Chapter 4

Integration

Exercise Set 4.1

1. ¢(x)=-0.012x+6.50, forx <300
Note that the cost per pound of roasting coffee
decreases as the number of pounds of coffee
increases. We use the area under the graph to
find the total cost of roasting 200 Ib of coffee.
Shading the area under c(x) on the interval

0 < x <200 we see:
5

¢(x) = -0.012x + 6.50
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The area under the curve is a trapezoid;
therefore, calculating the total cost of roasting
200 1b of coffee will require calculating the area
of the trapezoid.

The formula for calculating the area of a

X

1
trapezoid is A = Eh(bl +b2) , where £ is the

height of the trapezoid and b, and b, are the

lengths of the respective bases. If we view the
trapezoid sideways, we see that
h =200

b, =¢(0) =-0.012(0)+6.50 =6.50
b, = ¢(200) = -0.012(200) +6.50 = 4.1

Substituting these values into the formula, we
have:
Total Cost = Area of trapezoid

1
:Eh(bl+b2)

= %(200)(6.5 +4.1)

=100(10.6)

=1060
The total cost of roasting 200 pounds of coffee
is $1060.

c(x) =—0.003x +4.25, for x < 500

Shading the area under ¢ (x) on the interval

0 < x £400 we see:
ty

() =-0.003x + 4.25
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We use the area under the graph to find the total
cost of producing 400 kg. of cheese. Viewing
the trapezoid sideways we have:

h =400

b, =c(0)=-0.003(0)+4.25=4.25
b, = ¢(400) = —0.003(400) +4.25 = 3.05

Substituting these values into the formula, we
have:
Total Cost = Area of trapezoid

1
:Eh(bl+b2)

= %(400)(4.25 +3.05)

=1460
The total cost of producing 400 kg. of cheese is
$1460.

c(x)=-0.04x+85, forx <1000

Note that the cost per card decreases as the
number of cards produced increases. We use
the area under the graph to find the total cost of
producing 650 cards.

Shading the area ¢ (x) on the interval

0 < x <650 we see:
-
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c(x)=-0.04x + 85
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Exercise Set 4.1

The area under the curve is a trapezoid;
therefore, calculating the total cost of producing
650 note cards will require calculating the area
of the trapezoid.

The formula for calculating the area of a

1
trapezoid is A = Eh(bl +b2) , where 4 is the

height of the trapezoid and b, and b, are the

lengths of the respective bases. If we view the
trapezoid sideways, we see that
h =650

b, =c(0)=-0.04(0)+85=85
b, =c(650) =—0.04(650)+85 =59
Substituting these values into the formula, we

have:
Total Cost = Area of trapezoid

1
:Eh(bl+b2)

- %(650)(85 +59)

=325(144)

= 46,800
The total cost of producing 650 cards is 46,800
cents or $468.

c(x)=-0.007x+12
Shading the area under ¢ (x) on the interval

0< x £200 we see:
Y

c(x)=-0.007x + 12

4
2 \
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We use the area under the graph to find the total
cost of producing 200 yards of fabric. Viewing
the trapezoid sideways we have:

h =200
b, =c(0)=-0.007(0)+12=12
b, =c(200) =-0.007(200) +12 =10.6

Substituting these values into the formula, we
have:

463

Total Cost = Area of trapezoid

1
:Eh(bl+b2)

= %(200)(12“0.6)

=2260
The total cost of producing 200 yards of fabric
is $2260.

R'(x)=2x-1150, x>0

Note that the marginal revenue is rate of change
of total revenue with respect to the number of
tickets. We use the area under the graph to find
the total revenue of selling 300 tickets.

Shading the area under R'(x) on the interval

0 < x <300 we see:

1007’
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The area between the x-axis and the curve is a
trapezoid; therefore, the total revenue will be
equal to the area of the trapezoid.

The formula for calculating the area of a

1
trapezoid is A = Eh(bl +b2) , where 4 is the

height of the trapezoid and b, and b, are the

lengths of the respective bases. If we view the
trapezoid sideways, we see that
h =200

b, =R'(0)=2(0)-1150 =-1150

b, = R'(300) =2(300)—-1150 = =550

Because the marginal revenue function is below
the x-axis, the values for b, and b, are negative.

Due to the nature of the application, we will
keep these negative values. The result will be a
negative area of the trapezoid. This simply
means that the total revenue will be negative,
which is a counterintuitive result, but we can
calculate it just the same.

Substituting these values into the formula, we
have:
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Total Cost = Area of trapezoid
1
=h (b, +b,)

= %(300)(—1 150 +(-550))

=150(-1700)

= -255,000
The total revenue from the sale of the first 300
tickets is —$255,000 .

P'(x)=-2x+80
Shading the area under P'(x) on the interval

0 < x £40 we see:
ol
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P'(x) =-2x + 80
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We use the area under the graph to find the total
profit from the sale of the first 40 units. The
area under the graph is equal to the area of a
triangle with

h=P'(0)=80
b=40
Substituting these values into the formula, we

have:
Total Cost = Area of triangle

~ L
2

= %(40) (80)

=1600
The total profit from the sale of the first 40 units
is $1600.

C'(x)= —%Hso, for x <450
We use the area under the graph to find the total

cost of producing the first 200 dresses.
Shading the area under C'(x) on the interval

0 < x <200 we see:

Chapter 4: Integration

C'(x) = (2/25)x + 50

0 50 100 150 260 250 300 350 400

The area under the curve is a trapezoid;
therefore, calculating the total cost of producing
200 dresses will require calculating the area of
the trapezoid.

The formula for calculating the area of a

1
trapezoid is A = Eh(bl +b2) , where 4 is the

height of the trapezoid and b, and b, are the
lengths of the respective bases. If we view the

trapezoid sideways, we see that
h =200

b, =C'(0)=—22—5(0)+50=50

b, =C'(200) = —%(200)+50 =34

Substituting these values into the formula, we
have:
Total Cost = Area of trapezoid

1
=Eh(bl+b2)

= %(200)(50 +34)

=100(84)

= 8400
The total cost of producing the first 200 dresses
is $8400.

From Exercise 7, we know that the total cost of
producing the first 200 dresses is $8400. In
order to find the total cost of producing the 201*
dress to the 400™ dress, we can calculate the
total cost of producing the first 400 dresses and
then subtract the total cost of producing the first
200 dresses.
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Exercise Set 4.1

Shading the area under C '(x) on the interval

0 < x £400 we see:
o4
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40 C'(x) = -(2/25)x + 50

N \E
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If we view the trapezoid sideways, we see that
h =400

b =C'(0)=—22—5(0)+50=50

1

b, =C'(400) = —%(400)+50 =18

Substituting these values into the formula, we
have:
Total Cost = Area of trapezoid

1
:Eh(bl+b2)

= %(400)(50+18)

=13,600
The total cost of producing the first 400 dresses
is $13,600.
Therefore, the total cost of producing the 201"
dress to the 400" dress is
$13,600 — $8400 = $5200.

C'(x)=-0.00002x> —0.04x +45
We divide the interval [0,800] into five

subintervals, each of width Ax = % =160.

To determine the height of each rectangle, we
use the left endpoint of each subinterval. We
illustrate the rectangles with a graph.

i
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Then, we have

10.

465

Total Cost = Area I + Area Il + Area III +

Area IV + Area V
The five left endpoints are 0, 160, 320, 480, and

640. Evaluating C '(x) at each of these

endpoints will determine the height of each
rectangle and the width was determined to be
160 ft. Therefore, the area of each rectangle is:

Areal =C'(0)-160 = 45-160 = 7200
AreaTl = C'(160)-160 = 38.088-160 = 6094.08
Area Il = C'(320)-160 = 30.152-160 = 4824.32
ArealV =C'(480)-160 = 21.192-160 = 3390.72

Area V = C'(640)-160 = 11.208-160 = 1793.28

Summing the area of each of the five rectangles

yields:

Total Cost = 7200 +6094.08 +4824.32 +
3390.72 +1793.28

=23,302.4
Thus, the total cost of manufacturing 800 feet of

molding is approximately 23,302.4 cents or
about $233.02.

C'(x) = 0.0005x* ~0.1x +30, for x <125
We divide the interval [0,100]into five

subintervals, each of width Ax = % =20. To

determine the height of each rectangle, we use
the left endpoint of each subinterval. We

illustrate the rectangles with a graph.
+y
35
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Then, we have
Total Cost = Area I + Area II + Area III +
Area IV + Area V
The five left endpoints are 0, 20, 40, 60, and 80.
Therefore, the area of each rectangle is
Areal =C'(0)-20 =600

Areall =C'(20)-20 = 564
Area Il =C'(40)-20 =536
ArealV =C'(60)-20=516
Area V =(C'(80)-20 = 504
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11.

12.

Summing the area of each of the five rectangles
yields:
Total Cost = 600+ 564 +536 +

516 +504

= 2720
Thus, the total cost of producing 100 ounces of
a new fragrance is approximately $2720.

