Chapter 3

Exponential and Logarithmic Functions

Exercise Set 3.1

1. Graph: y=4*
First, we find some function values.

1 1
x=—2’ =472 =—=—=00625
Y 416
1
:_1’ :471 :—2025
X y 4
x:O, y=40=1

x=1, y=41=4
x=2, y=42=16

X y

-2 0.0625
-1 0.25

0 1

1 4

2 16

Next, we plot the points and connect them with
a smooth curve.
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2. Graph: y=5"
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3. Graph: y=(0.25)"
First note that:
y=(0.25)"

0

)

=47
This will ease our work in calculating function
values.
X Yy
-2 16
-1 4
0 1
1 0.25
2 0.0625

Next, we plot the points and connect them with

a smooth curve.
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386 Chapter 3: Exponential and Logarithmic Functions

5. Graph: f(x) = [%j 7.  Graph: g(x) = [%)
First, we find some function values. First, we find some function values.
-2 -2
3 1 1 4 — 2 1 1 9
x:—z’ 2)=|— = =——=—=2444 x=—2, —2 =|— = =_=_=2.25
f()[zj 37 (9) 9 g()(s) oY 44
2 4 3) 9

2 0
0 x=0, g(O)—[—j =1
x=0, f(()):(ij =1 3
2
3\ 3 2)
=1, f()=|=| ===15 = =1 2| =0.666
x=1, f(1) (J 5 x=1, g(1) (3) 0.666
3YY 9 2) 4
x=2, f( ):(_) 22:2.25 x=2, g(z):(gj =_-0444
R EAS)) | e()
-2 0.444 -2 2.25
-1 0.666 -1 1.5
0 1 0 1
1 1.5 1 0.666
2 2.25 2 0.444
Next, we plot the points and connect them with Next, we plot the points and connect them with
a smooth curve. a smooth curve.
1)(; L Jw= (%)V 8= (%)V 1% -
i -
7 L
or C
AL i
3F -
2F -
—L—+——1/|/Il’ S
5-4-3-2-1 12345x
4 X 3 X
6. Graph f(x) = [E) 8. Graph: g (x) = [—j
34 y
8k sk
oL Jo=0) oL
5t sk
4 4k
3k 3k
2/ \2'_ 0= %)x
M L1 [ I | m
5-43-2-1;[ 1234 5% —S5-4-3-2-1,[ 123 45x%
-2 ok
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10.

11.

12.

Exercise Set 3.1

Graph: f(x)=(2.5)"
First, we find some function values.

) 1 1
x=-2,f(-2)=(25)" = ol 55016
x=-1Lf(-1)=(25)" = 2L5 =0.4
x=0, f(0)=(25) =1
x=1, f(1)=(25) =25
x=2, f(2)=(25) =6.25

k)
2 [0.16
1|04

0o |1

1 [25

2 |625

Next, we plot the points and connect them with
a smooth curve.

b

10~

ol

Al

L

oL

sk

AL

3k Jiw =05

L
1 IAA_A/I) | I T |
—5-4-3-2-1 12345%x

Graph: f(x)=(1.2)"

fe)=@.2"

2
8
7
6
5
4.
3
2
M I I
-10-8-6-4-2,1 2 4 6 810x
-2+

flx)=e"
d X X
By Theorem 1, d—e' =¢" . Therefore,

f'(x) =e"

f(x) =e"
f'(x) =—e"

13.

14.

15.

16.

17.

18.

19.

20.

21.

387

g(x):e

Using the chain rule dief(‘) = f'(x) e we
X

have g'(x) =™ 2=2¢".

g(x)=e”
g'(x) 3¢
f(x) =06e"

Using %[c-f(x):l =c- f'(x), we have:

f(x) =4e"
f'(x) =4e"
F(x) =
F'(x) =T
F(x) =™
F'(x) =—4e™
G(x) =2e*"

We use %[c-f(x)} =c-f'(x):

G'(x) d |:2~e4x:| =2-die4x

" dx X

Next, we use the Chain Rule:

d o/ = f'( x)ef(*) ; therefore,
dx
G'(x)=2-4e*
G'(x) =8¢,
g(x)=3¢"
g'(x)=3-5¢"
=15¢"
f(x)==3¢"
TR P S B
f(x)_dx[ 3-e ]_ 3 dxe
=—3'€7x‘(_1)
=3e™"
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22,

23.

24,

25.

26.

27.

Chapter 3: Exponential and Logarithmic Functions
G(x)=~Te" 28, F(x)=4-¢”
G'(x)=-T7-¢"-(-1) F'(x)=0-¢""(2)
= 767)[ — _262):
o(x)= 1o 29.  f(x)=x"—2¢"
2 First, we use the Difference Rule
(od[l st d s (el s o d
g(x)_dx{2 ¢ } 2’ S =gxt —2 e
1 Next, we use the Power Rule on the first term
= Ee ! '(—5) and the Chain Rule on the second term
5 f'(x)=5x4—2~eﬁx~(6)
=T5¢ =5x* —12¢*
30. G(x)=x’—-5¢"
f(x)=le4x (x) X €
3 G'(x)=3x"-5(2)e™
f'(x) =%-e4x-(—4) =3x> —10e™
= _ie*‘x 31. ¢ (x) =x’e™”
3 First, we use the Product Rule.
1 d X d X
F(x):_%ex2 8 (x)ﬂ{Eez }{Exﬁ}ez
d 2 ’ 2 d ’ :x5'€2<x'(2)+5.x4'€2x
F'(x)=_|:——'€x j|=——'—€x 5 2x 4 2x
dx| 3 3 dx =2x’e” +5x"e
_ _%_eﬁ (2x) =(2x+5)x*e™ Factoring
_ _4_xex2 32, f(x)=x"e"
Fl(x)=x"e"(4)+7x° - e™
4 3 =4x7e" +7x°5 ™
g(x) B —ge = (4x+7)xﬁe4x
4
gl)=-2e (30) )
o
~ 12x2 E 33. F()C) = 7
T 5 ¢ First, we use the Quotient Rule.
G(.x) =7+3e™ F(x)= x* ~(2)€2X8—€2x 4x’
Using the Sum Rule, we have X
, d . 2 3 2x _ 2
G (x) = d_x[7 +3¢° :I = e =4 i3 (; ) Factoring
= i7 + 3i€5X . _ )C_3 262-" (.X B 2) Remove the factor
dx dx - x3 xs equal to 1.
To differentiate the two terms remember that e
the derivative of a constant is zero. All that is _ Ze (x _ 2)
left is to apply the Chain Rule. x°
G'(x) =0+3-¢" (5)
=15¢"
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Exercise Set 3.1

e
34. =
g(x)=—
x*-(3)e™ —6x7 €™
g ' (x) — ( ) -
x
3x° ™ (x - 2)
= x12
3 3> (x 2)
= 7

35, f(x)=(x"+3x-9)e'
f'(x) =(2x+3)e" +(x2 +3x—9)e* IP;’L:)I‘;“C‘
= (2x+3+x2 +3x—9) e Factoring

= (x2 +5x —6)6‘”

36. f(x) = (x2 —2x+2)ex
f'(x) =(2x—2)ex +()c2 —2x+2)ex
=(2x—2+x2 —2x+2)e*

_ .2 x
=X e
ex
37. f(x)==
X
xtet—4x "
f ' ()C) = T gﬁ;gzm Rule
X
-4
= % Factoring
X X
_ i e’ (x - 4) Remove the factor
) 5 equal to 1.
X X
e’ (x — 4)
X
38. f(x)= i—s
x’ et —5xt-e
fle)="—%
3 xte (x - 5)
- X0
_e-3)
= 3

389

39. f(x)=e "
*X2+X d (]
P = (04 72)| l
=7 [22x +7]

= (—Zx + 7) T

40. f(x) = eix2+8x
f'(x) = (—2x+8)e’x2+8x

41. f(x)= oA

42. f(x)=e

= xe
43. y= e
First note that
1
y=e = e(H)A .

Using the Chain Rule, we have

d

Db -|:d%(x—7)%:| .

dx

Using the Chain Rule again, we have

ﬂ:em |:l(x—7)%:|

dx 2
— V. 1 Properties
5 (x ~ 7) A of exponents
o7
B 2Nx =17
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44.

45.

46.

47.

48.

