Chapter 1

Differentiation

Exercise Set 1.1

1.

X

2x+5

10.

We select x-values closer and closer to 3, and
observe the corresponding output.

2.99 2.999 3 3.001 3.01
1098 10998 —11« 11.002 11.02

As x approaches 3, the value of 2x+5
approaches 11.

As x approaches —4 , the value of 3x+7
approaches —5.

We solve the equation:
-3x=6
x=-2
Therefore, As x approaches —2 , the value of
—3x approaches 6 .

As x approaches 7, the value of x—2
approaches 5 .

The notation lim f (x) is read “the limit, as x
x—4

approaches 4, of f(x).”

The notation lim g (x) is read “the limit, as x
x—1

approaches 1, of g(x).”

The notation lim F (x) is read “the limit, as x

x5

approaches 5 from the left, of F (x) J

The notation lim G(x) is read “the limit, as x
+

x—4

approaches 4 from the right, of G (x) J

The notation lim is read “the limit, as x

x—>2t

approaches 2 from the right.”

The notation lim is read the limit, as x

x—3"

approaches 3 from the left”.

11.

12.

13.

14.

15.

16.

17.

18.

As inputs x approach 3 from the right, outputs
f (x) approach 2. Thus the limit from the right
is 2. That is,

lim f(x)=2.

=3t

As inputs x approach 3 from the left, outputs
f(x) approach 1. That is,

lim f(x)=1.

x—3"
As inputs x approach —1 from the left, outputs
f (x) approach —3. Thus the limit from the left
is =3. That is,

lim f(x)=-3.

x—-1"
As inputs x approach —1 from the right, outputs
f(x) approach —3. That is,

lim f(x)=-3.
-1t

From Exercise (11) and (12) we k now that
lim f(x)=1 and lim f(x)=2. Since the limit
x—3" x—3"

from the left, 1, is not the same as the limit from
the right, 2, lim f (x) does not exist.
x—3

From Exercise (13) and (14) we find
lin_llf(x) =-3.

As inputs x approach 4 from the left, outputs

f (x) approach 3. Thus the limit from the left is
3. That is,

lim f(x)=3.

x—4"

As inputs x approach 4 from the right, outputs
f (x) approach 3. Thus the limit from the right
is 4. That is,

lim £ (x)=3.

x—4at

Since the limit from the left, 3, is the same as
the limit from the right, 3, we have

lim £ (x) =3.
lim £ (x) = 0.
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19.

20.

21.

22,

23.

24,

25.

26.

27.

As inputs x approach —2 from the left, outputs
g (x) approach 4. Thus the limit from the left is

4. That is,

lim g(x)=4.
x—-2"
lim g(x)=2.
x—-2"

As inputs x approach 4 from the right, outputs
g (x) approach —1. Thus the limit from the
rightis —1. That is,

lim g (x) =-1.

x—4"

lim g(x) =-1.

x—4"

Since the limit from the left, —1, is the same as
the limit from the right, —1, we have

limg(x)=-1.

x—4

xlgg g (x) does not exist.
As inputs x approach 2 from the left, outputs

g (x) approach 0. Thus the limit from the left is
0. That is,

lim g(x)=0.

x—27
As inputs x approach 2 from the right, outputs
g (x) approach 0. Thus the limit from the right
is 0. That is,

lim g (x) =0.

x—2"

Since the limit from the left, O, is the same as
the limit from the right, 0, we have

lim g (x)=0.

fim ¢(x) =2
As inputs x approach —3 from the left, outputs
F(x) approach 5. Thus the limit from the left is

5. That is,
lim F(x)=5.
x—>-3"
As inputs x approach —3 from the right, outputs
F (x) approach 5. Thus the limit from the right

is 5. That is,
lim F(x)=5.

x—-3"

28.

29.

30.

31.

32,

33.