C'(x) =0.000008x* —0.004x + 2, for x <350
We divide the interval [0,270] into three

subintervals, each of width Ax = @ =90. To

determine the height of each rectangle, we use
the left endpoint of each subinterval. We
illustrate the rectangles with a graph.

ty
4

3

NN\
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Then, we have
Total Cost = Area I + Area II + Area III
The three left endpoints are 0, 90, and 180.

Evaluating C '(x) at each of these endpoints will

determine the height of each rectangle and the
width was determined to be 160 ft. Therefore,
the area of each rectangle is:

Areal =C'(0)-90=2-90 =180
Area Il =C'(90)-90 =1.7048-90 = 153.432
Arealll =C'(180)-90 =1.5392-90 =138.528

Summing the area of each of the three

rectangles yields:

Total Cost =180+153.432+138.528
=471.96

Thus, the total cost of producing 270 pints of

fresh-squeezed orange juice is approximately
$471.96.

1
C'(x)= gxz —20x+1800, forx <80
We divide the interval [0,40] into four intervals,

each of width Ax = ? =10. To determine the

height of each rectangle, we use the left
endpoint of each subinterval. We illustrate the
rectangles with a graph.

Chapter 4: Integration

1800
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Then, we have
Total Cost = Area I + Area II +

Area III + Area IV
The four left endpoints are 0, 10, 20, and 30.
Therefore, the area of each rectangle is

Areal =C'(0)-10 =18,000
Areall =C'(10)-10 = 16,166.667
AreaIll =C'(20)-10 = 14,666.667

AreaIV =C'(30)-10 =13,500
Summing the area of each of the four rectangles

yields:
Total Cost = 18,000 +16,166.667 +

14,666.667 +13,500

= 62,333.33

Thus, the total cost of paving 4000 feet of road
surface is approximately $62,333.33.

13. Note that we are adding consecutive multiples
of 3:

6
3+6+9+12+15+18 =) 3i.

i=1

;
14. 5+10+15+20+25+30+35=25i.

i=1

4

15, f(x)+ £ (x)+ £ (x)+ f(x,) =§f(x,.).

16.g(x,)+ - +g(x) =D g(x).

i=1

17. G(x)+G ()4 +G(x;)= 3 G(x).

i=1

17

18. F(xl)+F(x2)+ +F(xl7)=zF(xi).

i=1

4
19. Y2 =2'+27+2° 42
i=1

=2+4+8+16,0r 30
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20.

21.

22,

23.

Exercise Set 4.1

4 5

+(=2) +(=2)
—1-2+4-8+16-32, or —21.

a) In the drawing in the text the interval
[1,7] has been divided into 6 subintervals,

each having width 1 I:Ax = 7T—1 = 1} .

The heights of the rectangles shown are

F)=t=1
1 1
2)=—=—=0.2500
1 1
3)=—=—=0.1111
)=+
1 1
4)=—=—=0.0625
f( ) 4% 16
1 1
5)=—=—=0.0400
f( ) 5% 25
1 1
6)=—=—=0.0278
Therefore, the area of each rectangle is:
Rectangle [ = f(1)-Ax=1-1=1

Rectangle I = f(2

( -Ax =0.2500-1=0.2500
Rectangle Il = (3

(

(

-Ax=0.1111-1=0.1111
Rectangle IV = f(4)- Ax =0.0625-1 = 0.0625
Rectangle V = f(5)- Ax =1-0.0400 = 0.0400

Rectangle VI = f(6) -Ax =1-0.0278 = 0.0278
The area of the region under the curve over
[1,7] is approximately the sum of the areas

\_/\_/\_/v

of the 6 rectangles. Therefore, the total area
is approximately:
1+0.2500+0.1111+0.0625 +

0.0400 +0.0278 = 1.4914.

467

b) In the drawing in the text the interval

[1,7] has been divided into 12 subintervals,
each having width 0.5

Ax—7 1_6 =0.5].
2 12

The heights of 6 of the rectangles were
computed in part (a). The heights of the
other 6 rectangles are computed below:

1 1

f(15)=—= 375 = 04444
f(25)= i & =0.1600
f(35)= 3_152 = ﬁ ~0.00816
f(45)= 4.152 = T%zs ~0.0494
f(55)= 5.152 = ﬁ ~0.0331
f(6.5)= 6.152 = ﬁ ~0.0237

Therefore, the area of each rectangle is:

Rectangle I:f( )Ax = 1(0.5) =0.5000
Rectangle II: f
Rectangle III: f
Rectangle IV: f
Rectangle V: f
Rectangle VI: f
Rectangle VII: f
Rectangle VIII: f
Rectangle IX: f
Rectangle X: f
Rectangle XI: f
Rectangle XII: £(6.5) Ax = 0.0237(0.5) = 0.0118

1.5)- Ax = 0.4444(0.5) = 0.2222
2)- Ax =0.2500(0.5) = 0.1250
2.5)- Ax =0.1600(0.5) = 0.0800
3)-Ax =0.1111(0.5) = 0.0556
3.5)- Ax = 0.0816(0.5) = 0.0408
4)- Ax =0.0625(0.5) = 0.0313
4.5)- Ax =0.0494(0.5) = 0.0247
5)- Ax = 0.0400(0.5) = 0.0200
5.5)-Ax=0.0331=0.0165

6)- Ax =0.0278(0.5) = 0.0139

A~ N N /S /N /S /S /S /S A/~

The area of the region under the curve over
[1,7]is approximately the sum of the areas

of the 12 rectangles. Therefore, the total area
is approximately:
0.5+0.2222+0.1250+0.0800 +

0.0556 +0.0408 +0.0313 +
0.0247+0.0200 +0.0165 +

0.0139+0.0118 = 1.1418.
Answers may vary slightly depending on
when rounding was done.
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25.

= (07 +1)- 1+ (12 +1)-1+(2° +1)-1+
(32 +1)-1+(47 +1)-1
=1+2+5+10+17

=35

b) Ax:ﬂ:()j
10

Azif(xi)Ax
=1(0)-0.5+ £(0.5)-0.5+ f(1)-0.5+
f(1.5)-05+ f(2)-0.5+ f(2.5)-0.5+
f(3):05+£(3.5)-0.5+ f(4)-0.5+
f(4.5)-05
=(07+1)-0.5+((05)" +1)-0.5+

2 +1)14((15)" +1)-0.5+

(

(22 +1)-0.5+((2.5)" +1)-0.5+
(3° +1)-0.5+((3.5) +1)-05+
(

P'(x) =-0.0006x" +0.28x" +55.6x

We divide [0,300]into 6 subintervals of
width Ax = 50 . Therefore, the values of x; are:
x, =0; x, =50; x; =100;

x, =150; x;, =200; x, =250.

Then, the area under the curve is approximately:

26.

217.

Chapter 4: Integration

3 Pi(x)Av = P'(x,)-50+ P'(x,)-50+
i=l1
P'(x3)~50+P'(x4)-50+
P'(x,)-50+P'(x,)-50
=P'(0)-50+P'(50)-50 +
P'(100)-50+ P'(150)-50 +
P'(200)-50+ P'(250)-50
=0-50+3405-50+7760-50 +
12,615-50+17,520-50 +
22,025-50
=0+170,250 + 388,000 +
630,750 +876,000+ 1,101,250
=3,166,250.
The health club’s total profit when 300

members are enrolled is approximately
3,166,250 cents or $31,662.50.

C'(x)=0.0003x* —0.2x +50

We divide [0,400]into 4 subintervals of

width Ax =100 . Therefore, the values of
x, range from x, = 0 to x, = 300.
The, the area under the curve is approximately

4
Y.C'(x,)Ax = C'(0)-100+C'(100)-100 +
i=1

C'(200)-100 +C"(300)-100
= 5000 +3300 +2200 +1700

=12,200
The total cost of producing 400 jackets is
approximately $12,200.

f(x)=0.01x* —1.44x* + 60

Dividing the interval [2,10] into four

subintervals, we calculate the width of each
1072_8_5 with
4 4

x, ranging from x, =2 to x, = 8. Although a

subinterval to be Ax =

drawing is not required, we can make one to
help visualize the area.
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28.

29.

Exercise Set 4.1 469

> Although a drawing is not required, we can
_— make one to help visualize the area.
50 y
40
fix) Fx) o

30 §
20 § 2
10 §
w . 10
T o1 2 3 4 5 6 7 0 11 /
X

The area under the curve from 2 to 10 is 9 8 7 6 5 4 3 2 11
approximately
The area under the curve from —8 to —3 is
Zf (x)Ax=f(2)2+(4)2 .
approximately
5
£(6)2+£(8)-2 S F(x,)Ax = F(=8)-1+ F(=7)-1+ F(=6)-1+
=54.4-2+3952-2+ i=l
21.12.248.8-2 F(=5)-1+F(-4)-1
=247.68. =252-1+28.8-1+28-1+
24-1+18-1
g(x)=-0.02x* +0.28x* —0.3x* +20 =124,

Dividing the interval[3,12] into four

_ 3 2 _
subintervals, we calculate the width of each 30. G(x) =0.1x" +1.2x" -04x-4.8

. 12-3 9 . Dividing the interval [—10, —4] into six
subinterval to be Ax = ——=—=2.25, with . .
4 4 subintervals, we calculate the width of each

x, ranging from x, =3 tox, =9.75. Although a -4 _(_10) 6

drawing is not required, we can make one to subinterval o be Ax = 6 - 6 =1, with

help visualize the area.
y

x, ranging from x, =-10 to x, = =5 . Although

a drawing is not required, we can make one to

70 8(x) )
60 \ help visualize the area.