Chapter 3: Exponential and Logarithmic Functions

y=e x4 49.
d 1 -
Dl ~—(x—4) %
dx 2
~ e\/ﬁ
2\Ux—4 50
y=+e' -1
1
y=+ve' -1 =(ex —I)A
51.
dy _1 7 d By th
—=—(e"-1)"-—(e" -1 L
dx 2 ( ) dx ( ) Chain Rule
1 e
=—(e'—1)""-(e" -0
S(er=1) (e -0)
-_— eX
- 1
2(e" - 1)4
52.
p— ex
2Ve" -1
y=+e +1 53
dy e\ (o
Lo )
f— ex
2ve" +1
y=xe > +e +x°
Differentiate the function term by term. We
apply the Product Rule to the first term, the
Chain Rule to the second term, and the Power
Rule to the third term.
d
d_y = x(—2) e +le + (—l)e’x + é{ci
* Product Rule Chain Rule g’l‘féer
Now we simplify:
d !
Do dxe e —et +34
dx 54,

= (1 —2x) e —e +3x7

¥ .3 .
y=e ' +x —xe

%zex—k?axz —((x~ex)+1~e‘”)

) .
=e¢" +3x" —xe" —¢€*

) .
=3x" —xe"

kx

y=1l-e
We use the Chain Rule, remembering that & is a
constant:

00— (<k
_kefla
y=1-e™
dy —mx —mx
i ( m):me

2

g(x) = (4x2 +3x)e” T

We use the Product Rule first, and apply the
Chain Rule when taking the derivative of the
exponential term.

g' (x) = (4x2 + 3x) (2x - 7) ey
| S
Chain Rule
(8x + 3) e”
Factoring out the common term, we have
g' (x) = [(4x2 + 3x) (2x - 7) + (Sx + 3)]6"2’7" .
Simplifying inside the bracket, yields
g' (x) = [(8)(3 -22x° — 21x) + (8x + 3)](3‘”2 e

=[8x° ~224% ~13x+3]e” .

g(x) = (5x* ~8x) e
g'(x) = (5% —8x)(2x—4)e” ¥ +
(10x—8)e”
=[(10x* =36x* +32x) +(10x-8) [~

=[10x* ~36x> +42x-8]e”
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Exercise Set 3.1

55. Graph: f(x) =€

Using a calculator, we first find some function
values.

f(-2)=" =™ =0.0183

(

f(O) = =’ =1

f(1)=e" =¢? =7.3891

f(2)= =¢* =54.598
> f(x)
2 0.0183
-1 0.1353
0 1
1 7.3891
2 54.598

Next, we plot the points and connect them with
a smooth curve.

feo =€

11 | I I
—-5-4-3-2-1 12345x
Derivatives. f'(x) =2¢* and f"(x) =4e> .

Critical values of f. Since f'(x)> 0 for all real

numbers x, we know that the derivative exists
for all real numbers and there is no solution to
the equation f '(x) =0. There are no critical

values and therefore no maximum or minimum
values.

Increasing. Since f '(x) > 0 for all real
numbers x , the function f is increasing over
the entire real line.

Inflection points. Since f"(x) > 0 for all real

numbers x, the equation f "(x) =0 has no
solution and there are no points of inflection.
Concavity. Since f "(x) > 0 for all real numbers
x , the function f' is increasing over the entire

real line and the graph is concave up over the
entire real line.

391

56. Graph: g (x) =™

57.

2

g =e> |10

Ul O\~ 00 O

o
Wl
.
i
=

Derivatives. g'(x)=—-2¢ " and
g"(x) =4e™ .
Critical values of g. Since g '(x) < 0 for all real

numbers x, we know that the derivative exists
for all real numbers and there is no solution to
the equation g'(x) = 0. There are no critical

values and therefore no maximum or minimum
values.

Decreasing. Since g'(x) <0 for all real
numbers x , the function g is decreasing over
the entire real line.

Inflection points. Since g"(x) > 0 for all real
numbers x, the equation g"(x) =0 has no

solution and there are no points of inflection.
Concavity. Since g" (x) > 0 for all real numbers

x , the function g' is increasing over the entire

real line and the graph is concave up over the
entire real line.

! X
Graph: g(x)= M
First, we find some function values.

g(-2) = — o1 203679

g(~1) =27 =% < 0.6065
g(O) = e(%)(o) =" =1
g(1)= M =% < 16487
g(2) = =t 227183
* g(x)
2 0.3679
N 0.6065
0 ]
i 1.6487
2 2.7183

Next, we plot the points and connect them with
a smooth curve.
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58.

T T T T T T T T 1T

- —
i& MW R U N ®O O

—5-4-3-2-1

Derivatives. g

g"(x)="te
Critical values of g. Since g'(x)> 0 for all real
numbers x, we know that the derivative exists
for all real numbers and there is no solution to
the equation g' (x) =0. There are no critical

values and therefore no maximum or minimum
values.

Increasing. Since g' (x) > 0 for all real

numbers x , the function g is increasing over the
entire real line.

Inflection points. Since g"(x)> 0 for all real

numbers x , the equation g"(x)= 0 has no
solution and there are no points of inflection.
Concavity. Since g"(x) > 0 for all real numbers
x , the function g' is increasing over the entire

real line and the graph is concave up over the
entire real line.

y
10+
ok
8*
7
6
5k
4
3
.
—1’T’Tk I T |
-3-2-1 1234567«
. . ! X
erivaitives. X)=<e’ 7 an
D 1 ' ; (A) d
f"(x)zle(%)x
9 .

Critical values of f. Since f'(x)> 0 for all real
numbers x, we know that the derivative exists
for all real numbers and there is no solution to

the equation f"' (x) =0. There are no critical

values and therefore no maximum or minimum
values.

Increasing. Since f' (x) > 0 for all real
numbers x , the function f is increasing over
the entire real line.

Chapter 3: Exponential and Logarithmic Functions

Inflection points. Since f "(x) > 0 for all real

numbers x, the equation f "(x) =0 has no
solution and there are no points of inflection.
Concavity. Since f"(x) > 0 for all real numbers

x , the function f' is increasing over the entire

real line and the graph is concave up over the
entire real line.

1 _,
Graph: f(x) = Ee"‘
First, we find some function values.

F(2)=te = %ez ~3.6945

2
1 ,(,1) 1 1
1)=—e " =—¢' =1.3591
f(-1)=Ze T =2e
1
7(0) =5e*(°> =—¢"=05
1 ,(1) 1 -1
)==e==¢"~0.1839
F(2)=te® =Lz 2 0.06767
2 2
* f(x)
2 3.6945
-1 1.3591
0 0.5
1 0.1839
2 0.06767

Next, we plot the points and connect them with
a smooth curve.

Y.
10
9

8
7
6
5
4
3
2

[ [0 =1

I T o S Y N N
—-5-4-3-2-1 12345

Derivatives. f'(x) =——¢ “and

N | = =

" 1 —X
x)=—e".
(=3
Critical values of f. Since f '(x) < 0 for all real

numbers x , we know that the derivative exists
for all real numbers and there is no solution to
the equation f"' (x) =0. There are no critical

values and therefore no maximum or minimum
values.
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60.

Exercise Set 3.1

Decreasing. Since f '(x) < 0 for all real
numbers x , the function f is decreasing over
the entire real line.

Inflection points. Since f"(x) > 0 for all real

numbers x, the equation f "(x) =0 has no

solution and there are no points of inflection.
Concavity. Since f" (x) > 0O for all real numbers

x , the function f' is increasing over the entire

real line and the graph is concave up over the
entire real line.

x

Graph: g(x)= %e’

o%

10

ol

sk

7k

6k

5k

4k

3k

%_g(x):l[x
IR S R
—-5-4-3-2-1 12345x

Critical values of g. Since g'(x) < 0 for all real
numbers x, we know that the derivative exists
for all real numbers and there is no solution to
the equation g' (x) =0. There are no critical

values and therefore no maximum or minimum
values.

Decreasing. Since g'(x) < 0 for all real
numbers x , the function g is decreasing over
the entire real line.

Inflection points. Since g"(x)> 0 for all real

numbers x , the equation g"(x)= 0 has no

solution and there are no points of inflection.
Concavity. Since g"(x) > 0 for all real numbers

x , the function g' is increasing over the entire

real line and the graph is concave up over the
entire real line.

61.

393

Graph: F(x)= _Wr

First, we find some function values.