Chapter 1 Differentiation

Since the limit from the left, 5, is the same as

the limit from the right, 5, we have
lim F(x)=5.

x—-3

We have lim F(x)=4and lim F(x)=4.

x—2" -2t

Therefore, lim F (x) =4.
x—2

As inputs x approach —2 from the left, outputs
F (x) approach 4. Thus the limit from the left is

4. That is,
lim F(x)=4.

x—>-2"

As inputs x approach —2 from the right, outputs
F (x)approach 2. Thus the limit from the right

is 2. That is,
lim F (x) =2.
x—-2F
Since the limit from the left, 4, is not the same
as the limit from the right, 2, we have

lim F (x) does not exist.
x—-2

We have lim F(x)=0and lim F(x)=0.

x—>-5" x5t

Therefore, lim F(x)=0.

x—-5

As inputs x approach 4 from the left, outputs
F (x) approach 2. Thus the limit from the left is

2. That is,
lim F(x)=2.

x—4"

As inputs x approach 4 from the right, outputs
F (x) approach 2. Thus the limit from the right

is 2. That is,
lim F(x)=2.
x4t

Since the limit from the left, 2, is the same as
the limit from the right, 2, we have

lim F (x) =2.

We have lim F(x)=0and lim F(x)=0.

X6~ x—6T

Therefore, lim F (x) =0.

x—6

As inputs x approach —2 from the right, outputs
F (x) approach 2. Thus the limit from the right

is 2. That is,
lim F(x)=2.

x—-=2t
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34.

35.

36.

37.

38.

39.

Exercise Set 1.1

As inputs x approach —2 from the left, outputs
F (x) approach 4. Thus the limit from the left is
4. That is,

lim F(x)=4.

x—>-2"
As inputs x approach —1 from the left, outputs
f (x) approach 1. Thus the limit from the left is

1. That is,
lim f(x) =1.

x—-—1
As inputs x approach —1 from the right, outputs
f (x) approach 1. Thus the limit from the right

is 1. That is,
lim f(x)=1.
x—-1T
Since the limit from the left, 1, is the same as
the limit from the right, 1, we have

lim f (x)=1.

We have lim f(x)=-1and lim f(x)=-1.
x—2t

x—27

Therefore, lgrzl f(x)=-1.

As inputs x approach —3 from the left, outputs
f (x) increase without bound. We say that the
limit from the left is infinity. That is

lim f(x)=oo.

x—>-3"

As inputs x approach —3 from the right, outputs
f (x) decrease without bound. We say that limit

from the right is negative infinity. That is,

lim f (x) = —oo ,

x—-3"

Since the function values as x — 3 from the left
increase without bound, and the function values
as x — 3 from the right decrease without
bound, the limit does not exist. We have,

lim f (x) does not exist.
x—-3

We have lim f(x)=2and lim f(x)=2.
x—0"

x—0"

Therefore, LILI(} f (x) =2.

As inputs x approach 3 from the left, outputs

f (x) approach 0. Thus the limit from the left is
0. That is,

lim f(x)=0.

x—3"

As inputs x approach 3 from the right, outputs
f(x) approach 0.

40.

41.

42,

43.

44.

45.

67

Thus the limit from the right is 0. That is,
lim f(x)=0.
x—3"

Since the limit from the left, O, is the same as
the limit from the right, 0, we have

lim f (x)=0.

We have lim f(x)=coand lim f(x)=—eo.

x—>17 x>l

Therefore, lim £ (x) does not exist.
x—1

As inputs x approach —4 from the left, outputs
f (x) approach 3. Thus the limit from the left is
3. That is,

lim f(x)=3.

x——4"

As inputs x approach —4 from the right, outputs
f (x) approach 3. Thus the limit from the right
is 3. That is,

lim f(x)=3.

x—-4"
Since the limit from the left, 3, is the same as
the limit from the right, 3, we have

lim f(x)=3.

Wehave lim f(x)=0and lim f(x)=0.

x—>-2" x—-=2"

Therefore, le11-12 f (x) =0.

As inputs x get larger and larger, outputs
f (x) get closer and closer to 1. We have

lim f (x)=1.

As inputs x get more and more negative, output
f(x) get closer and closer to 2. lim f(x) =2.

X—>—c0
Defining f (x) = |x| as a piecewise defined
function we have:

f(x):{_x’ x<0

x, x=20°

We graph the function by creating an input-
output table.

X -2 -1 0 1 2

2 v o] 12

Next, we plot the points from the table and draw
the graph at the top of the next page.
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46.

