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Exercise Set 2.2
1. f(x) =5-x
First, find f'(x) and f"(x).
f'(x) =-2x
f(x)=-2

Next, find the critical points of f (x) . Since
f' (x) exists for all real numbers x, the only

critical points occur when f' (x) =0.

f'(x)=0
—2x=0
x=0

We find the function value at x =0 .
f(0)=5-(0)"=5.

The critical point is (0,5).

Next, we apply the Second Derivative test.
f(x)=-2

f"(0)=-2<0

Therefore, f (0) = 51is a relative maximum.

2

f(x) =4—x
f'(x)=—2x
fr(x)=-2

f'(x)exists for all real numbers. The only

critical points occur when f' (x) =0.

f(x)=0
—2x=0
x=0

We find the function value at x =0.
f(0)=4-(0) =4.

The critical point is (0,4) .

Next, we apply the Second Derivative test.
fr(x)=-2

r"(0)=-2<0

Therefore, f (0) =4 1is a relative maximum.
f(x) =x’—x

First, find f'(x) and f"(x).

f(x)=2x-1

Chapter 2: Applications of Differentiation

f " (x) — 2
Next, find the critical points of f(x). Since
f'(x)exists for all real numbers x, the only

critical points occur when f' (x) =0.

f'(x)ZO
2x—1=0
2x=1

1

x=—

2

1
We find the function value at x = 5

f(lj_ 1)2_ 1j_1_1__1
2 2 2) 4 2 4
» (1 1
The critical pointis| —,—— |.
2° 4

Next, we apply the Second Derivative test.

f(x)=2
FOEY

1 1
Therefore, f (Ej = 2 is a relative minimum.

f(x)=x2 +x—1
f'(x)=2x+1
fr(x)=2

f'(x)exists for all real numbers. The only

critical points occur when f' (x) =0.
2x+1=0

X=——
2

1
We find the function value at x = —E .

2
PO S S S
2 2 2 4 2 4
.. .. 1 5
The critical point is (——,——) .
2 4

Next, we apply the Second Derivative test.

f(x)=2

f"(—%)= 2>0

Therefore, f (—%j = —% is a relative minimum.
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f(x)=-5x"+8x-7

First, find f'(x) and f"(x).
f'(x)=-10x+8

f"(x)=-10

Next, find the critical points of f (x) . Since
f' (x) exists for all real numbers x, the only

critical points occur when f' (x) =0.

f(x)=0
—10x+8=0
—10x=-8

-8

x=—

-10

4 7.

xX=—
5

We find the function value at x =% .

A

=_5(Ej+2_l

25 5 1
16 32 35
=t ——
5 5 5
__D
5

The critical point is (%, —%) .

Next, we apply the Second Derivative test.

f"(x)=-10

f"[%): ~10<0

4 1
Therefore, f (g] = —?9 is a relative maximum.

f(x)=-4x" +3x-1

f(x)=-8x+3

f(x)=-8

f'(x)exists for all real numbers. The only

critical points occur when f '(x) =0.

f'(x)=0
-8x+3=0
3

x==

8

219

We find the function value at x = g .

OROE

The critical point is E,—l .
8 16

Next, we apply the Second Derivative test.

f(x)=-8

f“(%): ~8<0

Therefore, f (g] = —% is a relative maximum.

f(x)=8x"—6x+1

First, find f'(x) and f"(x).

f(x)=24x" -6

f”(x) =48x

Next, find the critical points of f(x). Since
f'(x)exists for all real numbers x, the only

critical points occur when f '(x) =0.

f'(x)=0
24x*-6=0
4x* =1=0 Dividing by 6
=t
4
x=1 l
4
xzil
2

.. 1
There are two critical values x = _E and

1
>

X =

We find the function value at x = —%

ORI

The critical point is (—%,3] .
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Next, we apply the Second Derivative test.
f"(x)=48x

e

Therefore, f (—%) =31is a relative maximum.

Now, we find the function value at x = %
3
1 1 1
—|=8|=| —-6f{—|+1
15)+(3) -(3)
=8(lj—3+1
8

=1-3+1
=1

The critical point is [%,—lj .

Next, we apply the Second Derivative test.
f"(x)=48x

SO

1 . . ..
Therefore, f (5] = —11is a relative minimum.

f' (x) exists for all real numbers. The only

critical points occur when f' (x) =0.

f'(x)=0
3x2-12=0
3xt =12

X =4
x=32

There are two critical values.

First, we find the function value at x = -2 .

f(=2)=(=2)" -12(=2)-1=15.

The critical point is (-2,15) .

Next, we apply the Second Derivative test.
f" (x) =6x

f(-2)=6(-2)=-12<0

Chapter 2: Applications of Differentiation

Therefore, f (—2) =15 1is a relative maximum.

Next, we find the function value at x =2 .
f(2)=(2) -12(2)-1=-17.

The critical point is (2,-17) .

Next, we apply the Second Derivative test.
f”(x) =6x

r'(2)=6(2)=12>0

Therefore, f (2) = —17 is a relative minimum.

f(x) =x —12x

a) Find f'(x) andf"(x).
f'(x)=3x-12
f”(x)=6x

The domain of fis R.
b) Find the critical points of f(x). Since
f' (x) exists for all real numbers x, the only

critical points occur when f' (x) =0.

f'(x)=0
3x2-12=0
3xt =12
X =4
x=32
There are two critical values
x=-2andx=2.

We find the function value at x = -2
f(=2)=(=2)' -12(-2)=16.

The critical point on the graph is (-2,16).
Next, we find the function value at x =2 .
f(2)=(2)' -12(2)=-16.

The critical point on the graph is (2, —16) .

c) Apply the Second Derivative test to the
critical points.
For x=-2

f"(x) =6x
r'(-2)=6(-2)=-12<0
The critical point (—2, 16) is a relative

maximum.
For x=2
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d)

f”(x) =6x
r'(2)=6(2)=12>0
The critical point (2,—16) is a relative

minimum.

If we use the critical values x = -2 and
x =2 to divide the real line into three

intervals, (—eo,—2),(-2,2), and (2,e0), we
know from the extrema above, that f (x) is
increasing over the interval (—oo, —2) s
decreasing over the interval (—2,2) and then
increasing again over the interval (2,00) .

Find the points of inflection. f" (x) exists

for all real numbers, so we solve the
equation

f'(x)=0
6x=0
x=0

Therefore, a possible inflection point occurs
atx=0.

£(0)=(0)"-12(0)=0.
This gives the point (0,0) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number

line into two intervals A : (—oo, 0) and
B:(O,oo) . We test a point in each interval
A:Test —1: f"(-1)=6(-1)=-6<0
B:Test 1:  f"(1)=6(1)=6>0

Then, f (x) is concave down on the interval
(—oo,O) and concave up on the interval
(0,00) , SO (0,0) is an inflection point.

Finally, we use the preceding information to
sketch the graph of the function. Additional
function values can also be calculated as
needed.

* f(x) el S = 1

-3 9 i

-1 11 .

1 —11 N NEE EEL
-9 P

a)

10. f(x) =x -27x

f(x)=3x* =27

b)

)

d)

e)

221

f"(x) =6x
The domain of fis R.
f'(x)exists for all real numbers. Solve:
f'(x) =0
3x*=27=0
x'=9
x=13

There are two critical values
x=-3andx=3.

f(-3)=(-3)’ —27(-3)=54.