F(-2) == = % - 05134
F(-1)= - = % < 07165
F(O) = —e(%)(o) =—"=-1
F(1)=—" =% = _13056
F(2) =P =% = 10477

* F(x)

2 |-05134

1 |-07165

0 [-1

I [-1.3956

2 | -1.9477

Next, we plot the points and connect them with
a smooth curve.

2
3
4}
-5
6
-7+
-8t
ot

Derivatives F'(x) = —%e

1 (¥)«
F"(x)z—ge%) .

Critical values of F. Since F'(x)< 0 for all real
numbers x, we know that the derivative exists
for all real numbers and there is no solution to
the equation F'(x)=0. There are no critical

values and therefore no maximum or minimum
values.

Decreasing. Since F '(x) < O for all real
numbers x , the function F is decreasing over
the entire real line.

Inflection points. Since F "(x) < 0 for all real

numbers x, the equation F "(x) =0 has no

solution and there are no points of inflection.
Concavity. Since F "(x) < 0 for all real numbers
x , the function F' is decreasing over the entire

real line and the graph is concave down over the
entire real line.
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62.

63.

Graph: G(x)= Wb
b G =—eDx

5432k ] 123 45%

&b
T T T T T 17T

Critical values of G. Since G'(x) < 0 for all real

numbers x, we know that the derivative exists
for all real numbers and there is no solution to
the equation G'(x)=0. There are no critical

values and therefore no maximum or minimum
values.

Decreasing. Since G'(x) < 0 for all real

numbers x , the function G is decreasing over
the entire real line.

Inflection points. Since G"(x) < 0 for all real
numbers x, the equation G ”(x) =0 has no

solution and there are no points of inflection.
Concavity. Since G"(x) <0 for all real

numbers x, the function G' is decreasing over
the entire real line and the graph is concave
down over the entire real line.

Graph: g(x) = 2(1 —e"”) ,for x=0
First, we find some function values:
g(0)=2(1-¢°)=0

g(l)=2(1-¢")~1.2642
g(2)=2(1-¢")=1.7293
g(3)=2(1-¢7)=1.9004
g(4)=2(1-¢")~1.9634
g(5)=2(1-¢")=1.9865
¥ g(x)
0 0
1 1.2642
2 1.7293
3 1.9004
4 1.9634
5 1.9865

Chapter 3: Exponential and Logarithmic Functions

64.

Next, we plot the points and connect them with
a smooth curve.

)3/ gl =2(1- e
> x20

Derivatives. g'(x) =2¢ " and

g"(x) =-2e".
Critical values of g. Since 2¢™* > 0 for all real
numbers x, we know that there is no solution
to the equation g' (x) =0. There are no critical
values on (0,c0).

Increasing. Since 2¢™* > 0 for all real
numbers x , we know that g is increasing over

its entire domain [0, o) .

Inflection points. Since —2e¢* <0 for all real
numbers x, the equation g"(x) =0 has no
solution and there are no points of inflection.

Concavity. Since —2¢™* <0 for all real
numbers, the function g' is decreasing and the

graph is concave down over the interval (0,c0).

Derivatives. f'(x) =¢ " and f"(x) =—e".
Critical values of f. Since e > 0 for all real
numbers x, we know that there is no solution
to the equation f' (x) =0. There are no critical
values on (0,<0) .

Increasing. Since e~ > 0 for all real
numbers x , we know that f is increasing over

its entire domain, [0,o) .

Inflection points. Since —e™* < 0 for all real
numbers x, the equation f "(x) =0 has no
solution and there are no points of inflection.

Concavity. Since —e " < 0 for all real numbers,
the function f' is decreasing and the graph is

concave down over the interval (0,oo) .
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66.

Exercise Set 3.1

From exercise 55 we know that:

Fle)=e"
f'(x) =2
f"(x) =4¢™

Enter each function into your graphing

calculator.

Flokl Flokz Flotz
N Bet 2Ry
e BRe (2
~N B C2M 0l
why=
wMe=
~NE=
~Ne=
Set the window on the calculator by pressing
the Window button and changing the

dimensions of the window.
WIMOOW
Aamin=-3
Amax=3
mecl=1
Ymin=-5
Ymax=18
Y=cl=1
ares=1
Now press the graph key. The graphs are shown
in the screen shot.

Ly

Vi=g(x)=c
Y, = g'(x) =2
)/3 — gn(x) — 46—2)(
Set the window to be:
WIMOOW
Bmin=-3
ABmax=3
mecl=1
Ymin=-5
Ymax=18

Yacl=1
Bres=]

67.

395

The graphs are shown in the screen shot.

From Exercise 57 we know that:

g(x) = )

g%xy_i(%ﬁ

Enter each function into your graphing
calculator.

Flokl Flokz Flots
“aBe ol oZ 0D
eEC1SZ2 e 012

e
ot - L T TSl o e
P

~Ny=N
~Ne=
Set the window on the calculator by pressing
the Window button and changing the
dimensions of the window.
WIMDOL
mmin=_3
HmaK=a
mecl=1
Mrin=23
Wmaxn=3
Yaol=1
nres=l1
Now press the graph key. The graphs are shown
in the screen shot.

Y

1
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68.

69.

V= f(x)=
v, = (x) =5

r=r()=gd

Set the window to be:

WIHDOL
Bmin=-3

Y,
YZ
_ﬂfﬂﬁf:i:ifﬂ%

From Exercise 59 we know that:

f(x) = %e"”

n l —X
7=
Enter each function into your graphing
calculator.

Flakl Fletz Flokz

“HECLZ2e 0 mED
“MeBC-1<2he ™0 D

UL L Rl ¥

Set the window on the calculator by pressing
the Window button and changing the
dimensions of the window.

lLIIHEIEIh.I

Chapter 3: Exponential and Logarithmic Functions

71.

Now press the graph key. The graphs are shown
in the screen shot.
Y=Y,

N\

| .
K=g%ﬂ=ge

Set the window to be:
I I HDEIl.I.l

Yacl=1
Bres=]

The graphs are shown in the screen shot.
Y, =Y,

A
Kfff

Y

2

From Exercise 61 we know that:

F(x) = —e(%)x

1

F”(x) = —ée(é)x

Enter each function into your graphing

calculator.
Flakl Flokz Flotz

S = = A P oy
~NeEC-1oF e 0L

JaEd
RO -1F0e 0] s
JAED

“My=
wMe=
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73.

Exercise Set 3.1

Set the window on the calculator by pressing

the Window button and changing the
dimensions of the window.

WIHDOO

Bmin=-3

Now press the graph key. The graphs are shown

in the screen shot.

Y, = G”(x) = —ie(%)x

Set the window to be:

The graphs are shown in the screen shot.

IRESSE

From Exercise 63 we know that:

g(x) = 2(1—6"‘); x=0
g'(x)=2e_"; x=20

g"(x) =27, x20

Enter each function into your graphing

calculator. Notice how you can specify the

domain in your calculator. Consult your

owner’s manual for a detailed explanation on

how to do this.

74.

75.

Flotl Flotz Flot:
sMAEZC1—e™ 0 KD )
CRzED
;?zEEE“ﬂ'H)fﬂHEE
WM -Zet (RS RE
@

~hy=

Set the window on the calculator by pressing

the Window button and changing the
dimensions of the window.

WIMOOL
Amin=-3
AMax=3
wecl=1
Ymin=-4
Ymax=d4
Yacl=1
ares=1

397

Now press the graph key. The graphs are shown

in the screen shot.

Y

2

Y, =g(x)=3—e_"; x>0
Y2=f'(x)=efx; x>0
Y, =f"(x)=—e_x; x=0
Set the window to be:

WIMOO

The graphs are shown in the screen shot.

[ ——
I.H-__—
—

First find the derivative of the function.
flx)=e'

f()=e

Now, evaluate the derivative at x =0.

r'(0)=€"=1

The slope of the tangent line at the point (0,1) is

1.
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77.

78.

79.

' —3x

(
(0)

=
~—

f =—6¢"
f =—6e" =6
First find the slope of the tangent line at (0,1) ,
by evaluating the derivative at x=0.

g (x) =e
g'(x)=—e
g'(O) =—¢'=-1

Then we find the equation of the line with slope

X

—x

—1 and containing the point (O,l) .

y-y,=m (x — X ) Point-slope equation

y—1=—1(x—0)
y—l=-x
y=-x+1
fx)=e
f'(x)=2€2x
£'(0)=2¢=2
y—1=2(x-0)
y—1=2x
y=2x+1

Enter the function and the tangent line found in

problem 77 into the calculator.
Flakl Fletz Flokz

Press the graph button.