Y
50

40

. %ﬁ §§ 20

/41:- § 10

X

a0 2345678910111213\
The area under the curve from 3 to 12 is 11 10 9 8 7 6 5 4 3 o~d [0 1
approximately
23 ) 295 +g(5 25) 295+ The aréa under the curve from —10 to —4 is
appr0x1mately
g(7.5)-2.25+¢(9.75)-2.25 ZG )Ax=G(-10)-1+G(~9)-1+G(-8) 1
=424.19.

G(-7)-1+G(-6)-1+G(-5)-1
F()C) =0.2x +2x* -0.2x-2 =122.7.
Dividing the interval [-8,-3] into five

subintervals, we calculate the width of each

_ -3-(-8) 5 _
subinterval to be Ax = T = g =1, with
x, ranging from x, = -8 tox, =—4.
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31.

32.

For the specific case, begin by expanding the
sum:

gkf(xi)=k-f(x1)+k-f(x2)+
ke f(x,)+k-f(x,)

Next, we factor out the common factor of k to
get:

=L (0) ) () £ ()]

Thus:

gk-f(xi):kgf(xi).

Similarly for the general case, we have:
Yk f(x)
k) ek f )tk ()
kL) () £ ()]

[z

Thus:

iz:‘k.f(x[):

Using the Trapezoidal Rule, the area under the
graph of f(x) over the interval [1,7]is

approximately:
Area = Ax @+f(2)+--~+f(6)+@
1 1

1 1 1 1 1 1 1
—t—t—t+—+—+—+
24 916 25 36 98

=~1.0016

33.

34.

Chapter 4: Integration

f (x) =x"+1
Ax = 50 =1
5
Using the Trapezoidal Rule, the area under the
graph of f (x) over the interval [0,5] is

approximately:

Area = Ax @+f(l)+"'+f(4)+@
The function values are:

f(0)=0"+1=1

f(H)=r+1=

f(2)=2+1=

f(3)=32+1_1o

f(4):42+1—17

f(5)=5"+1=26
Substituting these values into the Trapezoidal
Rule, we have:

Areaz1~|:%+2+5+10+17+%}

z%+2+5+10+17+13

=47.5

f(x)=+25-x

Notice that this semi-circle has a radius of five.
Therefore the exact area is given by:

1 25

A=—z(5) ==r=1257
2 2"

To approximate the area under the graph of

f (x) =~/25—x using 10 rectangles, we first

find the width of each rectangle.

5-(-5
Ax = ( ) =1.
10
The x, will range from x, =-5tox,, =4.

Although a drawing is not required, we can
make one to help visualize the area.

ty
6
ﬂx}{
é 4
b
i
X
s 4 3 2 1 [ 1 2 3 4 5
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Exercise Set 4.2

The area under the curve from—5to 5 is

approximately
10

gf(xi) 5)-1+ f(—4)-1+ £ (-3) 1

f(=

F(=2)- 1+ f(-1)-1+ £(0)-1
fQ) 1+ £(2)- 1+ £ (3) 1+
f(4)1

=~ 37.9631

In order to compare, if we round to 4 decimal

places we have:
A=12.57=39.2699 .

g(x)=49-x*

Notice that this semi-circle has a radius of
seven. Therefore the exact area is given by:

A= l71'(7)2 = ﬁﬂ' =245x
2 2

To approximate the area under the graph of

g (x) =+/49 - x* using 14 rectangles, we first
find the width of each rectangle.
7-(-7) 14
14 14
The x, will range from x, =7 tox,, =6.

Ax =

Although a drawing is not required, we can
make one to help visualize the area.

8(x) 7.Sﬁs
IR
N
AN\
\

The area under the curve from—7to 7 is
approximately

zf JAx=f(=7)-1+ f(-6) 1+

F(=5)-1+ f(-4)-1+
f(=3)-1+ f(-2)-1+
F(=D)- 1+ £(0)- 1+ £(1)-1+
F(2) 1+ £(3)-1+f(4) 1+
£(5)-1+7(6) 1
~75.4201
In order to compare, if we round to 4 decimal

places we have:
A=2457=76.9690 .

471

Exercise Set 4.2
1 jxﬁdx
6+1 r+l
_x +C Jx'dxzx +C
6+1 r+1
7
= x7 +C Don't forget the C.
8
2 jx7dx =—+C
3. [2dx

6. jx%dx=§x%+C
4

7. j(x2+x—l)dx
_ 2 _ The integral of a sum is
- J x“dx+ _[ xdx _[ ldx the sum of the integrals.

2+1 1+1
X

= + — x + C < DON'T FORGET THE C!
2+1 1+1
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10.

11.

12.

13.

14.

15.

_[(2;2 +5¢-3)dr

_ J2t2dt +J5tdt —J.Sdt The integral of a sum is

the sum of the integrals.

2+1 1+1

t+5

2+1

-3t+C

x,+|
[¥ax="—xc
r+1

[ [kdr = ke+C]

141

_2p430 3pc
3 2
I(Stz —4t+7)alt:t3 22 +7t+C

}%m:jﬁw
X

=3+1

j\z/;dxz_[x%dx

x%“ ‘ £
=3 +C [¥dr="—+c
L r+1

3
—x%+c
4

3
=§x% +C

4

jx/;dx =§x% +C

j\/x_sdx = Jx%dx

Y+ .
=x +C |:J'x'dx= ad +C:|
5 r+1
—+1
2
—x%+c
7
2
2
=—x% +C
7

16.

17.

18.

19.

20.

21.

22,

Chapter 4: Integration

J‘i/x_zdx zjx%dngx% +C

j% =Ixi4dx = J)ﬁ‘dx

x~4+1 xr+l
= +C Jx'dx: +C
—4+1 r+1
-3
=——+C
d
—f= dx=-x"+C
X
1
[—ax
X

=Inx+C, x>0 [Jldx=MX+CJ>O}
X

2
j—dx=2mx+c,x>0
X

j(%+%)dx

3 5 : s
_ The integral of a sum is
- _[; dx+ Ix_z dx the sum of the integrals.

=3jx*dx+j5x4dx
—2+1
=3.Inx+5-

+C, x>0

[J‘x’ldx =Inx, x> O}

X’H
[¥dr="—+c
r+1

=3Inx-5x"'+C

J‘(j—3+%)dx

= J4x‘3dx + J7x_1dx

=2x74+7Inx+C, x>0
=7lnx-2x7+C
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23.

24,

25.

26.

217.

28.

29.

30.

31.

Exercise Set 4.2

L X = o[- X Hdx
j%?d jx% [-1x7d
—7J‘xi%dx

X—AH

X
=-7- +C "dx =
_g+1 |:Jx ' r+l

3

P
=—7-XT+C

3
=21 +C

r+l

jidx = JSxf%dx
4}x3
A
=55+ C =204 4C

4

jZez‘”dx

:%e“+C |:Jbe‘"dx=£e‘" +C:|
2 a

=™ +C
j4e4xdx =e¥ +C
Ie“dx
_Lleie Dbe“dx _L +c}
3 a
5x 1 5x
je dx=—e"+C
5
je“dx

1 b
=—e" +C [Jbe“dx:—e‘" +C:|
7

a
6x 1 6x
je dx=—e"+C
6

J‘Se“dx

5 a4 b
== +C Dbe‘“dx:—e“‘ +c}
3 a

|

32.

33.

34.

3s.

36.

37.

38.

IZesxdx = %esx +C

"‘668‘”dx
ZEESX +C [Jbe‘”dx:ﬁe"‘ +C:|
8

a

=§egx +C
4

jlze“dx = %e“ +C=4e>+C

2
j—e’gxdx
3
=g-ie’9* +C [Jbe"‘dxzée‘" +c}
3 -9 a
= —iefg‘” +C
27
J‘iefmxdx
5
=i.L6710x +C — _ieflox +C
5 -10 25

I(sz -2 ) dx

_ 2 _ 7x The integral of a sum is
- JS)C dx Jze dx the sum of the integrals.