The critical point on the graph is (—3, 54) .
f(3)=(3)’ -27(3) =-54.

The critical point on the graph is (3, —54) .

We apply the Second Derivative test to the
critical points.
For x=-3

f"(x) =6x
r"(-3)=6(-3)=-18<0
The critical point (—3,54) is a relative

maximum.
For x=3

f”(x) =6x
£"(3)=6(3)=18>0
The critical point (3,—-54)is a relative

minimum.
Therefore, f () is increasing over the

interval (—oo,—3), decreasing over the
interval (—3,3) and then increasing again
over the interval (3,00) .

Find the points of inflection. f" (x) exists

for all real numbers, so we solve the
equation

fr(x)=0
6x=0
x=0

£(0)=(0)"-27(0)=0.
A possible inflection point on the graph is
the point (0,0) .

We use the possible inflection point to
divide the real number line into two

intervals A:(—c,0) and B:(0,c0). We test

a point in each interval
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A:Test —1: f"(-1)=6(-1)=-6<0
B:Test 1:  f"(1)=6(1)=6>0

Then, f(x) is concave down on the interval
(—oo,O) and concave up on the interval
(0,00) , SO (0,0) is an inflection point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

X f(x) Sé M o) =x3 - 27x
4 44 i
-1 26 Y
1 -26 o N1 23 4 4%
4 | 44 ] 20

L

11. f(x) =3x’ -36x-3

a)

b)

First, find f'(x) andf"(x) .
f'(x)=9x* =36
f”(x) =18x

The domain of fis R.
Find the critical points of f (x) . Since
f' (x) exists for all real numbers x, the only

critical points occur when f '(x) =0.

f(x)=0
9x* -36=0
9x* =36

X =4
x=%2

There are two critical values x = -2
andx=2.
We find the function value at x = -2

f(=2)=3(-2)" -36(-2)-3=45.

The critical point on the graph is (—2,45) .
Next, we find the function value at x =2.
f(2)=3(2)" -36(2)-3=-51.

The critical point on the graph is (2,-51).

Apply the Second Derivative test to the
critical points.
For x=-2

d)

Chapter 2: Applications of Differentiation

f"(x) =18x
f"(-2)=18(-2)=-36<0
The critical point (—2, 45) is a relative

maximum.
For x=2

f”(x) =18x
"(2)=18(2)=36>0
The critical point (2,—51)is a relative

minimum.
We use the critical values x = -2 and x =2
to divide the real line into three intervals,

A:(=e0,-2), B: (-2,2),and C: (2,0), we
know from the extrema above, that f (x) is
increasing over the interval (—oo, —2) s
decreasing over the interval (—2,2) and then
increasing again over the interval (2,<><>) .

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

f'(x)=0
18x =0
x=0

Therefore, a possible inflection point occurs
atx=0.

£(0)=3(0)" =36(0)-3="-3.
This gives the point (O, —3) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals

A':(—c0,0) and B:(0,50) . We test a point in
each interval

A: Test —1: f"(-1)=18(-1)=-18 <0
B:Test 1:  f"(1)=18(1)=18>0
Then, f (x) is concave down on the interval
(—oo,O) and concave up on the interval
(0,00) , SO (0,—3) is an inflection point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.
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X f (x) d) Find the points of inflection. f "(x) exists
-3 24 for all real numbers, so we solve the
-1 30 equation
1 -36 f'(x)=0
=30 12x-6=0
Jx)=3x>-36x-3 1
12, f(x)=2x"-3x* -36x+28 =3
a) f'(x)=6x>-6x-36 3 2
@ (a)2a) L) Lz
f'(x)=12x-6 2 2 2 2
The domain of fis R. _o
b) f'(x)exists for all real numbers. Solve: 2
' A possible inflection point on the graph is
f'(x)=0
e poim 122
6x° —6x-36=0 e point| .~ .
X —x-6=0 e) We use the possible inflection point to
(x _ 3) (x " 2) ~0 divide the real number line into two
x=3=0or x+2=0 intervals A:(—oo,%j andB:[%,oo). We

x=3 or x=-2

. test a point in each interval
There are two critical values x = -2 p

A: Test0: f"(0)=12(0)-6=—-6<0

andx =3.
£(-2) B: Test 1: f"(1)=12(1)-6=6>0
—2(-2) —3(-2) —36(-2)+28 =72 Then, f(x) is concave down on the interval
The critical point on the graph is(-2,72). (_M’%) and concave up on the interval
f(3) 1 119
ol 2 en’ —,00 |, 50 | —,— |is an inflecti int.
_2(3) _3(3) —36(3)+28——53 (2 ) SO (2 2]18211111‘1 €ction poin
The critical point on the graph is (3, —53) . f) We use the preceding information to sketch
c¢) Apply the Second Derivative test to the the graph of the function. Additional function

critical points. values can also be calculated as needed.
For x=-2 X f (x)

f"(x)lex—6 -3 55
f'(=2)=12(-2)-6=-30<0 -01 ;g
The critical point (—2, 72) is a relative 1 9
maximum. 4 36
For x=3

" = X) = 2% — 3x%— 36x +
f (x)—le—6 yy S =20- 307 36x228
f"(3)=12(3)-6=30>0 !
The critical point (3, —53) is a relative N

20
— AR
Therefore, f (x) is increasing over the 401 \/
-60

interval (—oo,—2), decreasing over the Jor

interval (—2,3) and then increasing again

over the interval (3,).
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13.

8 1
f(x)zEx —2x+§
a) Find f'(x) andf"(x).
f(x)=8x"-2
f”(x)=16x
The domain of fis R.

b) Next, find the critical points of f (x) . Since

f '(x) exists for all real numbers x, the only

critical points occur when f'(x)=0.

f(x)=0
8x*=2=0
8x* =2
w=l
4

xzil

2

There are two critical values

1
x=——andx=l.
2

We find the function value at x = —%

R REE

- . . 1
The critical point on the graph is (—E,lj .

Next, we find the function value at x = %
1) 8(1Y 1 1
A3
2 3\2 2) 3
:§(l)_1+l
318 3

1

LN

303
I

3

3

1 1
The critical point on the graph is (E, ——j .

Chapter 2: Applications of Differentiation
Apply the Second Derivative test to the
critical points.

For x:—l
2

f'(x)=16x

IR

1
The critical point [— > 1) is a relative

maximum.