Chapter 3: Exponential and Logarithmic Functions

80.

81.

Enter the functions into the calculator.

Flokl Flokz Flot
SN Bt C2E D
wMzBZE+]
wMr=

wWy=

wMe=

M=

wMr=

Set the window.

WIMOOL
Amin=-3
AMax=3
wecl=1
Ymin=-4
Ymax=d4
Yacl=1
ares=1

Draw the graphs.

a) Evaluate A(t)at r=14. Note: 2009 is
14 years after 1995 .
A(14) = 24300
=2.43¢>7
=30.201490
A(14)=30.2
Americans will spend approximately $30.2
billion on organic food and beverages in
2009 .
b) Find the derivative of the function.

A(r) =243
A'(1)=2.43(0.18) "™
A'(1)=0.4374¢""

Find the rate of change in 2006 by
evaluating the derivative at t =11.

A'(11) = 0.4374¢™0Y

=0.4374¢""
=3.167976
A'(t)=3.17
American expenditure on organic food and

beverages is growing at a rate of $3.17
billion per year in 2006.
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Exercise Set 3.1

82. a) First notice that
A(11)=2.43""" =176
A(12) = 2.43¢"") = 21.07
A =A(12)-A(11)
=21.07-17.6

=347
Organic food and beverages expenditures
increased $3.47 billion between 2006 and
2007.

b) The answer in exercise 82a is the

average increase in organic food
expenditures between the year 2006 and
2007. In Exercise 81b, the instantaneous rate
of growth was determined. This is the slope
of the tangent line of the function at # =11.
Exercise 82a found the slope of the secant
line intersecting the function at

t=1landr=12.

5200
83. T(x)=—T"T"—
(x) 1+16.3¢7"7*

a) In 2005, x =2005-1994 =11.
5200
T(1)= 1+16.3¢7°70
5200
C1+163¢7

=~ 5162
In 2005 there will be approximately 5162
thousand, or 5.162 million, cellular phones

in Israel.
In 2010, x =2010-1994 =16.
5200
T(16) = 0.7
1+16.3¢771%)
_ 5200
1+16.3¢7""?
= 5199

In 2010 there will be approximately 5199
thousand, or 5.199 million, cellular phones
in Israel.

b)  Evaluate the limit of 7 (x)as x — oo

, 5200
fim T (x) = lim T
lim 5200
~ liml+1im16.3¢°"
5200
1+0
= 5200

84.

85.

86.

399

The limit is 5200 thousand cell phones or
5.2 million cell phones. This represents the
saturation point for Israel’s cellular phone
market.
5200
a) T(x)=——7—F—
) T() 1+16.3¢77
(1+163¢™7)(0) - [(16.3¢ ") (<0.7)] - 5200
(1+163°™)
59,332¢ 707
(1+163¢07)
b) In 2009, x =2009-1994=15.
59,332¢ "7
2

(1 +16.3¢ 0709 )

Approximately 1.630 thousand cell phones
will be put into use in Israel between 2009
and 2010.

T'(x):

T'(15)= ~1.630

a) C'(1)=0-50(-1)e"
C'(t)=50e"

b) C'(0)=50e” =50-1=50
Marginal cost when ¢ = 0 is 50 million
dollars per year.

c) C'(4)=50e" =0.916
Marginal cost when ¢ = 4 is 0.916 million
dollars per year or $916,000 per year.

d) [w] lim () =100; limC'(r) =0
Early in the production process equipment
might need to be purchased and or
employees might need to be trained. Once

this has taken place costs will tend to level
off.

a) C'(1)=0-40(-1)e"
C'(t) =40e™

b) C'(0)=40e" =40
Marginal cost when ¢ = 0 is 40 million
dollars per year.

¢) C'(5)=40e" =0.270

Marginal cost when ¢ =5 is 0.270 million
dollars per year or $270,000 per year.

d) [w] limC(¢) = 200; limC'(1) = 0
Early in the production process equipment
might need to be purchased and or
employees might need to be trained. Once

this has taken place costs will tend to level
off.
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87.

88.

q
a)

b)

)

d)

b)

- 24064).003)(

When x =250

g=2 4064),003(250)

=240e™"7

qg=113

At a price of $250 the demand for this MP3
player is 113 thousand, or 113,000 units.

Create a table of values as needed. Find the
function values for g as shown in part ‘a’.

X q

0 240
100 | 177.796
200 | 131.715
250 | 113.368
300 97.577
400 72.287
Next plot the points and connect the lines

with a smooth curve.
q
240
220
200
180
160
140
120
100
80
60
40
20

= 240¢~0003x

I T N I |
80 160 240 320 x

Take the derivative of the demand function
with respect to x.

q'(x) = 240(_0.003)64).00“
— 07270003

The derivative represents the rate of

change in quantity demanded of MP3
players with respect to the price of MP3
players.

g =75¢""® =756 =~ 203.871 = 204

Approximately 204 thousand, or
204,000 MP3 players will be supplied at a
price of $250.

X q 4

0 75

100 | 111.887

200 | 166.916

250 | 203.871

300 | 249.009

™I 1 1 1 1T 177

400 | 371.477

I S I N N |

100 200 300 400 x

Chapter 3: Exponential and Logarithmic Functions

89.

)
d)

a)

b)

)

q ' (x) — 0-360.0()4):

The derivative represents the rate of

change in quantity supplied of MP3 players
with respect to the price of MP3 players.

C(0)=10-0’¢* =0
The initial concentration is O parts per
million (ppm).
c(1)=10-1¢"
~10(0.367879)
=3.68

After 1 hour, the concentration is
approximately 3.7 ppm.

C(2)=10-2%¢"
~40(0.135335)
~5.41

After 2 hours, the concentration is
approximately 5.4 ppm.

C(3)=10-3%¢"
= 90(0.049787)

~4.48
After 3 hours, the concentration is
approximately 4.5 ppm.

C(10)=10-10%¢™"
= 1000(0.000045)
~0.05

After 10 hours, the concentration is
approximately 0.05 ppm.

Plot the points (0,0);(1,3.7);(2,5.4);
(3,4.5) and (10,0.05) and other points as

needed. Then we connect the points with a

smooth curve.
C

c( =102t

— N W A U

Iilzélréé7891|01
C'(t) =10 (-1)e™ +20te™
= (ZOt -10¢ ) e
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90.

Exercise Set 3.1

d)

e)

a)

b)

Since C '(x) exists for all values of x>0,
the only critical values are where
C'(x)=0. Solve:
C'(x) =0
(20r-107)e™ =0
200-107 =0 (e #0)
10¢(2-1)=0
t=0ort=2

The are two critical values. The
critical value ¢ =2 is the obvious

maximum. Find C (2) .
C(2)=10-2%¢"
~40(0.135335)

=541
The maximum value of the concentration
will be 5.41 parts per million and will occur

2 hours after the drug has been administered.

The derivative represents the rate of

change of the concentration of the
medication with respect to the time .

In 2010, + =2010-1900 =110

30.48
D(110) = 34.4—W

=424
The death rate was 4.24 deaths per thousand
people per year in 2010.

In 2050, r=2050-1900 =150
30.48

D(ISO) =34.4- 1429 44¢072050)
=3.94
The death rate was 3.94 deaths per thousand
people per year in 2050.
30.48

limD(t)=1lim| 344 ——"—
P ( ) ,_m|: l+29.4460'072r:|

—344-20%8

1+0
=3.92

The limiting value of Mexico’s death rate
over time is 3.92 deaths per thousand

people. The death rate stabilizes at this limit.

401

30.48
91. D(t)=344———""——+
( ) 1 + 29‘4467().()721‘
a) Take the derivative using the quotient rule.
d 30.48
D' )= 0 -]
() dt [1+ 294477 }

(1+29.44¢°°77)(0) - 29.44¢ 7 (<0.072)-30.48

(1+29.44¢007 )
Simplifying the numerator the derivative is
64-664).()721‘
(1+29.44¢7)

The derivative represents the rate of change
of the death rate per thousand people per
year in Mexico ¢ years after 1990.

b) In 2009, r=2009-1900 =109 .

64 664).072(109)
(1 +29 4467().072(109) )2

D'(t)=-

D'(109) = —

64‘6677,848
(1+29.44¢75 )’

= —0.025
Between 2009 and 2010, Mexico’s death
rate will decline approximately 0.025 deaths
per thousand people.