2+1

2
=52 __Z"4C
2+1 7
‘ X’H
|:J.x'dx: +C:|
r+1
b
[Jbe‘"dx =—e" +C:|
a
5
==x -2 +C

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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474 Chapter 4: Integration

39. j(xz—g x+x%jdx 43. I(E—Sezx+\/x_7jdx
2 X

=J‘(x2—%x%+x%jdx =J‘(§—Se“+x%)dx
X
:szdx—jgx%dx+'|‘x7%dx =J‘§dx—_[56hdx+.|‘x%dx
x
04l %+1 —AH %H
=; —E-j +x4 +C =31nx—§-e2“+); +C
12 —+1 ——+1 2 —+1
2 3 2
r+l 2 9
Jx’dx: Y i =31nx—§ez‘” +—x% +C
r+1 2 9
x 3x% x% 3
3Tyt ate 4. j(zew_;w?jdx
2 3 3
4
=x—3—x%—3x7%+c ZJ‘[Ze(’ —;+xéjdx
3
%
| 4 =Z-e°‘”—3lnx+xT+C
40. j xt+ ——xié dx 6 —
8Jx 5 3
=J[x4+lx% —ix%jdx =—.e —3lnx+§x%+C
8 5
S | % 4 %
=x_+_.x___x_+c 45 J' l_geﬂ_ﬁ dx
5 81 53 A VP
2 5
T Y
zx—s—ixé+—x%+c J(7x 2 ¢ x dx
5 3 1

4. [(3x+2)"dx = [(9x +12x+4)dx

KSR
= [9x’dx + [12xdx + [ 4dx =735 8l C
241 1+1 -5+
=9 4121 +4x+C ;2
2+1 I+1 =14x"2 ——¢"* —8Inx+C
9 , 12 , 15
=—x +—x +4x+C
3 2
=3x +6x" +4x+C 46. j A 3Ty
3/; 4 X
42, [(x+4) dr=[(x* +8x+16)dx =J(4x%+§eﬁx—1)dx
X 8 4 X
:—+Ex2+16x+C Hoa
’ =4-=—+=-—¢" ~7lnx+C
X 4 46
=—+4x" +16x+C 35
3

=5x% +%e(’x —7lnx+C
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Exercise Set 4.2

47. Find the function f (x) , such that
f'(x)=x-3, f(2)=9
We first find f(x) by integrating:
f(x) = j(x—3)dx
= dex - J.3dx

1
=—x*-3x+C.
2

The condition f (2) =9 allows us to find C:

f(2)=9

%(z)2 -3(2)+C=9
2-6+C=9
—-4+C=9

C=13.

Thus, f(x) =%x2 —3x+13.

48. f'(x)=x-5 f(1)=6
Fx)=[(x=5)dx
Z%x2—5x+C
F)=6
%(1)2—5(1)+C=6

—2+C:6
2

2
2

C

Thus, f(x) =%x2 —5x+7.

49. Find the function f(x), such that
f'(x)=x"-4, f(0)=7.
We first find f(x) by integrating:
f(x)= j(x2 —4)dx
= [ dx - [4dx

1
=—x —4x+C.
3

The condition f (O) =7 allows us to find C:

50.

51.

52,

475

F(0)=7
S0 =4(0)+C =7
c="1.

Thus, f(x)=%x3—4x+7.

f'(x)=x>+1, f(0)=8
f(x) = j(xz +1)dx
zlx3 +x+C

3

f(0)=38
%(0)3 +(0)+C =8
Cc=8

Thus, f(x) =%x3 +x+8.

Find the function f(x), such that
f'(x)=5x"+3x-7, f(0)=9.
We first find f (x) by integrating:
f(x) = j(sz +3x —7)dx
= [ 5x’dx + [3xdx — [ 7dx
:§x3+%x2—7x+c.

The condition f (O) =9 allows us to find C:

F(0)=9
2(0)' +5(0) =7(0)+€ =9
C=09.

Thus, f(x) =§x3 +%x2 —7x+9.

f'(x)=8x"+4x-2, £(0)=6
f(x)=[ (82" +4x-2)dx
=§x3 +2x* =2x+C
3
f(0)=6
g(o)" +2(0)° —2(0)+C =6
C=6
Thus, f(x) =§x3 +2x% —2x+6.
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53.

54.

55.

Find the function f (x) , such that

f(x)=3x"=5x+1, £(1) =%.

We first find f (x) by integrating:
f(x) = j(3x2 -5x +1)dx
= [32%dx — [ Sxdx + [ d

5
=x —=x"+x+C.
2

The condition f (1) = % allows us to find C:

7
F)=3

3 5,2 _7
(1) —5(1) +(1)+C_2
_l+C:z

2 2

C=4.

Thus, f(x) =x —%xz +x+4.

f'(x)=6x"—4x+2, f(1)=9
Fx)=[(6x ~4x+2)ax
=2x" —2x" +2x+C
F(1)=9
2(1) —2(1) +2(1)+C =9
2+C=9

C=7
Thus, f(x)=2x"—2x> +2x+7.

Find the function f (x) , such that

f'(x)=5¢>, f(0) =%.

We first find f (x) by integrating:
f(x) = J‘Se“dx

zée“ +C.
2

1
The condition f (O) = 5 allows us to find C:

56.

57.

Chapter 4: Integration

1
0)=—
5040 2L
2
geo +C =l
2 2
é~1+C=l
2 2

__4

2

=-2.

5

I
+
Q
Il

AW
I
ol N RN N RS NI

a
I

Thus, f(x)z%e“ +1.

Find the function f(x), such that
4

FR)= T £)=5.
We first find f (x) by integrating:
4
Flx)=] %
= J‘4x7%dx

= 8x% +C.
The condition f (1) = -5 allows us to find C:

8(1)2+C=-5
§+C=-5
C=-13.

Thus, f(x)=8x"2 -13.
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Exercise Set 4.2

Thus, f(x)=3x" -2,

59. D'(t)=1975-1190¢ +597¢* —=71.3¢’
We integrate to find D(t) .

D(r) = [(1975-1190¢ +597¢ —71.3¢ ) dt

11 7 71.
=1975t—ﬂt2 +2l3 ——3z4 +C
2 3 4

=1975¢t—595¢* +199¢’ —17.825¢* +C
The condition D(0) =17,198 allows us to find
C. Substituting, we have
D(0)=17,198
1975(0)-595(0)" +199(0)’ —17.825(0)" +C = 17,198
C=17,198
Thus,
D(t)=17,198 +1975t —595¢* +

199+ —17.825¢*

60. We use D(t) found in Exercise 59.
In 2000, 7 = 2000 —1994 = 6.
D(6) =1975(6) - 595(6)" +199(6)’ —
17.825(6)" +17,198

=27,510.8.
Therefore, in 2000, the national credit market
debt was about $27,511 billion.

61. C'(x) =x-2x
We integrate to find C (x) , we use K for the

constant of integration to avoid confusion with
the cost function C(x).

477

C(x) = JC'(x)dx
= J(x3 —2x)dx

4
=X X +K
4
Fixed costs are $7000. This means
C (0) =7000 . This allows us to determine K.
€ (0) = 7000

4
%—(0)2 +K =7000
K =7000

Thus, the total cost function is
4

C(x) 2%—x2 +7000.

62. C'(x)=x'-x, C(0)=6500

C(x) = JC'(x)dx
= J‘(x2 — x) dx
4 2
A
4 2
C(O) =6500
4 2
(O _OF , ¢~ 500
4 2
K =6500
Thus, the total cost function is
4 2

C(x) =2 -2 +6500.
4 2
63. R'(x)=x"-3
a) We integrate to find R (x)
R(x) = jR'(x)dx
= j(xz —3)dx
3
=X _3x+C
3
The condition R(0) =0 allows us to find C.
R(0)=0
3
(OT)—3(O)+C =0

Cc=0
Thus, the total revenue function is

3
R(x) =x?—3x.
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64.

65.

b) If the company does not sell any units,

it will not generate any revenue.

R'()c)=x2 -1

a) We integrate to find R(x).

R(x) = jR'(x)dx
= j(xz —l)dx

3
=X _x+C
3

The condition R(0) =0 allows us to find C.

R(0)=0

g—(0)+c=0

CcC=0
Thus, the total revenue function is
x3
R(x)=—-x.

b) If the company does not sell any units,

it will not generate any revenue.

D'(x)=— 42?0 — _4000x"

We integrate to find D (x) .
D(x) = JD'(x)dx
= [-4000xdx

-1
= 4000~x—1+ c
= 4000x™" +C
4000

X
When the price is $4 per unit, the demand is

1003 units. This means D(4)=1003 .
Substituting 4 for x and 1003 for D(x) we can

+C

determine C as follows:

D(4)=1003
@+C =1003
4
1000+ C = 1003
c=3.
4
Thus, the demand function is D(x) = 000 +3.
X

66.

67.

Chapter 4: Integration

S'(x)=0.24x" +4x+10
S(x)=JS'(x)dx
= [(0.24x> + 4x+10) dx
=0.08x" +2x* +10x+C

When the price is $5 per unit, the supply is 121
units. This means S(5)=121. We can

determine C as follows:
S(5)=121
0.08(5) +2(5)" +10(5)+C =121
10+50+50+C =121
110+ C =121
C=11.
Thus, the supply function is
S(x) =0.08x" +2x° +10x +11.

aE =30-10¢
dt

a) We find E(r)by integrating
E(t)= _[E'(t)dt
= j(so —10¢) dr
t2
=30t-10-—+C
2
=30r-5¢+C
The condition E(2) =72 allows us to find
C as follows:
E(2)=72
30(2)-5(2) +C =72
60-20+C =172
40+C =72
C=32.
Thus, E(t)=30r-5* +32.
b) E(t)=32+30r-5¢
Substituting 3 for ¢, we have:
E(3)=32+30(3)-5(3)’
=32+90-45

=177.
After 3 hours, the operator’s efficiency is
77%.