1
For x =—

f'(x)=16x
f"(%)= 16(%) =8>0

The critical point (%,—%j is a relative

minimum.
We use the critical values

X = —%, and x = % to divide the real line

into three intervals,

A —oo,—l , B: —l,l ,and C: l,°° )
2 22 2

we know from the extrema above, that

f(x) is increasing over the interval

1 . .
(—w,—zj , decreasing over the interval

(—%,%) and then increasing again over the

mera .-
interval | —, o0 |.
2

We find the points of inflection.
f "(x) exists for all real numbers, so we

solve the equation

£(x)=0
16x=0
x=0

Therefore, a possible inflection point occurs
atx=0.
8

£(0) =§(0)3 —2(0)%:%.
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e)

1
This gives the point (O,g) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number

line into two intervals A :(—ee,0)and
B:(0,0) . We test a point in each interval
A: Test —1: f"(-1)=16(-1)=-16<0
B:Test 1:  f"(1)=16(1)=16>0

Then, f (x) is concave down on the interval

(—oo,O) and concave up on the interval
1
(O,oo) , SO LO,EJ is an inflection point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

S y
-2 -17 f = 8 -2x4d 2
-1 _1 1
3
1 1 / 1 x
= 3]
3

14.  f(x)=80-9x"—x’

a)

b)

f'(x)=-18x-3x
f'(x)=-18-6x
The domain of fis R.

f'(x)exists for all real numbers. Solve:

f'(x)=0

—~18x-3x* =0

—3x(x+6)=0
—3x=0 or x+6=0
x=0or x=-6

There are two critical values x =—6
andx=0.

f(=6)=80-9(~6)" —(=6)" =-28.

The critical point on the graph is (—6, —28) .
£(0)=80-9(0)" =(0)" =80.

The critical point on the graph is (0,80) .

We Apply the Second Derivative test to the
critical points.
For x=-6

d)

225

f”(x) =—-18—-6x
f"(-6)=-18-6(-6)=18>0
The critical point (—6, —28) is a relative

minimum.
For x=0

f”(x) =—-18—-6x
"(0)=-18-6(0)=-18 <0
The critical point (0,80)is a relative

maximum.
Therefore, f (x) is decreasing over the

interval (—oo,—6) , increasing over the
interval (—6,0) and then decreasing again
over the interval (0,) .

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

fr(x)=0
-18-6x=0
x=-3

f(=3)=80-9(-3)" —(-3) =26

A possible inflection point on the graph is
the point (—3,26) .

We use the possible inflection point to
divide the real number line into two

intervals A : (—eo,—3) and B:(-3,). We
test a point in each interval

A:Test —4: f"(~4) =-18—6(-4) =60
B: Test 0: £"(0)=-18-6(0)=-18<0
Then, f(x) is concave up on the interval
(—oo, —3) and concave down on the

interval (—3,c,) , so (—3,26) is an inflection

point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

ol f(x)

-9 80 A
—4 0 -
-2 52 i
0 80 C
2 36 C
3 -28
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15, f(x)=-x’+3x" -4

a)

b)

)

First, find f'(x) and f"(x).
f'(x) =-3x" +6x
f"(x) =—6x+6
The domain of fis R.
Find the critical points of f (x) . Since
f' (x) exists for all real numbers x, the only

critical points occur when f'(x)=0.

f'(x)=0
—3x*+6x=0
—3x(x—2) =0
—3x=0 or x—2=0
x=0 or x=2
There are two critical values x =0
andx=2.

We find the function value at x =0
£(0)==(0)"+3(0)" —4=—4
The critical point on the graph is (O, —4) .
Next, we find the function value at x =6 .
F(2)==(2) +3(2) -4

=-8+12-4

=0
The critical point on the graph is (2,0) .

Apply the Second Derivative test to the
critical points.
For x=0

f”(x) =—6x+6
£"(0)=-6(0)+6=6>0
The critical point (O, —4) is a relative

minimum.
For x=2

f”(x) =—6x+6
f'(2)=-6(2)+6=-6<0
The critical point (2,0)is a relative

maximum.
We use the critical values x =0 and x =2
to divide the real line into three intervals,

A:(=,0), B: (0,2),and C: (2,00), we
know from the extrema above, that f (x) is
decreasing over the interval (—oo,O) ,
increasing over the interval (0,2) and then

decreasing again over the interval (2,00) .

d)

e)

Chapter 2: Applications of Differentiation

Find the points of inflection. f "(x) exists

for all real numbers, so we solve the
equation

f'(x)=0

—-6x+6=0
—-6x=-6

x=1

Therefore, a possible inflection point occurs
atx=1.

F1)=— (1) +30) 4
—_1+3-4
~2
This gives the point (1,—2) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number

line into two intervals A : (—oo,l) and
B:(l,oo) . We test a point in each interval
A: Test O: f"(O) = —6(0)+6 =6>0

B: Test 2: f"(2)=-6(2)+6=-2<0
Then, f(x) is concave up on the interval
(—oo,l) and concave down on the
interval (l,oo) , SO (1,—2) is an inflection

point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

X
- fl(g) L= s34
-1 0
3 -4
=20

a)

b)

16. f(x)=-x’+3x-2

f(x)=-3x"+3
f”(x) =—6x
The domain of fis R.

f' (x) exists for all real numbers. Solve:
f1(x)=0
-3x*+3=0
-3(x*-1)=0
¥ =1=0
x==1
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d)

There are two critical values
x=—-landx=1.

F(=)==(=1) +3(-1)-2=—4.
The critical point on the graph is(—1,—4).

F)==(1)+3(1)-2=0.
The critical point on the graph is(1,0) .

We apply the Second Derivative test to the
critical points.
For x=-1

f"(x) =—6x
r'(-1)=-6(-1)=6>0
The critical point (—1, —4) is a relative

minimum.
For x =1

f"(x) =—6x
f(1)=-6(1)=-6<0
The critical point (1,0) is a relative

maximum.
Therefore, f(x) is decreasing over the

interval (—eo,—1), increasing over the
interval (—1,1) and then decreasing again
over the interval (l,oo) .

Find the points of inflection. f "(x) exists

for all real numbers, so we solve the
equation

f(x)=0
—6x=0
x=0

£(0)==(0) +3(0)-2=-2.

A possible inflection point on the graph is
the point (0, —2) .

We use the possible inflection point to
divide the real number line into two

intervals A: (—oo,O) and B:(O,oo) . We test
a point in each interval

A: Test —1: f"(-1)=-6(-1)=6>0

B: Test 1: f"(1)=—-6(1)=-6<0

Then, f (x) is concave up on the interval
(—oo,O) and concave down on the

interval (O,oo,) , SO (0, —2) is an inflection

point.

e)

227

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

. f(X) :f(x):—x3+3x—2
-3 16 T

) 0 /1 2 3%

2 —4 i

3 —20 -

17. f(x)=3x"-16x" +18x

a)

b)

¢)

First, find f'(x) and f"(x).
f'(x)=12x" —48x> +36x
f"(x)=36x> —96x+36
The domain of fis R.
Next, find the critical points of f (x) . Since
f' (x) exists for all real numbers x, the only
critical points occur when f '(x) =0.
f'(x) =0
12x° —48x” +36x=0
12)(()(2 —4x+3) =0
12x(x—1)(x-3)=0

12x=0 or x-1=0 or x-3=0
x=0 or x=1 or x=3

There are three critical values x=0, x=1,

and x =3.

Then

£(0)=3(0)" =16(0)’ +18(0)" =0
F(1)=3(1)" -16(1)’ +18(1) =5
f(3)=3(3)" —16(3)’ +18(3)" = 27
Thus, the critical points (0,0), (1,5), and

(3, —27) are on the graph.

Apply the Second Derivative test to the
critical points.

£"(0)=36(0)" —96(0)+36 =36 >0
The critical point (0,0) is a relative
minimum.