92. Insert the given constants into the equation.
P(t) =40+(100-40)e ™"
=40+(60)e™*"
a) P(0)=40+60¢"""

=100
The initial percentage retained is 100%.

P(1) = 40+60e™™")
~40+29.795

=69.8
The percentage retained after 1 week is
69.8%.

P(2)=40+60e°""
~ 40+14.796

=54.8
The percentage retained after 2 weeks is
54.8%.

P(6) =40 +60e "
~ 40+0.900

=409
The percentage retained after 6 weeks is
40.9%.
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402 Chapter 3: Exponential and Logarithmic Functions

P (10) = 40+ 60e 700 Using the Quotient Rule.
t 4t t 4t
~ 40+0.0547 dy ¢ (4e")-e(1-¢")
P 2
~40.1 dt (¢)
The percentage retained after 10 weeks is ¢ 4 41
40.1%. _ (e 1)
b) limP(1)=40+0=40 e-e
o —1-3¢"
P(t) e
100
d
gg P(t) = 40 + 60¢ 07t d_)t} =—e ' —3e%
)}
96. y=e"+r=(e" +t)é
1 -2
@ D L) (3 1)
dx 3

— _42670,7t
e) The derivative represents the rate of =

change of the percentage of knowledge that
is retained with respect to the time ¢ weeks

3e* +1

3 (e 1))

after the knowledge was learned. e’
97. y=—
S x +1
93. y= (e“ +1) dy (x2 +1) e —e* (Zx) Ouotient
Using the Extended Power Rule. P (x2 + 1)2 Rule
dy _ 5(e +1) -3¢ (o2
dx _ ¢ (x +1- 2x) Factoring the
- Numerator
=15¢" (63'” + 1)4 (x2 + 1)2
e’ ()c2 —2x+ 1)
4 - 7
9. y= (exz —2) (x2 +1)2
Using the Extended Power Rule. e ( X— 1)2
; - X +1 ’
ﬂ = 4(ex2 - 2)% 'ZXexz ( )
dx
3 X
= 8xe" (exz —2) 98. y= . T
1-e
3t Tt ﬂ:(l—ex)ex—ex (_e")
e’ —e 2
95. = d_x X
Y= (1-¢")
Simplify the expression. e —e +et

(1-¢)

(] ™
y=% dy ¢
& (i-e)

e)‘
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Exercise Set 3.1

99. f(x)=e +e"

! - X,
f'(x) St L L Chain Rule

1
=—¢ ”—xiZeA
1
-1 eA
T X

101, f(x)=e” x—1
First, we note that
Flx)=e (x-1)".
Next, we use the Product Rule.

/1 -1 !
f'(x):eé.a(x_l)4+Eeé(x_1)é

216% _(x—l)_% +(x—1)%i| Factoring

2 L
=%e% +\/x—1}

216% ! +x—1- Vx—1 Multiplying
2 Jx_] Ix_l by 1
1

:le% + x—1 }

X

S)
=
|
ﬂ

Adding Fractions

403

102. f(x) 1x:x2
' (1427) [ x(=e) + e |- 2x(xe™)
fx)= (l+0)
_—ve tet —xlet +alet —2x%e
(1+x2)2
_ —xe  —x’e T —xe " +e "
(1+x2)2
- (x3 +x7 +x —1)
T ()
103, f(x)= +:
Using the Quotient Rule
()
_ (e +e™) (e +e)—(e" e ) (e =€)
(e +e )2
(e“ +e’ +e° +e’“)— (e“ —e’—¢° +e’“)
i (e +e)
_ e+ +e’ e —e e +e’ e
(e* +e’"‘)2
4
104. f(x)=
f'(x) o e =t
105, ¢=lim £(1): £(r)=(1+1)"

F)=(1+1 =2 =2
(05)=(1+05) 1.5* =225
7(02)=(1+0. 2) ° =2.48832
f£(0.1)=(1+0. 1) 01 =1.1" = 2.59374

£(0.001) = (1+0. 001) 0001 =1.001'"" = 2.71692
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106. ¢ =Tlimg(r):g(r) =1

107.

108.

t—1

¢(03)
g(0.

2(0.99

5)/05 1) =

9)05-1) = 2.86797

(0
(0.9
(0.99)/os5-1) = 273200
(0.999)/0999-) = 2.71964
(

9)
)
£(0.999) =
)=

2(0.9998) = (0.9998) o5 = 271855

f(x) =x’e™"; [0,4]
f(x)=x"-(=1)
+2xe "

Since f '(x) exists for all values of xin [0,4] s

x

e +2xe”

2 -
=—xe”

the only critical values are where f'(x)=0.

f1(x)=0

—x’e " +2xe " =0

- (x2 - 2x) =0
x’=2x=0 (—e’x # 0)

x(x - 2) =0

x=0or x=2
Use the Max-Min Principle 1. Find the function
valuesatx =0,x=2,andx=4.

f(x) =x’e"

£(0)=0*-¢"=0-1=0

f(2)=2%-¢? =4-(0.135335) = 0.5413
f(4)=4%-¢" =16(0.018315) = 0.2930

The maximum value of f(x)is 4e”or

approximately 0.5413 when x=2.
f(x) =xe ", [—2,0]
f'(x) =xe' +e*

(

f'(x)exists for all xin [-2,0]. Solve:

f'(x)=0
xe* +e* =0
ex(x+1)=O
x+1=0 (e #0)
x=-1

The critical value and the endpoints are
—2,—1,and O .

109.

110

111.

Chapter 3: Exponential and Logarithmic Functions

Finding the function values of each critical
value we have.

f(=2)=-2¢7 = -0.2707

f(-1)=-e"=-0.3679
f(0)=0-¢"=0

On [-2,0], the minimum value is

—e™' = —-0.3679 when x =—1.

The Power Rule cannot be used to find the
derivative of an exponential function. The

correct statement is ie* =e".
dx
Although the domain of both functions is
(—oo,oo) , the range of f(x) is (0,00) while
(—o0,00). f(x)is

concave up for all values of x, while

the range of g(x) is

g (x) is concave down over the interval
(—oo,O) and concave up over the interval
(0,00) - f (x) has no x-intercept; its y-
intercept is (0,1) . The x-intercept and y-
(0,0) . The x-axis is the
g(x) has no

intercept of g(x) is
horizontal asymptote for f (x) .

horizontal asymptote.

Graph: y=x’¢™"
From Exercise 107 we see that here is a relative

maximum at (2, 4e’2) , Or approximately

(2,0.5413).

Using our work from Exercise 107 and the
First-Derivative Test we find that there is a

relative minimum at (0,0). Also observe that

y 2 0 for all x.

For:

x=-3, y=(-3) e =90 = 180.77
x=-2, y=(-2) ¢ =4¢* ~29.56
x=-1, y= (—1)2 e =1 =272
x=0, y=(0)e®=01=0
x=1y=(1) e =1e"~037
x=2,y=(2) e =4e? =0.54
x=3, y=(3) ¢V =97 =045
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Exercise Set 3.1

x=4, y=(4] ¢ =16 = 0.29
x=5 y=(5) e =257 ~0.17
x=10, y=(10)" e =100e™ = 0.005

Next, we plot these points and connect them
with a smooth curve.

f(x) = x2e™X
0
_2 1 L 1 L L L 1 7
0
112.
f(x) = e*
11
-3 3
-0.1
d )
Do e
dx
dy .
d_ exists for all real numbers. Solve:
x

d

@& _,

dx

2

—2xe* =0

x=0 (—25*2 " o)

For x<O0, ﬂ>0 and for x>0,ﬂ<0.
x dx

Thus, y is increasing on (—oo,O) and
decreasing on (0,c0), so there is a relative
maximum at (0,1) . The function has no

minimum.

113. See page 310 in the text. The graphs of
f(x),f'(x),andf"(x) are all the graph of

X

y=e'.
f(x) = F(x) = £(x) = &X

114. f(x) = f"(x) =e"

f(x) = f/(x) = e

_3 L 1 1 L 1 3
-1
1 —X
fix)=—e
f(x) = F7(x) = %
4
_3 L 1 1 L 1 3
-1
_10'L4——’\/| L1 |)|10
-2
f(x) = 0.6%-3%
10
~10 | T i[10
-2
#7(x) = 0.18603¢
10
T} [—— i T |10
-2
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116. f(x)=1000e "
fv(x) — _806—0,08)(
fu(x) — 6.46—().()8x

f(x) = 1000e~008x
2000

—10 JR— 40
0

F/(x) = —80e~0.08x

0
—10 (7 T T 40

—-200

£7(x) = 6.46-008x

20

-10 . 1) 40

117.