Substituting
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Substituting 5 for ¢, we have:
E(5)=32+30(5)-5(5)
=32+150-125

=57.
After 5 hours, the operator’s efficiency is
57%.

aE =40-10¢
dt

a) Wefind E (t) by integrating
E(t)= _[E'(t)dt
= [(40-10r)ar
=40t-5¢ +C
The condition E (2) =72 allows us to find
C as follows:
E(2)=72
40(2)-5(2) +Cc =72
60+C =72
c=12.
Thus, E(t)=12+40z - 5¢>.
b) Substituting 4 for ¢, we have:
E(4)=12+40(4)-5(4)" =92.
After 4 hours, the operator’s efficiency is

92%.
Substituting 8 for ¢, we have:

E(8)=12+40(8)-5(8)" = 12.

After 8 hours, the operator’s efficiency is
12%.

69. I'(r)=3.389¢™"

a) We integrate to find /(7).

1(1) ZJI'(t)dt

= J3.389e°“°“9’dt

_ 3389 o
0.1049

=3231"""" +C
The condition / (0) =0 allows us to find C.

+C

70.

479

1(0)=0

32.31""0 4 c =0

3231’ +C =0

3231+4C=0
C=-3231

The total number per 100,000 who have
contracted influenza by time ¢ is given by

1(t)=32.31"""" —32.31.

b) Using the function found in part (a), we
substitute 27 for ¢.

1(27) =32.31""%) 3231

=32.31*%* -32.31

= 516.459
After 27 weeks, approximately 516 per
100,000 people have contracted influenza.
¢) Using the function found in part (a), we
substitute 34 for .

1(34)=3231e"""™ ~32.31

=32.31e*% -32.31

=1111.34
After 34 weeks, approximately 1111 per
100,000 people have contracted influenza.
d) The number of people that contracted
influenza during the last 7 weeks of the first
34 weeks is given by

1(34)-1(27)=1111-516 =595
Approximately 595 per 100,000 people

contracted influenza during the last 7 of the
34 weeks.

Substituting

M'(r)=0.2t -0.0031>
a) M(t)= _[M'(t)dt

M (1) = [ (0.26-0.003¢" ) dr

= 0.1 —0.001# +C

We use M(O) =0to find C.

M(0)=0

0.1(0)" =0.001(0)" +C =0

Cc=0

Thus, M (t)=0.1-0.001¢".

b) M(8)=0.1(8)" —0.001(8)" =5.888

About 6 words are memorized in 8 minutes.
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71. Find the function f (t),such that 73.
1
()=~ +—, f(4)=0.
F0)=is g 1)

We first find f(¢) by integrating:
1
1) =[| Vi +— |dr
£(1) J[ ﬁ]
=J(t% +t%)dz
=%t% 1212 4 C
The condition f (4) =0 allows us to find C:
f(4)=0
%(4)% +2(4)2 +C =0
2
5(8)+4+C =0
E+4+C =0
3
28

C=-=—". 74.

3

Thus, f(t) =§t% yorhs 2,

72. Find the function f(r), such that
f(0)=r", £(0)=8.

We first find f(¢) by integrating: 75

f(r)= J‘t‘/gdt
t\/g-v-l

=\/§+1

The condition f (O) =8 allows us to find C:

£(0)=8
)\/§+1

+C.

(0
3+1
0+C =8

+C =8

QI

C=8. 76.

Chapter 4: Integration

I(St +4) rdx
First, we will expand the binomial.
= _[(Sz +4)(5t+4)t'dr

= j(zsz2 +40t +16) " dr

Next, we distribute ¢* .
j (25¢° +40° +16¢*) dt

Now we can integrate as follows:
— J‘zslédt +J40[5dt +‘[16l‘4dl The integral of‘a sum is

the sum of the integrals.

6+1 5+1 4+1

t t t

=25 +40- +16- +C
6+1 5+1 4+1
xr+|
|:J.x'dx: +c}
r+1
zgﬂ—kﬂté—kﬁts-kc
=§t +§z +16t +C
7 3
j(x—l)2x3dx
J(x —2x+1) Xdx
ZJ( —2x* +x)
=£_2 5+£+C
6 5 4
[(1=1)rar

- (i)
=J‘(z%—t%)dz

Distributing \/;

= —_4C
nooh

3 5

zgt% +4t% +18t% +C
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77.

78.

79.

80.

81.

82.

Exercise Set 4.2
4 2
—6x" =7
[Ho6T 8.
X

= (x4 —6x° —7) xdx

-2

= ()c—6x71 —7x73)dx
x2 X
——61nx—7-—2+C

x’ 7 5
=——-6lnx+—x"+C
2 2

84.

j(z+1)3dz
=J‘(z3 +36 +3t+1)dt

4 3 t2
=—+3-—+3.-—+t+C
4 3 2

l4
:—+t3+§t2+t+C
4 2

85.

1 dx
j11110'7

1 ¢l
= J—dx
In10Y x

= ! ‘Inx+C
In10
=logx+C

Properties of logarithms.

86.

wy b ou
jbe dx—ae +C
[(3x=5)(2x+1)" dx
= [(3x—5)(4x +4x+1)ax
= J(12x3 -8x° —17x—5)dx

4 3 2
X

2.2 8. _17.8 _sx4c
4 3 2
8

=3x* —§x3 —%xz -5x+C

j%/64x4dx

=j4%/x7dx

=4Jx%dx
%

= 4-£+C
%

=£x% +C

7

481

2
J'x _ldx
x+1
S [CabICEU PN
x+1

=J(x—1)dx

=—-x+C
2

£ +8
jt+2
=J(t+2)(t2_2t+4)dt
t+2
=J(t2—2t+4)dt

t3
=——t"+4t+C
3

dt

The statement is not true. The indefinite

3
. X . .
integral of x*, szdx =5 +C, is a family of

functions whose derivative is equal to x”.
These functions differ by only a constant;
however, none of the functions is a unique

integral of X%

The graphs of the antiderivatives of a
function f (x) fill up the plane, with exactly one

curve going through any given point. The slope
of a line tangent to any of the curves at x =a is

f(a).
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Exercise Set 4.3

Find any antiderivative F' (x) of y=4.We

choose the simplest one for which the constant
of integration is 0:

F(x) = j4dx
=4x+C
=4x. [C=0]
The area under the curve over the interval [1,3]
is given by F(3) —F(l). Substitute 3 and 1, and
find the difference:
F(3)-F(1)=4(3)-4(1)
=12-4
=8.
Find any antiderivative F' (x) of y=5.We
choose the simplest one:
F(x) =] 5dx = 5x. [c=0]
Substitute 3 and 1, and find the difference
F(3)-F(1):
F(3)-F(1)=5(3)-5(1)=10.

Find any antiderivative F' (x) of y=2x.We

choose the simplest one for which the constant
of integration is 0:

F (x) = ijdx
=x"+C
=x". [c=0]
The area under the curve over the interval [1,3]
is given by F(3)—F(1). Substitute 3 and 1, and
find the difference:
F(3)=F(1)=(3) - (1)
=9-1
=8.
Find any antiderivative F (x) of y=x*.We

choose the simplest one:
3
F(x)=[vdx =" c=0
(1)= [ =% [c=0]

Substitute 3 and 0, and find the difference
F(3)-F(0):

() _(o)

F(3)-F(0)=~——-~=9.

Chapter 4: Integration

Find any antiderivative F (x) of y=x*.We
choose the simplest one for which the constant
of integration is 0:

F (x) = szdx

3
X

=—+C
3

3
X

=3 [c=0]

The area under the curve over the interval [0,5]
is given by F(S) - F(O) Substitute 5 and 0, and
find the difference:

F(s)—F(o)=ﬁ—ﬁ

3 3
125
ER
41%.
Find any antiderivative F (x)of y=x. We

choose the simplest one:
4
F(x)=[rax=". Cc=0
(1)=[ae=2 [c=0]

Substitute 2 and 0, and find the difference
F(2)-F(0):
(2 (o)

F(2)-F(0) =t

Find any antiderivative F (x)of y =x". We
choose the simplest one for which the constant
of integration is 0:

F (x) = jx3dx

4
X

=—+C
4

4
X

=T [c=0]

The area under the curve over the interval [0, 1]
is given by F(l) - F(O). Substitute 1 and 0, and
find the difference:
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Find any antiderivative F (x) of y=1-x". We

choose the simplest one:
3
F(x)=[(1-x*)dx = x—=.
(x) j( x) X 3

Substitute 1 and —1 , and find the difference
F(1)-F(-1):

F(l)—F(—l)=[<1>—%]—[(—1)—(‘T”]

(1

4
3

[c=0)

-y
Find any antiderivative F (x)of y=4-x". We

choose the simplest one for which the constant
of integration is 0:

F(x) =I(4—x2)dx

—4x-1C
3

3
X

=4x—-—.
3

[c=0]

The area under the curve over the interval
[-2.2] is given by F(2)—F(-2).Substitute 2

and —2 , and find the difference:
F(2)-F(-2)

Find any antiderivative F (x)of y=e". We
choose the simplest one:
F(x)=je‘”dx=e‘”. [C =0]
Substitute 2 and 0, and find the difference
F(2)-F(0):

11.