F(1)=36(1)" —96(1)+36 = 24 <0
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d)

The critical point (1,5) is a relative
maximum.

f"(3)=36(3)" -96(3)+36 =72>0
The critical point (3,-27)is a relative

minimum.
We use the critical values 0,1,and 3 to

divide the real line into four intervals,
A:(=e0,0), B:(0,1), C:(1,3) and D:(3,e0),
we know from the extrema above, that

f (x) is decreasing over the intervals
(—o0,0] and [1,3]and f(x)increasing over
the intervals [0,1] and[3,e).

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation f"(x) =0.

F(x)=0
36x> —96x +36 =0
12(3x” ~8x+3) =0

3x* —8x+3=0
Using the quadratic formula, we find that

_4x7
3

X ,80 x=0.451 orx = 2.215 are

possible inflection points.
7(0.451)=2.321

f(2215)=-13.358
So, (0.451,2.321) and (2.215,-13.358) are

two more points on the graph.
To determine concavity, we use the possible
inflection point to divide the real number

line into three intervals A: (—oo, 0.45 1),

B:(0.451,2.215),and C:(2.215,0). We

test a point in each interval
A:Test O:

£"(0)=36(0)" —96(0)+36 =36 >0
B: Test 1:

£(1)=36(1)" —96(1)+36 = 24 <0
C: Test 3:

£"(3)=36(3)" —96(3)+36 =72>0

Chapter 2: Applications of Differentiation

Then, f (x) is concave up on the interval
(—oo, 0.451) and concave down on the
interval (0.451,2.215) and concave up on the
interval (2.215,%) , so (0.451,2.321) and
(2.215,-13.358) are inflection points.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

X f(x) | \

T
—

-1 37 ] I \2 3 |4x
2 -8 e
4 32 o

) =3x* — 163 + 18x?

18.  f(x)=3x"+4x"—12x" 45

a)

b)

)

f(x)=12x" +12x* - 24x
f"(x) =36x" +24x 24
The domain of fis R.
f'(x)exists for all real numbers. Solve
£1(x)=0
12x° +12x° =24x =0
12)6()62 +x—2) =0
12x(x+2)(x—1)=0
12x=0
x=0 or x=-2 or x=1
There are three critical values x = -2,

x=0,and x=1.
Then

f(=2)=3(-2)" +4(=2)" —12(-2)" +5
=27
£(0)=3(0)" +4(0)" =12(0)’ +5=5
F(1)=3(1)" +4(1)’ -12(1)’ +5=0
Thus, the critical points (-2,-27),(0,5),

or x+2=0 or x-1=0

and (1,0) are on the graph.

Apply the Second Derivative test to the
critical points.

f1(-2)=36(-2)" +24(-2)-24=72>0
The critical point (—2, —27) is a relative

minimum.
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d)

e)

£"(0)=36(0)" +24(0)-24=-24<0
The critical point (0,5) is a relative
maximum.

(1) =36(1)" +24(1)-24=36>0

The critical point (1,0) is a relative
minimum.

Then f (x) is decreasing over the intervals
(—e0,—2) and (0,1) and f(x)increasing
over the intervals (—2,0)and (1,0) .

Find the points of inflection. f" (x) exists
for all real numbers, so we solve the
equation
f " (x) — 0
36x" +24x—24 =0
Using the quadratic formula, we find that
~1+47
3

x = —1.215 or x = 0.549 are possible
inflection points.

f(-1.215) = —13.358
£(0.549) = 2.321
So, (~1.215,-13.358) and (0.549,2.321) are

two more points on the graph.
To determine concavity, we use the possible
inflection point to divide the real number

, SO

line into three intervals A : (—oo,—l.215),
B: (-1.215,0.549),and C:(0.549,0).

We test a point in each interval

A:Test —2: f"(-2)=72>0

B: Test 0: f"(0)=-24<0

C:Test1: f"(1)=36>0

Then, f(x) is concave up on the interval
(—oo,—1.215) and concave down on the
interval (—1.215,0.549) and concave up on
the interval (0.549,00) , SO
(—1.215,—13.358) and (0.549,2.321)are

inflection points.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

229

e | A

-3 32 T 2%

-1 -8 C

2 37 L
f(x):3x4+4x3712x2+5

19. f(x) =x"-6x"

a)

b)

¢)

First, find f'(x) and f"(x).
f(x)=4x"—12x

fU(x)=12x"-12

The domain of fis R.

Find the critical points of f (x) . Since

f' (x) exists for all real numbers x, the only

critical points occur when f '(x) =0.

f'(x)=0
4x* —12x=0
4x(x*=3)=0
4x=0 or x*-3=0

xzi\/g

There are three critical values —x/§ ,0, and

V3.

Then

x=0 or

Thus, the critical points (—\/5 , —9) ,(0,0) s

(\/5 , —9) and are on the graph.

Apply the Second Derivative test to the
critical points.

£(=3)= 12(—«@)2 ~12
= 12(3)—12 =24>0
The critical point (—\/g , —9) is a relative

minimum.
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d)

e)

F(0)=12(0)" =12=-12<0
The critical point (0,0) is a relative

maximum.

r(3)= 12(\/5)2 ~12
=12(3)-12=24>0

The critical point (\/5 , —9) is a relative

minimum.
If we use the critical values —\/5, 0, and \/g
to divide the real line into four intervals,

A:(—oo,—x/g), B: (—\/5,0),(:1 (0,\/37),
and D: (\/gfx’)

Then f (x) is decreasing over the intervals
(—W,—\/g) and (Ox/g) , and

f(x) increasing over the intervals
(~5.0) and (3,52}

Find the points of inflection. f" (x) exists

for all real numbers, so we solve the

equation
f n (x) =0
12x°-12=0
¥ -1=0
x* =1
x=x1
So x =—1 or x =1 are possible inflection
points.

f(=1)=(=1)" =6(-1) =1-6=-5
FO)=01)" =601y =1-6=-5
So, (—1,-5) and (1,-5) are two more points

on the graph.
To determine concavity, we use the possible
inflection point to divide the real number

line into three intervals A: (—oo, —1) s
B: (—1,1) ,and C: (l,oo). We test a point
in each interval

A: Test —2:

f(=2)=12(=2)" -12=36 >0
B: Test O:

£(0)=12(0)" =12=-12<0
C: Test 2:

'(2)=12(2)" =12=36 >0

20.

Chapter 2: Applications of Differentiation

Then, f (x) is concave up on the intervals
(—o0,—1) and (1,e°) and concave down on
the interval (-1,1), so (=1,—5) and

(1,—5) are inflection points.

f) We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

X f(x) feo =xt—6x?y,
4
-3 27 SR SRR\ T
3 s
_ 2r
3 27 ok
T+
8+
O
-10+
f(x)=2x2—x4
a) f'(x)=4x—4x
f(x)=4-12x

The domain of fis R.

b) f' (x) exists for all real numbers. Solve

f'(x)=0
4x—4x’ =0
4x(1—x2)=0
4x(1-x)(1+x)=0
4x=0 or 1-x=0 or 14+x=0
x=0 or x=1 or x=-1

There are three critical values x = -1,
x=0,and x=1.
Then

F=1)=2(=1) =(-1)" =1

£(0)=2(0f ~(0)' =0

F)=20) -0 =1

Thus, the critical points (~1,1),(0,0) , and

(1,1) are on the graph.

c) Apply the Second Derivative test to the
critical points.