Exercise Set 3.2

1. log,8=3 Logarithmic equation.

2° =8  Exponential equation;
2 is the base, 3 is the exponent.

2. 3'=81
1 oy .
3. log,2= 3 Logarithmic equation.
8% =2  Exponential equation;

8 is the base, 3 is the exponent.

Chapter 3: Exponential and Logarithmic Functions

10.

11.

12.

13.

14.

15.

16.

275 =3

log, K =J  Logarithmic equation.

a =K Exponential equation;
a is the base, J is the exponent.

a* =17
—log,h=p Logarithmic equation.
log,,h=—p  Multiply by 1.
1077 =h Exponential equation;
10 is the base,

—p is the exponent.

—log, V=w
log, V=-w
b=V

e’ =b Exponential equation;
e is the base, M is the exponent.
log,b=M  Logarithmic equation.

or Inb=M Inbis the abbreviation for log, b .

log, p=t,orInp=t

10° =100 Exponential equation;
10 is the base,
2is the exponent.
log,,100 =2 Logarithmic equation.
log,, 1000 =3
107" =0.1 Exponential equation;
10 is the base,

-1is the exponent.
log,,0.1=~1 Logarithmic equation.

log,,0.01=-2
M’ =V Exponential equation;
M is the base, p is the exponent.

log,, V=p Logarithmic equation.

log, T =n
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17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

Exercise Set 3.1

logh [%j = logh 5 - logb 3 (PZ)

=1.609-1.099
=0.51

log, (%) =log, 1-1log, 5

=0-1.609 = -1.609

log, 15 =1og, (3-5)
=log, 3+log, 5 (P1)
=1.099+1.609
=2.708

3

logh\/b_3: log, (b)é :%

log, 5b =log, 5+1log, b PD
=1.609+1 (P5)
=2.609

log, 75 = log, (5*-3)
=log, 5° +log, 3
=2log, 5+log, 3
=2(1.609) +1.099
=4.317

In20 = In(4-5)
=In4+1n5 (P1)
=1.3863 +1.6094

=2.9957

ln(§)=ln5—ln4
4

=1.6094 —1.3863

=0.2231
1
In (5) =Inl-1In5 (P2)
=0-1.6094 (P6)
= —1.6094

In(4¢) =In4+1ne
=1.3863+1
=2.3863

217.

28.

29.

30.

31.

32,

33.

34.

35.

36.

37.

407

ln\/:8 =In e%
=Ine’
=4 P5)

In80 =1n(4”5)
=1n4* +1In5
=2In4+1n5
=2(1.3863) +1.6094
=4.382

Using a calculator and rounding to six decimal
places, we have

In5894 = 8.681690 .
In99,999 = 11.512915

In0.0182 = —4.006334

In0.00087 = —7.047017
In8100 = 8.999619

In0.011 = —4.509860

e =80

Ine' =1n80 Taking the natural log on

both sides
t=1n80 (P5)
t = 4.382027 Using a calculator
t=4.382

e =10
Ine’ =Inl0

t=1In10

t=2.303

e’ =1000

Ine* =1n1000  Taking the natural log on
both sides
2t =In1000 (P5)

. In1000
2
| _ 6907755

2
t = 3.453878

t=3.454

Using a calculator
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38.

39.

40.

41.

42,

43.

44.

e’ =900
Ine” =1n900
3t =1n900
. 1n900
3
t=2.267
e’ =0.1
Ine™ =1In0.1 Taking the natural log on
both sides
—t=1n0.1 (P5)
t=-1In0.1
t=2.302585 Using a calculator
t =2.303
e’ =0.01
Ine™ =1n0.01
—t=1In0.01
t=-1n0.01
t = 4.605
e =0.06
Ine®™ =1n0.06  Taking the natural log on
both sides
-0.02t =1n0.06  (P5)
_In0.06
—0.02
—2.813411
t= —2813411 Using a calculator
-0.02
t =140.671
e0.07r - 2
Ine®”” =1n2
0.07t=1n2
In2
t=——
0.07
t=9.902
y=-8Inx
dy 1 |
il [&[e-f(x)]=cf(x)]
y_8
dx x
y=-9Ilnx
d —
dy_ 9 1_2
dx X X

Chapter 3: Exponential and Logarithmic Functions

45.

46.

47.

48.

49.

50.

y=x'Inx—1x
Differentiate this function term by term. We
apply the Product Rule to the first term, and the
Power Rule to the second term.
dy =x" ~l+4x3 -lnx—l-Zx
dx X 2

Product Rule

[enl—
Power Rule

d
—y=)c3-i-4)c3 Inx—x
dx

y=x"lnx—1x*

1 1
ﬂ=)c6 —+6x - Inx——-4x°
dx X 4

=x’+6x" Inx—x’

f(x)=In(6x)

Using Theorem 7, we have

LENPYRE PR A
dxl f( ) f(x) f( ) f(x)
f’(x)—6—1x-6

_1

g(x) =x ln(7x)

We apply the Product Rule. Remember to use
Theorem 7 when taking the derivative of the
logarithm.

g'(x) =x*- %7 +2x~1n(7x)

——
Theorem 7

Product Rule

g'(x) =x ~l+2xln(7x)
X

=x+2xIn (7x)

g(x) =x ln(3x)
g'(x) =x -$~3+5x4 ln(3x)
=x*+5x'In (Sx)
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Inx
x4

51. y=

Using the Quotient Rule, we have
dy x*l—4x*Inx

dx X

X —4x*Inx
8

X
x3(1—4lnx) .
= Factoring
XX
x3 1-4Inx Removing a
=FT factor equal to 1
_1-4Inx
xS
Inx
52. y= =
5 l_ 4
ﬂ=x .x 5x"-Inx
dx X"
_x4—5x41nx
xlO
_x4(1—51nx)
B xtoxt
_1-5Inx
x6
x2
53. =Iln| —
y=Inx*-In4 P2)
d 1
—y=—2-2x—0 Theorem 7
dx x
_2
X
x4
54, =In| —
y=Inx*—-1In2
d 1
2o 4 -0
dx x
_4
X

55.

56.

57.

y=In(3x* +2x-1)

Using Theorem 7, we note:

d g'(x)
| -5\
dx ng(x) g(x)
g(x)=3x2+2x—1
g'(x)=6x+2
Therefore,

dy  6x+2
dx  3x*+2x-1
dy  2(3x+1)
dx  3x*+2x-1

y=1n(7x2 +5x+2)
dy  14x+5
dx  Ix*+5x+2

F(x)= m[xz ‘7j

X
Using the Theorem 7.
dx| «x
1 x —
)=t
X

2
_ i x =7 X Dividing
- dx X xz —7 fractions

We apply the Quotient Rule to take the
derivative of the inside function to get

d {xz _7} x:2x—(x" =7)1

N 2
X

dx

X

_ 23 —x2+7

2
X

_ x*+7
x2
Now we substitute back into the original
derivative.

. X +7  x
I =5
_ X +7

- )c(x2 —7)

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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An alternate solution to this problem involves

using property P2.
2
-7
f(x)= ln(x j
X
=In(x’=7)-Inx (P2)
2 1
=— - Theorem 7
(-7
_ 2x 1
=7 x
Combine the fractions by finding a common
denominator.
2x x 1 x*-7
x)=5——-— Multiply by 1
71(x) =7 x x x - P
_ 2x° 3 x* =7
x(xz —7) x(xz —7)
_ x> +7
x(xz —7)

2x x 1 x +5
45 x x X +5
2x2—(x2+5)

B x(x2+5)
x* =5

x(x2 +5)

59. g(x) =e'Inx’

60. g(x) =e¢*Inx

1
g'(x) = —+2¢" - Inx
X
2x
+2¢” Inx

X

Chapter 3: Exponential and Logarithmic Functions

61. f(x)=In(e" +1)

(ex + O)
fl(x)=——= Theorem 7
e' +1

e

e +1

62. f(x)=In(e"-2)

f’(x) - e‘”e— 2

63. g(x) = (ln x)4
Using the Extended Power Rule, we have
g'(x) = 4(lnx)3 l
X

~4(inx)’

X

64. ¢ (x) = (ln x)3

g'(x) :3(lnx)2 .l: 3(1nx)z

X X

65. f(x)=1In(In(8x))
First we apply Theorem 7.