12.

13.

483

=e’ -1

=~ 6.389.

Find any antiderivative F (x) of y=¢". We

choose the simplest one for which the constant
of integration is 0:

F (x) = je*dx

=e" +C

=e. [C = 0]
The area under the curve over the interval [0,3]
is given by F(3)—F(0). Substitute 3 and 0, and
find the difference:
F(3)-F(0)=(e")~(<")

=e -1

=19.086.

Find any antiderivative F (x) of y= 2 . We
X
choose the simplest one:
F(x)=j3dx=21nx. [c=0]
X

Substitute 4 and 1, and find the difference
F(4)-F(1):
F(4)-F(1)=(2In4)-(21n1)

=2In4-0

=2.773.

. S 3
Find any antiderivative F (x)of y==.We
x

choose the simplest one for which the constant
of integration is 0:

F(x)=[2ax
X
=3Inx+C
=3lnx. [C=0]
The area under the curve over the interval [1,6]
is given by F(6) - F(l) . Substitute 6 and 1,
and find the difference:
F(6)-F(1)=(31n6)-(31n1)
=3In6-0
=~ 5.375.
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14.

15.

16.

17.

18.

19.

Find any antiderivative F (x) of y=x>—4x.

We choose the simplest one:
3
F(x) = j(xz —4x)dx =%—2x2. [C = 0]

Substitute —2 and —4 , and find the difference
F(-2)-F(-4):
F(-2)-F(-4)

(el

]

The height of the area under the curve is total
cost per day and the width of the area under the
curve is time in days. Thus, area under the curve
represents total cost in dollars, for 7 days.

Total Cost

-days = Total cost.
days

The area under the curve represents total
number of miles traveled in ¢ hours.

Miles
Hour

-Hours = Miles.

The height of the area under the curve is total
number of kilowatts used per hour and the
width of the area under the curve is time in
hours. Thus, area under the curve represents
Total number of kilowatts used in 7 hours.

#KW
Hour

-Hours = # KW.

The area under the curve represents total

number of marriages in ¢ years.

Marriages .
—g-Years = Marriages.
Year

The height of the area under the curve is
revenue in dollars per unit and the width of the
area under the curve is number of units. Thus,
area under the curve represents total revenue, in

dollars, for x units produced. - Units = $.

nit

20.

21.

22,

23.

24,

25.

Chapter 4: Integration

The area under the curve represents total cost

St .
— - units = Cost.
unit

for x units produced.

The height of the area under the curve is
milligrams per cubic centimeter and the width
of the area under the curve is cubic centimeters.
Thus, area under the curve represents total

concentration of a drug, in milligrams, in v
m

% -cm’ = mg.
cm

cubic centimeters of blood.

The area under the curve represents total sales
Sales

day

for t days. -days = Sales.

The height of the area under the curve is
number of memorized words per minute and the
width of the area under the curve is time in
minutes. Thus, area under the curve represents
the total number of words memorized in ¢
minutes.

Words memorized
Minute

The area under the curve represents total
number of orders in ¢ hours.

Orders
Hour

-Hours = Orders.

Find any antiderivative F (x) ofy=x’. We
choose the simplest one for which the constant
of integration is 0:
F (x) = _[x3dx

4

=X ic
4

=%. [c=0]

The area under the curve over the interval [0, 2]
is given by F(Z) —F(O). Substitute 2 and O,
and find the difference:
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26.

27.

28.

Exercise Set 4.3

Find any antiderivative F (x) of y=x*.We

choose the simplest one:

F(x)=jx5dx=x?5. [C=0]

Substitute 1 and 0, and find the difference
F(1)-F(0):
(1 (0 _1

F(1)-F(0)=——+=—.

()-F(0)="0- =1
Find any antiderivative F (x) ofy=x>+x+1.
We choose the simplest one for which the
constant of integration is O:
F(x) = sz +x+1dx

3 2
X

=2+l iatc
32

3 2
X

=+ +x
3 2

The area under the curve over the interval [2,3]
is given by F(3)—F(2). Substitute 3 and 2, and
find the difference:
F(3)-F(2)
3 3 3 2
OOW

=+
3 2

[c=0]

+—+ +—+
6 6 6 \6 6 6

_ﬁ_(ﬂj
6 6
_5

6
=92,

208 (16,12, 1)

N[}

Find any antiderivative F (x)of y=2-x-x".
We choose the simplest one:

F(x)=J2—x—x2dx

X X3
=ox- -1

2
Substitute 1 and —2 , and find the difference

F(1)-F(-2):

[c=0]

29.

30.

31.

485

F

—_

1)-F(-2)
2(1)_%_Qj_(2(_2)_ﬂ_ﬂ]

=4

/N

L
7

NSR NG}

Find any antiderivative F (x)of y=5-x". We
choose the simplest one for which the constant
of integration is 0:

F(x) =I(5—x2)dx

=5x—£+C
3

3
X

=5x—?. [c=0]

The area under the curve over the interval
[-1,2] is given by F(2)—F(-1). Substitute 2
and —1 , and find the difference:

F(2)-F(-1)

Find any antiderivative F' (x) of y=¢". We
choose the simplest one:
F(x)zjexdxzex. [CZO]
Substitute 3 and —2 , and find the difference
F(3)-F(-2):
F)-F(-2)=(¢)~(e?)

R

=19.950.

Find any antiderivative F' (x) of y=¢". We

choose the simplest one for which the constant
of integration is 0:

F(x) = J‘e‘”dx
=e"'+C
=e". [c=0]
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32,

33.

34.

The area under the curve over the interval
[-1,5] is given by F(5)—F(-1). Substitute 5
and —1, and find the difference:
F(5)=F(-1)=(e")~ (")

-1

3s.

5
=e —e

=~ 148.045.

Find any antiderivative F (x)of y=2x+ Lz )
We choose the simplest one: '

= j2x + xizdx

= IZx +x7dx

[c=0]
Substitute 4 and 1, and find the difference

F(4)-F(1):
w0 )

2 -1
=X —X .

S
—_
N
=
I
!
—_~
=
N—
I

a) j: f(x)dx =0, because there is the same

area above the x-axis as below. The area is

A-A=0. 37.

b
b) L f (x)dx <0, because there is more area

below the x-axis than above. The area is
A-2A=-A<0.

b
a) j f(x)dx >0, because there is more area

above the x-axis than below. The area is

3A—-A=2A>0.
b) jb f(x)dx <0, because there is more area

below the x-axis than above. The area is
-3A<0.

36.

Chapter 4: Integration

2 25 3.375 0
2 3

= 1.125—1.125

=0

The area above the x-axis is equal to the area

below the x-axis.

575
3 2 3 2
8 4

- 5‘5]‘0

2

=3

The area above the x-axis is greater than the
area below the x-axis.

15
The area below the x-axis is greater than the
area above the x-axis.
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38. j(j —2e¥dx

- —%(631’ ~1)<0, forall b>0.

The area below the x-axis is greater than the

area above the x-axis.

39 — 42. Left to the student.

43. jf (3¢ +7)dr

= [13 +7z]1
=(3*+7(3))- (1 +7(1))
=48 —(8)

=40

3

44. _[12(4t3 ~1)d

[
=(2*~(2)-(1* - (1))
=14-(0)

=14

45, ['(Va-1)ax= 14(x%—1)dx

46. ['(Yx-2)dr= f(x% —2)dx

47. fz(zx2 ~3x+7)dx

_Ef_zxzm]
(2267 +76))-

48. f (—x* +4x-5)dx

49. ji ¢ d
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50.

51.

52.

53.

54.

20
jbeZ’dt
b
1.
[2 }a
_— 1, _leza
2 2
B o _ g2
2
b
j —e'dt

_ A2 xT
Nk }

L 0

3

=\/§:§ 23}

:2
=ﬁ_§J§}
_2 /6

3

w|oo W
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57. jzmdx = Izﬁ-x%dx = \/Ej.zx%dx
0 0 0

= \/5_2(2)% _%(0)%:|



Exercise Set 4.3

58. joﬂ xdx =3 jO” X dx

~ —2 % 27

- |2 }
=ﬁ_§(27)% —%(0)%}
:\/5%(81«/5)}
=549

~162

59. We integrate to find:
P(250)= [ P'(x)dx
_ IOZSO{/;dx
:j:sox%dx
_ |:§x% j|25()
6 0
5 % _30\%
=—(250)" —=(0)"®
(250)" -2(0)

=~ 628.56. Using a calculator.