(=1 =4-12(-1) =-8<0
The critical point (—1,1) is a relative
maximum.

f(0)=4-12(0)" =4>0
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d)

e)

The critical point (0,0) is a relative
minimum.

fr(1=4-12(1) =-8<0

The critical point (1,1)is a relative
maximum.

Then f (x) is increasing over the intervals
(—o0,—1) and (0,1), and f(x)is decreasing
over the intervals( 1 0) and ( ) .

Find the points of inflection. f "(x) exists

for all real numbers, so we solve the
equation

£1(x)=0
4-12x* =0
¥
3
1 1
x=%,|[—=t—
(3
1
So at x = ——= and x = — are possible
3 3

inflection points.
1 5
153 |
1 5
155
So, ( \/_ gjand[\/l_,gj are two more

points on the graph.
To determine concavity, we use the possible
inflection point to divide the real number

.. . 1
line into three intervals A : (—oo ——j,

5
B( NG fja“dc[} j

We test a point in each interval
A: Test —1: f"(-1)=-8<0
B: Test 0: f"(0)=4>0

C: Test 1: f"(1)=-8<0

Therefore, f (x) is concave down on the

1 1
intervals | —eo,——— |and | —, | and
[ ﬁ) [ﬁ ]

f (x) is concave up on the interval

231

(58) =53

3'\3)7 V379

and [L,z] are inflection points.
NEX)

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

X f(x) ot
-2 -8 ﬂx)zzxzﬂﬁl—
-1 1 = /1\ B
0 0 L
1 1 L
2 -8
_3;

21 f(x)=x-2x"—4x+3

a)

b)

f'(x)=3x"—4x-4

f'(x)=6x-4

The domain of fis R.

f '(x) exists for all values of x, so the only

critical points of fare where f'(x)=0.
3x*—4x-4=0

(3x+2)(x-2)=0

3x+2=0 or x—2=0

x:—g or x=2
3

The critical values are —% and 2.

A

8 8 8
=————+—=+43
27 9 3
__8 24 72+81
27 27 21 27
121
T 27
F(2)=(2) -2(2) -4(2)+3
=8-8-8+3

=-5

The critical points (—%,f—lj and

(2,-5) are on the graph.
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<)

d)

e)

Applying the Second Derivative Test, we
have:

e

(—— —j is a relative maximum.
f'(2)=6(2)-4=12-4=8>0
So (2,-5) is a relative minimum.

2
Then, if we use the points —5 and 2 to

divide the real number line into three

intervals, (—oo,—%j, [—%,2), and (2,00),
3 3

2
we know that fis increasing on [—oo,—g}

and on [2,e0) and fis decreasing on

3]

Find the points of inflection. f"(x)exists
for all values of x, so the only possible
inflection points occur when f"(x)=0.
6x—4=0

6x=4

4 2
X=—=—
6 3

2
There is a possible inflection point at x = 3

GBI

8 8 8
— 2243
27 9 3
8. 24 72 8
27 27 27 27
1
27

2 7
Another point on the graphis | —,—— |.
p grap ( 327 )

. . 2 ..
To determine concavity we use 3 to divide

the real number line into two intervals,

A:(—w%) and B: (i ),Thentesta

point in each interval.
A: Test 0,/"(0)=6(0)-4=—-4<0
B: Test L f"(1)=6(1)-4=2>0

f)

Chapter 2: Applications of Differentiation

We see that fis concave down on

(~3) 5-)
—oo,— |and concave up on | —,° |, SO
3 3

2 7). . . .
—,—— |is an inflection point.
327

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) y ) =x>-2x?—4x+3
2 | =5 g

-1 4 °r

O R N W

1 —2 2—\2f S

3 0 ar

4 19 13:

22, f(x)=x'-6x"+9x+1

a)

b)

9]

f'(x)=3x"-12x+9
f'(x)=6x-12
The domain of fis R.
f'(x)exists for all real numbers. Solve
f'(x)=0
3x° —12x+9=0
3(x* —4x+3)=0
3(x=1)(x-3)=0
x—1=0 or x-3=0

x=1 or x=3
The critical values are 1 and 3.

FM)=(1)-6(1)+9(1)+1=5
f(3)=(3) -6(3) +9(3)+1=1
So, (1,5)and (3,1)are on the graph.

Applying the Second Derivative Test, we
have:

f"(l) =6(1)—12 =—6<0
f"(3)=6(3)-12=6>0

Therefore, (1,5) is a relative maximum and
(3, 1) is a relative minimum. Furthermore,
f(x) is increasing on the intervals (—co,1)
and (3,00) , and f(x) is decreasing on the
interval (1,3) .
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d)

e)

Find the points of inflection. f" (x) exists
for all real numbers. Solve

f(x)=0
6x—-12=0

6x =12
x=2

F(2)=(2)" -6(2)" +9(2)+1=3
Thus, the point (2,3) on the graph is a

possible inflection point.
Use 2 to divide the real number line into

two intervals, A: (—o,2) and B: (2,0).
Then test a point in each interval.

A: Test 0, £"(0)=6(0)-12=-12<0

B: Test3, £"(3)=6(3)-12=6>0

Thus, f (x) is concave down on the interval
(—oo, 2) and concave up on the interval
(2,%0) and (2,3) is an inflection point.

We sketch the graph. Additional points may
be found as necessary.

|
)
|
s
\O
— N Wk Uy~

5 21

4 5 _iggi'zéééx

[ f(x):x?’f 6x2+9x+1

23. f(x) =3x" +4x°

a)

b)

f'(x) =12x° +124°
f"(x)=36x" +24x
The domain of fis R.
f '(x) exists for all values of x, so the only
critical points of f are where f '(x) =0.
12x° +12x* =0
12x° (x + 1) =0
12x* =0

x=0 or x=-1
The critical values are —1and 0.

FE) =30 +4(1) =1
£(0)=3(0)" +4(0)" =0
The critical points (—1,—1) and (0,0) are on

or x+1=0

the graph.

<)

d)

233

Applying the Second Derivative Test, we
have:

F(=1)=36(-1)" +24(-1) =36 24
=12>0

So (—1,—1) is a relative minimum.

£"(0)=36(0)" +24(0)=0

The test fails. We will use the First

Derivative Test. We use 0 to divide the

interval (—1, oo) into two intervals,
A: (—1,0) and B: (O,oo) , and test a point in

each interval.