£ = sy e

Using Theorem 7 again, we have

, 11
J”(X)Zm'g—x'8
o
~ xIn(8x)

66.  f(x)=1In(In(3x))
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67. g (x) =In (Sx) -In (Sx)

Using the Product Rule along with Theorem 7,
we have

g'(x) =1In(5x)- (%)+(%) In (3x)

Theorem 7 Theorem 7

= 1n(5x)l +lln(3x)

X X
In(5x)+1n(3x)
X
If we wanted to simplify the expression, we
could use Property 1 to combine the logarithms.

()= In(5x-3x) _In(15:°)

X X

68. g(x)=1In(2x) In(7x)

g'(x)= mu)-[%}(%j In(7x)

=1n(2x)-l+l-ln(7x)
X X

In(2x)+1n(7x)

X
If we wanted to simplify the expression, we
could use Property 1 to combine the logarithms.

o) = ln(2jcc-7x)
In(14x%)

X

69. First, we find the point of tangency by evaluating
the function at x =2.

x=2;
y=(2"-2)In(6-2) = 21n(12) = 4.9698
Point of tangency: (2,4.9698)

Now, we find the slope of the function at
x =2 by taking the derivative.

B _(2_Ne L _
dx_(x x)(6 6xj+(2x l)ln(6x)
) 1
= —x)| — 2x—1)In(6
(=) L) - o)
=x—1+(2x—1)In(6x)
Next, we evaluate the derivative at x =2

Dy 14(22-1)m(6-2)

d‘x x=2

=1+3In(12) = 8.4547

411

Now we have the slope and a point on the
tangent line. We use the Point-Slope
formula to find the equation of the tangent line.
Y=y =m(x—xl)
y—4.970 =8.455(x-2)
y—4.970 =8.455x-16.91
y=8.455x-11.94

70. First, we find the point of tangency.
x=1

y=e"In(4-1) = 27.84446
(1,27.844)

Then, we find the slope of the tangent line at
x=1.

L = 4L +3¢ In (4x)
dx 4x
e3x

+3¢™ In(4x)
X

Next, evaluate the derivative at x =1.

dy e" 31
= =—+3¢"In(4'1)
de|_, 1

=¢’ +3¢’ In4 =~103.619

Now, we use the Point-Slope Formula to find the
equation of the tangent line.

y—27.844=103.619(x - 1)
y—27.844=103.619x-103.619
y=103.619x-75.775

71. First, we find the point of tangency by evaluating

the function at x =3.
x=3;
y=(In3)" =1.207
Point of tangency: (3,1.207)

Now, we find the slope of the function at
x =3 by taking the derivative of the function
using the Extended Power Rule.

& =a(in(x))-

x
_2Inx
X
Next, we evaluate the derivative at x =3
ﬂ = M =0.732
dx| _,

Now we have the slope and a point on the
tangent line. We use the Point-Slope formula to
find the equation of the tangent line.
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Y=n :m(x_xl)
y—1.207 =0.732(x - 3)
y—1.207 =0.732x-2.196

y=0.732x—0.989

72. First, we find the point of tangency.
x=2;

y=n(4(2)' -7)=2.197
(2,2.197)

Next, we find the slope of the tangent line at
x=2.
d 1
D gy
dx 4x =17
8x
4x> -7
We evaluate the derivative at x =2 .
ol _ 8()
dx|,, 4(2) -7

=Ez 1.778
9

We use the Point-Slope Formula to find the
equation of the tangent line.

y—2.197=1.778(x-2)
y—2.197=1.778x-3.556
y=1778x-1.359

73. N(a)=2000+500Ina, a>1
a) We substitute 1 in fora .
N (1)=2000+500-1In1
=2000+500-0

=2000
Thus, 2000 units were sold after spending
$1000 on advertising.
b) Taking the derivative with respect to a, we
have

N'(a)=0+500-1

a
_ 500
a
Therefore,
N'(10) =20 5,
10

Chapter 3: Exponential and Logarithmic Functions

c) N'(a)>0f0r all a>1.Thus N(a)is an

increasing function and has a minimum

value of 2000 when « = 1 thousand dollars.

There is no maximum, because there is not

an upper limit on the advertising budget.
d) limN'(a) = im 22—

a—eo a—e

It does not make sense to spend more and

more dollars on advertising since the rate of

change of the number of units sold

approaches 0O for large expenditures on

advertising.

74. N(a)=1000+2001na, a>1

a) Substitute 1 in for a .
N (1)=1000+200-1n1

=1000+200-0

=1000
Thus 1000 units were sold after spending
$1000 on advertising.
b) Taking the derivative with respect to a.

N'(a)=0+200%

_200
a

Therefore,
2

N'(10) =200 _ 5.
10

c) N'(a)>0f0r all a>1.Thus N(a)is an

increasing function and has a minimum

value of 1000 when « = 1thousand dollars.

There is no maximum, because there is not

an upper limit on the advertising budget.
d) limN'(a) = lim 22 —

a—oo a—e

It does not make sense to spend more and

more dollars on advertising since the rate of

change of the number of units sold

approaches 0O for large expenditures on

advertising.
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Exercise Set 3.1

How long should the campaign last in order to
maximize profit? We need to find the revenue
and cost functions in order to find the profit. We
find the revenue function first.

Price
Target Percentage
R ([ ) = | Per . .
Market Buying
Unit

R(r) = 0.50(1,000,000) (1 - ***)

= 500,000 — 500,000~
Next, we find the cost function.

c(r)- (Advertising costj. (Number of J

per day days
C(1)=2000-¢
Now, we find the profit function.
P(1)=R(1)-C(1)

= 500,000 — 500,000¢ " —2000¢

We take the derivative of the profit function.
P’ (z) =0-500, 000(—0.04)6'0‘04’ —2000

=20,000e " —2000

Next, we set the derivative of the profit function
equal to zero and solve for f to find the critical
values.

P'(1)=0
20,000e " —2000 = 0
20,000e " = 2000

o 00 2000
20,000
e % — 01

In(e*™)=1n(0.1)
~0.04 = ~2.30258

| ~2.30258

—0.04
Rounding up, we see that the only critical value
is 58 days. We will apply the second derivative
test to see if we have a maximum.

= 57.565

The second derivative of the profit function is
P“(z) =—800e "™ .

Evaluating this at the critical value we get
P"(58) =—800e*** < 0 so we have a

maximum.

The length of the advertising campaign must be
58 days to result in maximum profit.

413

76.  R(t)= 500,000 —500,000¢ "
C () = 4000t
P (z) = 500,000 — 500,000¢ " — 4000¢
P'(t) =20,000e %" — 4000
Find the critical values. P'(t) exist forall £>0 .
Solve:
P'(1)=0
20,000e™"*" —4000 = 0
e =02
Ine*™ =1n0.2
In0.2
004
t =40
Using the Second Derivative Test.
P"(t) =-800e "
P"(40) = -800e*** <0, so we have a

maximum.
The length of the advertising campaign must be
40 days to maximize profit.

77. V(1)=58(1-¢"")+20

Where V (t) is the value of the stock after time

t, in months.

a) V(1)=58(1-¢""")+20
=58(1-0.332871)+20
=58(0.667129) +20
=38.693482+20

=58.693482

=~ 58.69
The value of the stock one month after
purchase is $58.69

v(12)=58(1-¢ 1)+ 20
= 58(1-0.000002) +20

=58 (0.999998) +20
=57.999884 + 20
=77.999884
=~ 78.00
The value of the stock 12 months after
purchase is $78.00
b) V'(r)=58(0—(-1.1)e"")+0
=58(1.1e")
V'(t)=63.8¢™""
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)

d)

78. a)

b)

Solve: V(t) =75
58(1—e"'“)+20 =75
58(1-¢") =55
(1—671'“) — ﬁ
58
1—e " =0.948276
—e™M" =-0.051724
e =0.051724
Ine™" =1n(0.051724)
—~1.1r = -2.96183
. -2.96183
-1.1
= 2.6926

The stock will first reach $75 approximately
2.7 months after the purchase.

limV (1) =1lim58(1-¢™")+20 =78
Over a long period of time, the value of the
stock will level off at about $78 per share.