When a 250 foot well is drilled, Pure Water
Enterprises profit is $628.56.

60. We integrate to find R(SOO) :
R(300)= [ R'(x)dx

= J;OO 6x_% dx

300
{ﬁx%}
5 0

= 834.83

When 300 pounds of maple coated pecans are
produced, Sally’s revenue is $834.83.

61. In order find the cost of producing an additional
14 feet of counter top after 50 feet have already

been produced, we integrate C' (x) over the

interval [50,64].

489

C(64)-C(50) = [ C'(x)dx

= 648x_%dx
50
= [12x% }64

50
= 12(64) —12(50)"
=~ 29.13. Using a calculator.

The cost of installing an extra 14 feet of counter
top after 50 feet has already been ordered is
$29.13.

62. We integrate P'(x) over the interval
[1200,1500] to find the additional profit:

P(1500)- P(1200) = [ " P'(x)dx

= j'5°°2.6x°"dx

1200

I:26 141:|1500
=X
11 1200

=~1603.42 Using a calculator

63. S'(1)=20¢
a) We integrate S'(¢) over the interval [0,5]to

find the accumulated sales.
5
5(5)= _[0 S'(t)dt

- jj20e’dt

P 5
=[ 20e ]O
=20¢° —20¢°
=20¢° =20-1

= 2948.26
The accumulated sales for the first 5 days
are approximately $2948.26.

b) We integrate S '(t) over the interval [I,S]to

find the accumulated sales for the 2™ day
through the 5™ day.

$(5)=[s" ()
_ f 20¢' dt
P 5
-[200]
=20¢° —20¢"
~2913.90

The sales from the 2™ day through the 5™
day are approximately $2913.90.
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64.

65.

66.

S'(r)=10¢'
a) We integrate S'(¢) over the interval [0,5]to

find the accumulated sales.
5
5(5)= _[0 S'(t)dt

_ jlee’dt

= [106’ ]Z
=1474.13

The accumulated sales for the first 5 days
are approximately $1474.13.

b) We integrate S'(¢) over the interval [1,5]to

find the accumulated sales for the 2™ day
through the 5" day.

S(5)= | (1)
= ["10¢'ar
=[10¢']
=~1456.95

The sales from the 2™ day through the 5™
day are approximately $1456.95.

In 1996, ¢t =1and in 2000, t =5 . Therefore, we

integrate D'(t) over the interval [1,5].
5 1
_[1 D'(t)dt
= [(857.98+829.661 ~197.341* +15.36° ) dr

=[857.981+414.83 —65.781 +3.841' |

=~ 7627.28
The credit market debt increased $7627.28
billion from 1996 to 2000.

In 1999, r =4 and in 2005, ¢ =10 . Therefore,
we integrate D'(t) over the interval [4,10].

10
XL
- J;0(857-98 +829.66¢ ~197.34¢> +15.36¢" ) dt

= [857.98t +414.83¢> —65.78¢" + 3.84t4]

=~ 15,840.48
The credit market debt increase $15,3840.48
billion from 1999 to 2005.

10
4

67.

68.

Chapter 4: Integration

We integrate T (x) over the interval [1,10] .
Lm T (x) dx

- J110(2+0.3x_1 )dx

10

=[2x+0.3Inx]
=2(10)+0.31n(10) - (2(1)+0.31n(1))
=18+0.31n10

~18.69
It takes 18.69 hours for a new worker to
produce units 1 through 10.

To find the time it takes a new worker to
produce units 20 through 30, we integrate

T (x) over the interval [20,30].
30
LO T (x) dx

- j:o(’ (2+0.3x7")dx

30

=[2x+0.3Inx],
=2(30)+0.31n(30) - (2(20) +0.31n(20))

=20.12
It takes 20.12 hours for a new worker to
produce units 20 through 30.

We integrate T (x) over the interval [1,20].
20
Jl T(x)dx

- jlzo(z +03x")dx

20
1

=[2x+0.3Inx]

=389
It takes 38.9 hours for a new worker to produce
units 1 through 20.

We integrate T (x) over the interval [20,40] .
40
LO T (x) dx

= [*(2+03x")dx
J‘Z()

40
20

=[2x+0.3Inx]
=~ 40.21
It takes 40.21 hours for a new worker to

produce units 20 through 40.
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69. We integrate M '(t) over the interval [0,10].
10
M(10)= [ " M'(¢)
10
=] (-0.0097" +0.2¢)ds

=[-0.003" +0.1¢ |

- (—0.003(10)3 +o.1(10)2)

- (-0.003(0)" +0.1(0)’)
=7-0
=7
In the first 10 minutes, 7 words are
memorized.

70. We integrate M '(t) over the interval [0,10].
10
M(10)= [ " M'(¢)

10

= | 7(~0.003” +0.2¢) dr

0

=[-0.001" +0.1¢ |

=9
In the first 10 minutes, 9 words are
memorized.

10
0

71. We integrate M '(t) over the interval [10,15].

M(15)-M(10)= [ "M°(r)
= [(~0.009¢* +0.2¢) s
=[-0.003 +0.17]
=(~0.003(15)" +0.1(15)’)
~(-0.003(10)" +0.1(10)’)

=12.375-7

=5.375
About 5 words are memorized during
minutes 10 — 15.

72. We integrate M' (t) over the interval [10, 17] .

17
M(17)-M(10)=[ ‘M'(r)
= | 7 (~0.003¢ +0.2¢)d
10

=[-0.001¢* +0.1¢* |

=14.99
About 15 words are memorized during
minutes 10 — 17.

17
10

73.

74.

75.

76.

We first find s (t) by integrating:
s(t)= jv(t)dt = I3t2dt =t +C.

Next we determine C by using the initial
condition s(O) =4, which is the starting

position for s at time r=0:
s(0)=4
0'+C=4
C=4
Thus, s(t) =1 +4.

We first find s (t) by integrating:
s(t)= jv(r)dt = _[tht =’ +C.
Next we determine C by using the initial
condition s(O) =10:

s(0)=10
0°+C=10

C =10.

Thus, s(z)=1>+10.

We first find v(¢) by integrating:
v(t)= ja(t)dt = J4tdt =21 +C.
Next we determine C by using the initial
condition v(O) =20:

v(0)=20
2-0°+C=20

C =20.

Thus, v(t) =2¢* +20.

We first find v (t) by integrating:
v(1)= ja(t)dt = J6tdt =31 +C.
Next we determine C by using the initial
condition v(0)=30:

v(0)=30
3-0°+C =30

C =30.

Thus, v(z) =3¢* +30.
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77.

78.

We first find v (t) by integrating:
v(t)= ja(t)dt
= j(—zt +6)dt
=—1> +6t+C,.
Next we determine C, by using the initial

condition v(0)=6:

v(0)=6
—(0)’ +6(0)+C, =6
C, =6.

Thus, v(z) = -1 +61 +6.
Next, we find s (t) by integrating:
s(t)= _[v(t)dt

= _[(—z2 +61+6)dt

= —éﬁ +3t2 +6t+C,
Next we determine C, by using the initial
condition 5(0)=10:
s(O) =10
—%(0)3 +3(0)" +6(0)+C, =10
c, =10.

1
Thus, s(¢) = _§t3 +3t* +61 +10.

We first find v(¢) by integrating:
v(1)= _[a(t)dt
= [ (<6t +7)dr
=-3"+7t+C,.
Next we determine C, by using the initial
condition v(0)=10:

v(O) =10
-3(0)" +7(0)+C, =10
c, =10.

Thus, v(t) ==3t + 7t +10.
Next, we find s(¢) by integrating v(¢) with

respect to r:

79.

80.

Chapter 4: Integration

s(t)=_[v(t)dt

= _[(—3:2 +7t+10)dt

7
= +Et2 +10t+C

Next we determine C, by using the initial
condition 5(0)=20:

s(0)=20

—(0)’ +=(0)" +10(0)+C, =20

c, =20.

7
Thus, s(¢)=—1’ +5t2 +101 +20.

a) We integrate v(¢)over the interval [0,5]:

s(5)= ] v(r)dr

b)

a)

= _[05 (-0.5¢ +10¢)dt

5
= {—lﬁ +5t2}
6 0

1

=104.17
The particle travels approximately 104.17
meters during the first 5 seconds.

We integrate v (t) over the interval [5, 10] :

5(10)=s(5) = [ v(1)dr

10
= {—1# +5t2}
6 5

=229.17
The particle travels approximately 229.17
meters during the second 5 seconds.

From part (a) .

We integrate v(¢)over the interval [0,10]:

10

5(10)=[ “v(r)ar

= J‘:O(—O.3t2 +9¢)dt

10
={—0.1t3 +212}
2’ 0

=350
The particle travels 350 kilometers during
the first 10 minutes.
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b)

a)

b)

We integrate v (t) over the interval [10,20] :

5(20)-5(10) = [ " v(1)ar

20
=|:—0.1t3 +2t2}
2 10

=650
The particle travels approximately 650
kilometers during the second 10 minutes.