A: Test —l,
2
3 2
1 1 1
== |=12| —— | +12| ——
{z)el-3) el
=—>0
B: Test 2,

f1(2)=12(2) +12(2)" =144 >0
f1s increasing on both intervals
[-1,0] and[0,c) . Therefore, (0,0)is not a
relative extremum. Since (—1,—1)is a
relative minimum, we know that fis
decreasing on (—oo,—l] .
Find the points of inflection. f "(x) exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

fr(x)=0

36x° +24x=0

12x(3x+2)=0
12x=0 or 3x+2=0
x=0 or x=—z
3

There are a possible inflection points at
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£(0)=3(0)" +4(0)’ =0
This gives one additional point

2 16
——,—— |on the graph.
[ 3 27) &rap

. . 2
To determine concavity we use 3 and O to

divide the real number line into three

intervals, A:(—oo,—%), B: (—%,Oj,and

C: (O,oo) . Then test a point in each interval.
A: Test —1,
£(=1)=36(-1)" +24(-1)=12>0

B: Test —l,
2
2
(L) sef L] -
2 2 2
=-3<0
C: Test 1,

£(1)=36(1)" +24(1)=60>0
We see that fis concave up on the intervals

(—w,—%) and (0,e), and concave down on

the interval —2,0 , S0 both _E,_E
3 3 27

and (0,0)are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

10 i
-2 16 2r
1 7 b
80 = 715&%— 05 1x

S =3x* + 43 oL

24, f(x) =x"-2x°

a)

f'(x) =4x’ —6x°
fU(x)=12x" -12x
The domain of fis R.

Chapter 2: Applications of Differentiation

b f (x) exists for all real numbers. Solve

f'(x)=0
4x’ —6x" =0
2x* (2x-3)=0
2x*=0 or 2x—3=0
x=0 or x:%

The critical values are 0 and g

7(0)=(0)' ~2(0)' =0

4 3
B3

2 2 2 16
So, (0,0) and (%,—f—gj are on the graph.

Applying the Second Derivative Test, we
have:

£"(0)=12(0)" —12(0) =0
The Second Derivative Test fails, we will
have to use the First Derivative Test for

x=0.Divide (—oo,%j into two intervals,

A: (—oo,O) and B: [O,%j , and test a point
in each interval.
A: Test —1,

f1(-1)=4(-1)" -6(-1)" =-10<0
B: Test 1,

£(N=401)y-6(1) =-2<0
Since, f is decreasing on both intervals,
(0,0) is not a relative extremum.

We use the Second Derivative Test for
3

X =—

2

) oo

Therefore, E,—2—7 is a relative minimum.
2 16
Furthermore, f (x) is increasing on the

interval (%,wj ,and f (x) is decreasing on

the intervals (—oo,0) and (O,%) .
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d) Find the points of inflection. f" (x) exists
for all real numbers. Solve

£1(x)=0

12x° =12x=0

12x(x—1)=0

12x=0 or x—1=0
x=0 or x=1

£(0)=0  found earlier
F)=()' ~2()' =1
Thus, the points (0,0) and (1,—1) on the

graph are possible inflection points.
e) Use 0 and 1to divide the real number line

into two intervals, A: (—°,0), B: (0,1), and
C: (1,50). Then test a point in each interval.
A: Test —1,

(1) =12(-1) =12(-1)=24>0

B: Test l,
2

f"(%) = 12(%)2 —12(%) =-3<0
C: Test 2,
f”(2) = 12(2)2 —12(2) =24>0
Thus, f (x) is concave up on the intervals
(—oo,O) and (l,oo) and concave down on the
interval (O,l) . Also, the points (0,0) and
(1, —1) are inflection points.
f) Using the preceding information, we sketch

the graph. Additional points may be found
as necessary.

o f() EE

) 32 T

_1 3 P

2 0 N

3 27 -3 =2 —1_1_ 1 3 x
=21 ) =xt - 23
of

25, f(x)=x’-6x"-135x
a) f'(x)=3x"-12x-135
f(x)=6x-12
The domain of fis R.

235

b) f '(x) exists for all values of x, so the only
critical points of fare where f'(x)=0.
3x* —12x-135=0

x*—4x-45=0
(x=9)(x+5)=0
x=9=0 or x+5=0
x=9 or x=-5
The critical values are —5and 9.
£(5)= (-5 =6 (-5) -135(-5)
=-125-150+675
=400
£(9)=(9)' =6(0)" ~135(9)
=729-486-1215
=-972
The critical points (—5,400) and
(9,—972) are on the graph.
¢) Applying the Second Derivative Test, we

have:
f'(-5)=6(-5)-12=-30-12
=-42<0
The critical point (—5,400) is a relative
maximum.
£"(9)=6(9)-12=54-12
=42>0

The critical point (9, —972) is a relative

minimum.
If we use the points —5 and 9 to divide the
real number line into three intervals

(—00, —5), (—5,9), and (9,00) we see that

f (x) is increasing on the intervals

(—o0,—5) and (9,0)and f(x) is decreasing
on the interval (-5,9) .

d) Find the points of inflection. f "(x) exists

for all values of x, so the only possible
inflection points occur when f "(x) =0.
6x-12=0
6x =12

x=2
The only possible inflection point is 2 .
F(2)=(2)-(2) - 135(2)

=8-24-270

=-286
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The point (2, —286) is a possible inflection
point on the graph.

e) To determine concavity we use 2 to divide
the real number line into two intervals,
A :(—0,2) and B: (2,c0), Then test a point
in each interval.

A: Test 0,/"(0)=6(0)-12=-12<0
B: Test3,7"(3)=6(3)-12=6>0

We see that fis concave down on the
interval (—oo,2) and concave up on the
interval (2,00), Therefore (2,—286)is an
inflection point.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f (X) 60)(;—
450
-11 -572 Nof-
10 [ 950 | el
3 | 324 Asop
0 0 “soof
2 —286 Tor
—700
15 0 fGo =x3 - 6x2-135x
16 400
26. f'(x)=x"-3x"—144x-140

a) f'(x)=3x"-6x-144
f'(x)=6x-6
The domain of fis R.

b) f '(x) exists for all real numbers. Solve:

f(x)=0

3x* —6x—144=0

X’ —2x-48=0
(x+6)(x—8)=0
x+6=0 or x-8=0

x=—-6 or x=8 (il

f (—6) =400

f(8)=-972

So the critical points (—6,400) and
(8,-972)are on the graph.

27.

Chapter 2: Applications of Differentiation

Using the Second Derivative Test, we have:
f"(—6) =-42<0

f"(8)=42>0

So, (—6, 400) is a relative maximum and
(8,—972) is a relative minimum. Therefore,
f (x) is increasing on the intervals (—oo, —6)
and (8,00) and f(x) is decreasing on the
interval (—6,8).

d) Find the inflection points. f"(x)exists for
all real numbers. Solve:
f'(x)=0
6x—6=0
x=1
f(1)=-286

The possible inflection point (1, —286) is on

the graph.

To determine concavity, use 1to divide the
real number line into two intervals,

A: (—oo 1) and B: (l,oo) and test a point in
each interval.

e)

A: Test 0, f"(0)=6( ) 6=—-6<0
B: Test2,"(2)=6(2)-6=6>0
Therefore, f (x) is concave down on the

interval (—c,1) and concave up on the

interval (l,oo) . The point (1, —286) is an

inflection point.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

[ ) y
-12 [ 572 qo0r
_10 0 1 /‘IX‘)V 1 1 1 1
_3 238 -12/-8 7—300 4 8 12/16 x
0 —140 —400P

4 | =700 ~600-

14 0 —eor

15 | 400 o

) =x3 = 3x2 — 144x — 140

f(x) =x'—4x’ +10

a) f'(x)=4x"-12x
(x)=12x" —24x
The domain of fis R.
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b)

)

d)

f '(x) exists for all values of x, so the only
critical points of fare where f'(x)=0.
4x—12x* =0

4x* (x=3)=0

4x* =0

x=0 or x=3
The critical values are 0 and 3.

or x—3=0

£(0)=(0)"-4(0)" +10=10
f3)=(3)" -4(3)’ +10=-17
The critical points (0,10)and (3,—17)are on

the graph.
Applying the Second Derivative Test, we
have:

£"(0)=12(0)" —24(0)=0
The test fails, we will use the First
Derivative Test.

