
= +—In +C
2(2+1) 4 2+t
Note, we can drop the absolute value sign
because ¢ > 0.

We use the condition p(2)=0.8267 to find C.

p(2)=0.8267
! +lln£ 2 j+C:O.8267
2(2+2) 4 \2+2

l+lln l +C =0.8267
8 4 2

—0.0482867951+ C = 0.8267
C =0.8750

! +11n( ! )+0.8750.
2(2+1) 4 \2+¢

Thus, p(l) =

33.

34.

3s.

Chapter 4: Integration

8 1
jz—dx = 8_[—dx
3x" —2x x(—2+3x)
This integral fits Formula 20 in Table 1.

J';d LN 2 e
x(a+bx) a

a+bx

In the given integral, a =—2 and b =3, so we
have, by the formula,

1 1 X
- idx=8 —1In|—=—
8'[x(—2+3x)dx ) "2

——4m|—* |+c.
-2+3x
xdx
j4x —12x+9_I J —3+2x)

This integral fits Formula 19 n Table 1.

1

j al Sdx =— a 2ln|a+bx|+C
(a+bx) b’ (a+bx ) b

In the given integral, a=-3 and b =2, so we

have, by the formula,

Imdx

R +i21n|—3+2x|+c
2

(2)" (-3+2x)
:—;+lln|2x—3|+C.
4(2x-3) 4

X (—2 + x)2
This integral fits Formula 21 in Table 1.
j ! dx = ! + i In
x(a+bx)2 a(a+bx) a
In the given integral, a =—2 and b =1, so we
have, by the formula,

+C

a+bx
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37.

Exercise Set 4.7

j ! > dx

x(—2+x)

= ! ! In|—2 |+C
2(-2+x) (<2) |-2+x]
= ! +lm a +C
2(x-2) 4 |x-2

— +lln| al |+C.
2(x-2) 4 [x-2]

jex & +1dx

We substitute u = ¢* and du = e dx, and get

\/u2 +1du

This integral fits Formula 22 in Table 1.
J x* +a’dx

1
:E[x\/xz +a* +a* n|x+vVx* +d°

J+c

In the given integral, we have u = xand a° =1,

so we have, by the formula,

j\/u+1du
= %[u\/uz +17 +ln(u+\/u2 +12 )J+C.
= %[e‘*\/e“ +1 +1n(e‘ ++/e* +1)}+C.

J' —e dx dr= J’ e’ (_eix)dx
9—6e™ +e ™ (_3 +e )2

We substitute u = ¢~ and du = —e *dx, and
get

"

(—3+u)2

‘Which fits Formula 19 in Table 1.

X a 1
‘[(a+bx)2 dx = e (a+bx) +b—21n|a+bx|+C

In the given integral, we have u = x,
a=-3and b =1, so we have, by the formula,

38.

557

e (—e_x)dx B u
'[ (—3+e"‘)2 _I(—3+u)2 du
-4 |-3+u|+C
TPE(a) 2T

-3

Substituting
+C for u

1 ﬁ
—m+l—zln|—3 +e

=— +1n|e" —3|+C.
-3

e

J(Inx)" +49
)+,
2x
We substitute # = In x and du = labc , and get
X

% Vu? +49du

This integral fits Formula 22 in Table 1.

J X +atdx

:%[xxlxz +a* +a* In|x+Vx* +d*

In the given integral, we have u = x and

J+c

a® =49, so we have, by the formula,
%J‘\/uz +49du
= %%[u\[(u)z +49 +

491n(u+ (u)2+49)]+c

11 ubstitutin,
=E~E[lnx1/(ln x)' +49 + Subsituting

491n(1nx+ (Inx)" +49)|+C
= i[ln xyf(Inx)’ +49 +
491n(1nx+./(1nx)2+49) +C.
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