Converting 15 seconds into hours, we have

15 1
—= . Thus, the motorcycle’s

3600 240
acceleration function is
60-0 ..
a(t) = =14,400, where a(t) is in
—=0
240

miles per hour squared, and ¢ is in hours.
Thus, we can find the velocity function by

integrating a(t) .
v(r)= Ia(f)dt = j14,400dt =14,400t +C

We use the initial condition v (O) =0to find
C.

v(O) =0
14,400(0)+C =0
C=0

Thus, v(7) = 14,400z , where v(t)is in miles

per hour and ¢ is in hours.

1
Now, substituting %hour (15 seconds) for

t, we have v L =14,400 L =60.
240 240

The motorcycle is traveling at a speed of 60
miles per hour after 15 seconds.

Note: the intuitive solution to this problem is
if the motorcycle accelerates at a constant
rate from 0 mph to 60 mph in 15 seconds,
then the motorcycle is obviously traveling at
60 mph after 15 seconds. We derive the
velocity function to find the distance in part
(b)

Using the information in Part (a), we

1
integrate v (t) over the interval | 0,——|.
240

82. a)

b)

83. a)

493

1 1
s|— |= j A4°14,400tdt
240) o

=[ 7200/’ ]4“0

1
0
1 2
=7200 (—j —7200(0)
240

1

g
| - .

The motorcycle has traveled 3 mi of a mile

after 15 seconds.

The car is traveling at 60 mph after 30

seconds.

Converting seconds to hours, we have 30

|
seconds is — hours. Therefore, the

velocity function is v(t) =7200¢ (see

Exercise 81.)

1
we integrate v (t) over the interval [O’ﬁ} .

1
s (Lj = j Ha072000ds
120) o

b7
=[ 36007* ]0‘20
1

=7
The motorcycle has traveled 1/4 mile after
30 seconds.

Converting 45 seconds into hours, we have

45 1 . .
=—. Thus, the cyclist’s acceleration

3600 80

function is a(r) = 310—_0 = 2400, where
L)
80

a (z) is in kilometers per hour squared, and ¢
is in hours. Thus, we can find the velocity
function by integrating a (t) .

v(r) = [a(t)dr = [2400dr = 2400t + C

We use the initial condition v (0) =0to find
C.

v 0)
2400(0)+C
C

Il
oS O O

Thus, v(z) = 2400z , where v(z)is in

kilometers per hour and ¢ is in hours.
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b)

84. a)

b)

1
Now, substituting @ hour (20 seconds) for

1
180

The cyclist is traveling at a speed of 13.33
kilometers per hour after 20 seconds.
Using the information in Part (a), we

t, we have v L = 2400 =13.33
180

1
integrate v (t) over the interval [O,%} .

s [ij =] 5924001di
80) %
=[1200t2]f°
1 2
=1200(—) ~1200(0)’
80

=i: 0.1875.
16

The motorcycle has traveled 0.1875
kilometers after 45 seconds.

The cheetah is moving at a rate of 25
kilometers per hour after 10 seconds.

Converting seconds to hours, we have 20

seconds is % hours. Therefore, the

velocity function is v(t) =9000¢ .(See

Exercise 81)

We integrate v(¢) over the interval {0,%} .

1 1
s[ j = jf‘“’ 9000¢dt

180
1
=[ 45007 ]A‘O
0
=2 01389,
36

The cheetah has traveled 0.1389 kilometers
after 20 seconds.

85. We first find v(t) by integrating:

v(t) = Ia(t)dt

= [(-32)ar

=-32t+C,.

Next we determine C, by using the initial

condition v(0)=v,:

86.

87.

Chapter 4: Integration

V(O) =V
-32(0)+C, =v,
C =v,.

Thus, v(1)=-32t+v,.
Next, we find s (t) by integrating:
s(t)= jv(z)dr
= _[(—32; +v,)dt
=-161" +v, 1 +C,
Next we determine C, by using the initial

condition 5(0) =s,:

S(O) =5
~16(0)" +v, (0)+C, =,
C, =s,.

Thus, 5(t) = =161 + vt + 5,

From Exercise 85, we have

s(1) = =161 + v, +s,. Substituting 80 for v,
and 10 for s, , we have:

s(1) =—161* +801 +10

To determine when the ball hits the ground, we
solve the equation:

s(l) =0
—16t* +80t +10=0
Using the quadratic formula, we have:
~80+./(80)° —4(~16)(10)
- 2(-16)
1024110
4
~5.12 (1>0)

It will take approximately 5.12 seconds for the
ball to hit the ground.

a(t)=7200
v(r)= ja(t)dt
= [7200d1
=7200t+C
Since v(O) =0, we have
v(O) =0
7200(0)+C =0
C=0

Thus, v(z) = 7200t
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88.

89.

90.

Exercise Set 4.3

1
Integratin t) from | 0,— | we have
grating v(r) { 120}

1
s (Lj = j Ya072000ds
120) o

=[ 36007* ]0%20

1 1
The car travels Z mile in Eminute.

a(t) =12,000
v(1)=12,000¢ See Exercise 81.

We integrate v(z) over the interval I:O’Zéll_o]

1
s Lj: j A““u,ooom
240 ) o

=[ 60007’ ]%40

0
= i = (0.104.
48

The motorcycle travels approximately 0.104
miles in 15 seconds.

We integrate v(¢)over the interval [1,5]:

s(5)=s(1) = [ v(r)ar
= Jf (32 +21)dr
=[l3+t215
=(5°+5)- (1 +1?)
=150-2
=148

The particle travels approximately 148 miles
from the 2™ hour to through the 5" hour.

We integrate v (t) over the interval [0,3] :
s(3)= [ v(r)dr

= J‘: (47 +21)ar

{r o]

=(3*+3)-(0* +0°)

=90

The particle travels approximately 90 miles
during the first 3 hours.

91.

92,

495

S(t)= _[S'(t)dt
S(r)=[05e'dt=0.5¢' +C
Assuming S (O) =0, we have:
5(0)=0
0.5¢"+C=0
0.5+C=0
Cc=-05
Thus, S(t) =0.5¢"-0.5
When Bluetape reaches $10,000 in sales,
S(#) =10,000 . We solve the equation for z.

0.5¢' —0.5=10,000

0.5¢' =10,000.5
e' =20,001

Ine' =1n20,001
t=9.9035

Therefore, they will reach $10,000 in sales on
the 10" day.

N'(r) = 2801
a) Integrating over the interval [0,16]:
N(16)= [ N'(r)dr
= [*280¢"ar

- [1 12%]16

0

=114,688
114,688 pounds of pollutants enter the lake
during the first 16 months.

b) N(T)=[ N'(r)dr=50.000
Therefore,
%
112(T)> = 50,000
(T)% _ 50,000

112
%
7 {50,000
112
T=1148

The factory must begin cleanup procedures
during the 11" month.
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496 Chapter 4: Integration

0. [X " g- s(x=1)(x+1) 96. [ (x+2)dx
x-1 2 (x-1) ’ .
: |6
:L(x+l)dx 4 A
2 3 1 4 1 4
{%H} = (1+2)' =2 (0+2)
2 81 16
2 2 [,
=(%+3j—[2?+2j 4 4
s ~9 1625
=?_4
_71_ sV =1 s( -y
=5 =35 97 L T dx_jl(x»*—l)x Sdx

2T 4 27
{TT}I (3% 30 ) (3% 3
_ [(1 Q][Q&) (e -2 )-Cor 207
4 2 4 2 =(12—6)—G—%)
_ 3888 3
)
95. j:é(x—l)\/;dx=_[:6(x%—x%)dx :6775
(255 2% 3 )
{z 53 2 l PR 98. j(ji:zgdx=j;(x+2)((;+_2)2x+4)dx
~[3007 300726 - 36" (-2 )
s 3 5 3 :|:x——x2+4x:|
_59 S B
isn =[%—<1>2+4(1>]—[%—(o>2+4<o>}
10
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Exercise Set 4.3

1 s 1 4
—(1+1) =—(0+1
Loy - o
6 1

4 4

E=3.75

4

103.

104.

105.

106.

107.

108.

497

_28_4
303
_ 24
3
-3
th\/_%ldmﬁ(zﬂ)z%dz
= J:(t% +t_%)dt
=Ft%+2z%}
2 3 1 )
S HOREOREENEEIO
_4-28
3
_ 44
3
-142

3

The value of the antiderivative at x =1was

not subtracted from the value of the
antiderivative at x =2 .

o . 1
The antiderivative of Inx is not —. We are
x

not able to find the antiderivative of 1nx at this
point in our studies.

Using the fnlnt feature on a calculator, we get:

f; (x* —9x% +27x+50)dx = 529.356.

Using the fnlnt feature on a calculator, we get:

JIA 4 3 5
. (x* +4x” =36x" —160x +300) dx = 4068.789.

Using the fnlnt feature on a calculator, we get:

2
j_z 4—x’dx ~ 6.283.
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