Divide (—00,3) into two intervals,
A: (—oo,O) and B: (0,3), and test a point in
each interval.
A: Test —1,
f(=1)=4(=1)" =12(-1)" ==16 <0
B: Test 1, £'(1) =4(1)" =12(1)" = -8 <0
Since, f is decreasing on both intervals,
(0, 10) is not a relative extremum.

We use the Second Derivative Test for
x=3.

fr(3)=12(3)" -24(3)=36>0
The critical point (3,—17)is a relative

minimum.
When we applied the First Derivative Test,

we saw that f (x) was decreasing on the
intervals (—oo,O] and [0,3]. Since (3,—17)is
a relative minimum, we know that f (x) is
increasing on [3,e0).

Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

12x* =24x=0

12x(x-2)=0
12x=0 or x-2=0
x=0 or x=2

e)

237

£(0)=(0)" -4(0) +10=10
f(2)=(2)" -4(2) +10=-6
The points (0,10) and (2,—6) are possible

inflection points on the graph.

To determine concavity we use 0 and 2 to
divide the real number line into three
intervals,

A:(—e0,0),B: (0,2), and C: (2,%0), Then

test a point in each interval.
A: Test —1,

fr(=1)=12(=1)" =24(-1)=36 >0
B: Test 1,
(1) =12(1)" -24(1)=-12<0
C: Test 3,
£"(3)=12(3)" —24(3)=36>0
We see that f'is concave up on the intervals
(—e°,0) and (2,%0) and concave down on

the interval (0,2) . Therefore both (0,10)

and (2, —6) are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

¥ f(a) o}

-2 58 Yy

-1 15 2Yp

1 7 1 1 1 1 1 1

4 10 -2 -1 1 3 [4%

5 135 —or
*Zo_f(x):x4f4x3+10

28. f(x) =%x3 —2x +x

a) f'(x)=4x"—4x+1

f'(x)=8x-4
The domain of fis R.

b) f'(x)exists for all real numbers. Solve:

f'(x)=0
4x* —4x+1=0
(2x-1)" =0
2x—-1=0

X =% Critical Value
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)

d)

e)

1 1
/ (2j 6
. . 1 1).
So the critical point % is on the graph.
Using the Second Derivative Test, we have:

1
f"[gj = 0 and the test fails. We will use

the First Derivative Test.
Divide the real number line into two

intervals, A: (—m,l) and B: (l,oo) , and
2 2

test a point in each interval.

A: Test 0,£'(0) =4(0)" —=4(0)+1=1>0

B: Test 1 f'(1)=4(1) —4(1)+1=1>0
Since, f is increasing on both intervals,

1 1), .
5,6 is not a relative extremum. However,
we now know that f (x) is increasing over

the intervals (—m,l) and (l,oo).
2 2

Find the inflection points. f"(x)exists for

all real numbers. Solve:

fn(x)=0
8x—4=0
1

X=—=

2

1 1
f&}a

The possible inflection point is (%,é) .

1
To determine concavity, use Eto divide the
real number line into two intervals,
1 1 .
A: (_M’Ej and B: (E,MJ and test a point

in each interval.
A: Test 0,£"(0)=8(0)-4=-4<0
B: Test 1,f"(1)=8(1)-4=4>0

Therefore, f (x) is concave down on the

1
interval (—oo,Ej and concave up on the

interval l,oo . The point l,l is an
2 26

inflection point.

Chapter 2: Applications of Differentiation

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) 3

6 | 366 AL

-3 -57 r

-1 L S a0 1 2 X
i

O O :i: f(x):%)(}flxz-ﬁ—x

1 1 o

3 21

6 222

29. f(x)=x'-6x>+12x-6

a)

b)

)

f(x)=3x"—12x+12

f'(x)=6x-12

The domain of fis R.

f '(x) exists for all values of x, so the only
critical points of fare where f'(x)=0.

32 —12x+12=0

X —4x+4=0 Dividing by 3
(x=2)" =0
x=2=0
x=2

The critical value is2 .
f(2)=(2)" -6(2) +12(2)-6=2
The critical point (2,2)is on the graph.

Applying the Second Derivative Test, we
have:

r'(2)=6(2)-12=0
The test fails, we will use the First

Derivative Test.
Divide the real line into two intervals,

A: (—00,2) and B: (2,00) , and test a point in

each interval.
A: Test O,

£'(0)=3(0) =12(0)+12=12>0
B: Test 3,

£'(3)=3(3)" -12(3)+12=3>0
Since, f is increasing on both intervals,
(2,2) is not a relative extremum.
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When we applied the First Derivative Test,
we saw that f (x) was increasing on the
intervals (—e0,2) and(2,0).

d) Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f "(x) =0.

6x—-12=0
6x =12
x=2
We have already seen that f (2) =2,50
the point (2,2) is a possible inflection point

on the graph.
e) To determine concavity we use 2 to divide
the real number line into two intervals,

A :(—,2) and B: (2,c0), Then test a point
in each interval.

A: Test 0, f"(0)=6(0)-12=-12<0

B: Test3,7"(3)=6(3)-12=6>0

We see that f (x) is concave down on the
interval (—oo,2) and concave up on the
interval (2,00) . Therefore, the point (2,2) is

an inflection point.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(a) 4

-1 -25 2f

0 -6 =) T T
1 1 2/

3 3 _Z fx)=x3—6x2+12x-6
4 10 7/

30. f(x)=x+3x+1

a) f'(x)=3x"+3
f" (x) =6x
The domain of fis R.

b) f '(x) exists for all real numbers, and the
equation f"'(x) =0 has no real solution.
[3x* +3>0 forall x]. Thus, f(x)has no

critical points.

31.
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c) Since f '(x) > (O for all real numbers,
f(x) is increasing over the entire
domain, (—co,c0).

d) Find the points of inflection. Since f ”(x)

exists for all real numbers, solve:

£(x)=0

6x=0

x=0
£(0)=1

So the point (0, 1) is a possible inflection

point on the graph.
e) To determine concavity, we use 0 to divide
the real number line into two intervals.

A :(=o0,0) and B: (0,e), Then test a point
in each interval.

A: Test —1, f"(-1)=6(-1)=-6<0
B:Testl, f"(1)=6(1)=6>0

We see that f (x) is concave down on the

interval (—oo,O) and concave up on the

interval (0,c0) . Therefore, the point (0,1) is

an inflection point.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x| f(x) of
o
-2 -13 4r
i
T L e

Z15 -1 -y 05 1 15x
15 b
-2
-3
-4

f(x) =5x" =3x°
a) f'(x)=15x"-15x"
f"(x) =30x-60x"
The domain of fis R.
b) f '(x) exists for all values of x, so the only
critical points of fare where f'(x)=0.
152> =15x* =0
155" (1-27) =0
15x* =0 or 1-x>=0

x=0 or x==1
The critical values are —1, 0, and 1.
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¢)

A =5(1) 3y =2
£(0)=5(0)"=3(0)" =0
F)=5(1)=3(1) =2

The critical points (—1,-2), (0,0)and
(1,2) are on the graph.