R(x) =x-p(x)
R(x)=x(53.5-8Inx)
R(x)=53.5x—8xInx

R'(x) :53.5—8x[lj—8(1)lnx

x
=45.5-8Inx
R'(x)=0
45.5-8Inx=0
In x = 5.6875

x=e"%" =2095.15

-8
Notice that R"(x)=—<0, for all values of
X

x>0 . Therefore any positive critical value will
result in a maximum revenue.

Substitute the revenue maximizing quantity into
the demand function in order to find the price
that will yield a maximum revenue.

p(295)=53.5-81n295 =8.00

A price of $8 will yield a maximum profit.

Chapter 3: Exponential and Logarithmic Functions

79.

80.

a)

b)

)

a)

Taking the derivative of the
profit function P (x)=2x-0.3xInx will

give us marginal profit.

P'(x)=2 —|:0.3x G)w.sln x}

=2-0.3-03Inx
=1.7-03Inx
P'(150) = 1.7-0.31n150 ~ 0.19681

Since quantity is in 1000’s of mechanical
pencils and profit is in 1000’s of dollars.
That a production level of 150,000 pencils,
the additional profit earned by producing
another 1000 pencils will be 196.81 dollars.
That is roughly 19 cents per pencil.

Since P '(x) is defined for all values of

x>0 . We find the critical values by setting

P'(x) =0.
1.7-03Inx=0
—03lnx=-1.7
Inx = ﬁ
-0.3
Inx =5.666667
¥ = 65.66667
x = 289.069

Notice that:
-0.3
P"(x) =——<0for all values of x>0
x

The critical value results in a maximum.

Therefore, 289,069 mechanical pencils
should be sold to maximize profit.

v
—_
~
~
Il
—
S
S
—
|
Q

L
S
~—~—

Il
—_
=]
S
—_

|
Q

L
S}
S—

=18.1
18% of doctors prescribe the new medicine
one month after approval.

P(6)=100(1-¢"*)
=100(1-¢"?)
= 100(0.698806)

=69.9
70% of doctors prescribe the new medicine
6 months after approval.
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b) P(r)=100(1—e**)
P'(1)=100[ -(-0.2)e* ]

— 20670.2t
¢) Solve:
P(t)=90
100(1—-€ ) =90
1—e® =09 Divide by 100
—e " =-0.1 Subtract 1

e =01 Multiply by -1

Ine™®* =1n0.1 Take the Natural

log on both sides

~0.2¢ = 1n0.1
=101 ide by -0.2
~0.2
t=11.5

It will take approximately 11.5 months for
90% of doctors to prescribe the new
medicine.

d) lim P () = 1im 100(1-¢™**) =100

This indicates that 100% of doctors will
eventually prescribe this medication.

81. R=Alnr-Br
arR_A_
dr r
Since d—Rexists forall r >0, we
r

dR
find the critical values by solving T =0.
r

dR
20
dr
4 -0
B
A_p
,
A
2,
B

.. A
The critical value occurs when r = E .

Use the Second-Derivative Test to see if it is
a maximum.

d’R A
~=-Ar? =—-<0forall r>0.
dr r

A
Thus, we have maximum at r = E . The

maximum function value will be:

82.

415

r=an(%]-5(%
B B

=A(lnA-InB)-A

= Aln(éj—A
B

or

=AInA-AlnB-A

S(r)=68-20In(r+1), 120
a) §(0)=68-20In(0+1)
=68-201n(1)
=68-20-0
=68

The average score when they initially took
the exam was 68%.

b) S(4)=68-20In(4+1)
=68-201n(5)
=68—20(1.609438)
=68-32.18876

=35.8
The average score 4 months after they
took the exam was 35.8%.

c) S(24)=68-201In(24+1)
=68-201n(25)
=68—-20(3.218876)

=68-64.37752

=3.6

The average score 24 months after they
took the exam was 3.6%.

d) First, we reword the question:
“3.6 (the average score after 24 months) is
what percent of 68 (the average score on the
initial exam)?
Next, we translate the sentence into an
equation and solve:

3.6=x-68
3.6
A
68
0.052941 = x
53% = x

The students retained approximately 5.3% of
their original answers after 2 years.
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83.

e) S(r)=68-20In(z+1)
1
S'(t)=0-20(1)] —
(0)=0-200)( 15
_20
t+1
fy S '(t)<0f0r all values of ¢ >0 . Therefore,

S (t) is a decreasing function and has a

maximum value of 68% when ¢t =0 . The
function does not have a minimum value.

) lim § (¢) = lim[ 68 —201n (1 +1) | = —eo
Clearly, the score can not be less than 0, but

the limit suggests that everything will be
forgotten eventually.

S(t)=78-15In(r+1), 120

a) S(0)=78-15In(0+1)
=78-15In(1)
=78-15-0

=78
The average score when they initially took
the exam was 78%.

b) S(4)=78-15In(4+1)
=78-15In(5)
=78—-15(1.609438)
=78-24.141569

=53.9
The average score 4 months after they
took the exam was 53.9%.

c) 5(24)=78-151n(24+1)
=78-151In(25)
=78-15(3.218876)
=78 -48.283137

=29.7
The average score 24 months after they
took the exam was 29.7%.

Chapter 3: Exponential and Logarithmic Functions

84.

d) First, we reword the question:
“29.7 (the average score after 24 months) is
what percent of 78 (the average score on the
initial exam)?
Next, we translate the sentence into an
equation and solve:

29.7=x-78

29.7
22

78
0.381=x
38.1% = x

The students retained approximately 38.1%
of their original answers after 2 years.

e) S(r)=78-15In(z+1)

S'(t)=0—15(1)(ﬁ)
5
r+1

f)y S '(t) < O for all values of ¢ >0 . Therefore,

S (t) is a decreasing function and has a

maximum value of 78% when ¢t =0 . The
function does not have a minimum value.

) lim § () = lim[ 78~ 15 (£ +1) ] = —co
Clearly, the score can not be less than 0, but

the limit suggests that everything will be
forgotten eventually.

v(p)=0.37Inp+0.05
a) v(571)=0.37In571+0.05
=0.37(6.347389) +0.05

=2.398534

=24
The average walking speed of a person
living in Seattle is 2.40 feet per second.

b) v(8100)=0.371n8100+0.05
=0.37(8.999619) +0.05
=3.379859

=34
The average walking speed of a person
living in New York is 3.4 feet per second.

o v'(p) =o.37l+0 _ 037
P P

d) v'(p) is the rate of change of the

average walking speed with respect to the
city’s population. This study concludes that
as the city’s population grows, the average
walking speed of the city will increase.
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85. W(r)=100(1-¢"")

a)

b)

)

d)

W (1)=100(1-¢*"")
=100(1-¢)
=100(1-0.740818)
=100(0.259182)

=25.91812
=26

After 1 week of practice, a keyboarder will

type approximately 26 words per minute.
W (8)=100(1-¢"")
=100(1-¢7)
=100(1-0.090718)
=100(0.909282)

=90.9282
=91

After 8 weeks of practice, a keyboarder will

type approximately 91 words per minute.
W (r)=100(1-¢)

W' (r)=100[ -(-0.3)e™" ]

=30
Solve:
W(t)=95
100(1—€ ) =95
(1- -‘”’) 0.95 Divide by 100
e =-0.05 Subtract 1
e =0.05 Multiply by -1
In(e**) =1n(0.05) Taking the

Natural log on

both sides
—0.3t =1n(0.05)
In(0.05) Simplifying
03
t = 9.985774
t=10.0

It will take a keyboarder approximately 10
weeks of practice in order to type 95 words

per minute.

- lim W (¢

1—e0

- 1133[100(1 —e*“’)] =100

This indicates that a keyboarder’s speed will
eventually level off at 100 words per minute.

417
86. P=Pec™"
5 — e—kt
0
)i
In(i5) =~
(P%)
ln(s;)
— k =t
Note: The previous expression can be
rearranged using property of logarithms.
Infz)
P
—In P%) _,
k
-1
In(;)
= P3
Voo ()
n(2)
Kol
87. P =Pe"
L e Divide by P,
R a
In (PL) =1In (ek’) Take the Natural Log on
both sides
In (P%) =kt (P5)
In (£
# =t Divide by k.
88. f(x)=In(x"+1)
f(x)=5In(x"+1) (P3)
2
f(x)= 5( ?:x J By Theorem 7
x +1
2
£(x) ;5 fr 1 Simplifying
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