Applying the Second Derivative Test, we
have:

F(=1)=30(=1)-60(~1)" =30 >0

So, the critical point (—l, —2) is a relative
minimum.

£"(0)=30(0)-60(0)" =0

The test fails, we will use the First
Derivative Test.

Divide (—1,1) into two intervals, A: (—1,0)
and B: (0,1), and test a point in each

interval.
A: Test —l,
2
2 4
1 1 1
"——1|=15|—=| —15| ——
r(-3)me(-3) e(-3)
:£>O
16
1
B: Test —,
2
2 4
1 1 1
"'—|=15| =] —15] —
(53] ()
=£>0
16

Since, f is increasing on both intervals,
(0,0) is not a relative extremum.

We use the Second Derivative Test for
x=1.

f"(l) = 30(1) —60(1)3 =-30<0
The critical point (1,2) is a relative

maximum.
When we applied the First Derivative Test,

we saw that f (x) was increasing on the
intervals (—1,0) and(O,l) . Since (—l, —2) is
a relative minimum, we know that f (x) is
decreasing on (—co,—1). Since (1,2)is a
relative maximum, we know that f(x) is

decreasing on (l,oo) .

d)

e)

Chapter 2: Applications of Differentiation

Find the points of inflection. f "(x) exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

30x—60x" =0
30x(1-2x") =0

30x=0 or 1-2x*=0
x=0 or x2=l
2
x=0 or x== l=iL
2 2
3 5
1 1 1
s
2 2 2
=-1.237

The points | ——,—1.237 |, (0,0) and
poi [ 512). (0

1
—,1.237 | are possible inflection points
[JE ] b P
on the graph.
To determine concavity we use
1 1
——, 0, and —= to divide the real number
V2 2
line into four intervals, A : [—m,—ij,
2
B: [—L Oj C: [0 L) and
. \/57 9’ . 9‘\/5 b
1
D: | —,|.
=)

Then test a point in each interval.
A:Test -1, f"(~1)=30(~1)-60(-1)’

=30>0
B: Test —l,
2
1 1 N
" —— =30 —— |-60| ——
r{=g)-xl-3)-l-3)
:—E<0
2
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C: Test l,
2
1 1 N
"l— =30 =1|-60] —
r(3)-2lz)+(3)
:E>O
2
D: Test1,
£7(1)=30(1)-60(1)
=-30<0

We see that f'is concave up on the intervals

1 1
—oo,——— | and | 0,—= | and concave
( 2 j ( 2 j

down on the intervals

1 1
———,0 | and | —, = |. Therefore, the
( V2 j [\E ]

points (—L,—1.237j, (0,0) and

V2

1

[3,1.237] are inflection points.

e) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X Y.
X 3k
f ( ) fx) = 5%3 = 3%
-2 56 2
1 _17 r
2 32 L 1 1 1
1 7 -2 1 L 1 2 X
2 32 B
2 —56 2T
_3 -

32. f(x) =20x" -3x°
a) f'(x)=60x>—15x"
f"(x)=120x-60x
The domain of fis R.
b) f' (x) exists for all real numbers. Solve:
f'(x)=0
60x> —15x* =0
1527 (4-x°) =0
15> =0 or 4-x>=0

x=0 or x=%2
f(-2)=-64
F(0)=0
f(2)=64

)

d)

241

So the critical points (-2,-64), (0,0), and
(2,64) are on the graph.

Applying the Second Derivative Test, we
have:

f(=2)=120(-2)-60(-2)’ =240 >0
So, the critical point (—2,—64) is a relative
minimum.

£"(0)=120(0)-60(0)" =0

The test fails, we will use the First
Derivative Test.

Divide (—2,2) into two intervals,
A: (—2,0) and B: (0,2) , and test a point in

each interval.
A: Test —1,

f'(=1)=60(=1)" =15(-=1)" =45>0
B: Test 1,

£1(1)=60(1)" =15(1)" =45>0
Since, f is increasing on both intervals,
(0,0) is not a relative extremum.

We use the Second Derivative Test
forx=2.

£"(2)=120(2)-60(2)’ =240 <0
The critical point (2,64) is a relative

maximum.
When we applied the First Derivative Test,

we saw that f (x) was increasing on the
intervals (-2,0) and(0,2). Since

(—2, —64) is a relative minimum, we know
that f(x) is decreasing on (—c0,—2).
Since (2,64) is a relative maximum, we

know that f(x) is decreasing on (2,00) .

Find the inflection points. f" (x) exists for
all real numbers. Solve:
120x-60x* =0
60x(2-x*)=0
60x=0 or 2—-x"=
x=0 or x' =2
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The points (~v2,-28v2), (0,0) and

(\/5, 282 ) are possible inflection points on
the graph.

e) To determine concavity we use

—JE , 0, and JE to divide the real number
line into four intervals,

At(~ee,—2), B: (-=+2,0). C: (042),
and D: (ﬁ,m)

Then test a point in each interval.
A:Test =2, f"(-2)=120(-2)-60(-2)
=240>0
B: Test —1,f"(~1)=120(~1)—60(-1)’
=-60<0
£(1)=120(1)-60(1)’
=60>0
£"(2)=120(2)-60(2)’

=-240<0
We see that f is concave up on the intervals

(—oo, -2 ) and (0,\/5 ) and concave down

3

C: Test 1,

D: Test 2,

on the intervals (—\/5, 0) and (\/E,oo) .
Therefore, the points (—\/5 s —28\/5 ) ,

(0,0) and (\/5,28,\/5) are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) 10y0— L
3 | 189 wf /AT
-1 —17 oL
1 17 E 7ot RN E
~189 40F
_60 -
-80
-100
33. f(x)=x*(3-x)
=x2(9—6x+x2)
2

=9x% —6x° +x*

a) f'(x)=18x—18x" +4x’

f"(x)=18-36x+12x
The domain of fis R.

b)

)

Chapter 2: Applications of Differentiation

f '(x) exists for all values of x, so the only
critical points of fare where f'(x)=0.
18x—18x" +4x’ =0
2x(9-9x+2x*) =0
2x(3-2x)(3-x)=0
2x=0 or 3—2x=0 or 3-x=0

x=0 or x=— or x=3
2

The critical values are 0, %, and 3.

(3,0) are on the graph.

Applying the Second Derivative Test, we
have:

£"(0)=18-36(0)+12(0)" =18>0
So, the critical point (0,0) is a relative

minimum.

f"(§j= 18—36(§j+12(§) =-9<0
2 2 2

So, the critical point (%,%) is a relative

maximum.
£"(3)=18-36(3)+12(3) = 18>0
So, the critical point (3,0) is a relative

minimum.
We use the points 0, %, and 3 to divide the

real number line into four intervals,

(—00,0), 0,i , (2,3} and (S,m),we
2 2

know that f (x) is decreasing on the

intervals (—oo,O] and [%,3:|, and f(x) is

increasing on the intervals

{O,%} and [3,e0).
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