As inputs x approach 0 from the left, outputs
f(x) approach 0. We have,

lim f(x)=0.
x—0"

As inputs x approach 0 from the right, outputs
f (x) approach 0. We have,

lim f(x)=0
x—0"
Since the limit from the left is the same as the

limit from the right, we have
lim f (x) =0.

x=0

Find lim f (x).
As inputs x approach —2 from the left, outputs

f(x) approach 2. We have,
lim f(x)=2.
x—>-2"
As inputs x approach —2 from the right, outputs

f(x) approach 2. We have,
lim f (x) =2
x—-2"
Since the limit from the left is the same as the
limit from the right, we have

lim f(x)=2.
fx)=x*

fx) = x?

— N Wk UlO N O

L L L L L L L

NEEEEE
Find }qulf(x)
We have lim f(x)=1and lim f(x)=1.

x—-1" x—-1t

Therefore, lin_11 f (x) =1.

47.

Chapter 1 Differentiation

Find lim f(x).

x—=0

We have lim f(x) =0and lim f(x) =0.
x—0"

x—0"

Therefore, 1X1£r(} f (x) =0.

g (x) =x*-5
We graph the function by creating an input-
output table.

X -2 -1 0 1

glx) | 1| 4] 5] 4]

Next, we plot the points from the table and draw
the graph.

Find limg(x).

x—=0

As inputs x approach 0 from the left, outputs
g (x) approach —5. We have,

lim g (x) =-5.

x—0"

As inputs x approach 0 from the right, outputs

g(x) approach —5. We have,

lim g (x) =-5

x—0"
Since the limit from the left is the same as the
limit from the right, we have

limg(x) =-5.

x=0

Find lim g(x).

x—-1

As inputs x approach —1 from the left, outputs

g(x) approach—4. We have,
lim g(x)=-4.
x—-1"
As inputs x approach —1 from the right, outputs

g (x) approach —4. We have,

lim g(x)=-4

-1t
Since the limit from the left is the same as the
limit from the right, we have

lim g(x) =—4.

x—-1
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Exercise Set 1.1

We have lim g(x) =4 and lim g(x) =4.
x—-3"

x—>-3"

Therefore, }LIE g(x) =4.

Find lin(}g(x) .
We have lim g(x)=1and lim g(x)=1.
x—0~ x—0"

Therefore, lgr(} g(x)=1.

Since x =3 makes the denominator zero, we
exclude the value 3 from the domain. Creating
an input-output table we have

1 12 ]125]129[31]35]4

(9}

F(x) | 2] 1] =2 [-100 10 [ 2 |1

)
[SIES

Next we plot the points and draw the graph.

y

-

— N W s U

11
=]
-2

-3

-4

—5)

Find lim F (x).

As inputs x approach 3 from the left, outputs
F (x)decrease without bound . We have,
lim F(x) = —co.

x—3
As inputs x approach 3 from the right, outputs
F (x)increase without bound. We have,

lim F(x)=o0

x—3"
Since the function values as x — 3 from the left
decrease without bound, and the function values
as x — 3 from the right increase without
bound, the limit does not exist. We have,
lim F (x) does not exist.

x—3

50.

51.

69

Find lim F (x).
x—4

As inputs x approach 4 from the left, outputs
F (x) approach 1. We have,

lim F(x)=1.

x—4"
As inputs x approach 4 from the right, outputs
F (x) approach 1. We have,

lim F(x)=1

x—at
Since the limit from the left is the same as the
limit from the right, we have

lim F (x)=1.

e

123x

Find lim G (x).

x—-1

We have lim G(x)=1and lim G(x)=1.

x—-1" x—-1F

Therefore, lin_11 G(x) =1.

Find lim G(x)

x—-2

We have lim G(x) =—ccand lim G(x) =oo,

x—>-2" x—-2"

Therefore, lim G (x) does not exist.
x—>-2

f(x)=%—2

Since x = 0 makes the denominator zero, we
exclude the value O from the domain. Creating
an input-output table we have

-1 -0.5 [ -0.1 0.1 0.5 1

Fo [ B3 =4[z 8 [ o |-

Next we plot the points and draw the graph.
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52,

Find lim f(x).
As inputs x get larger and larger, outputs
f (x) get closer and closer to —2 . We have

lim f(x)=-2.

x—»00

Find lim f(x).

x—0
As inputs x approach 0 from the left, outputs
f (x) decrease without bound. We have,

lim f(x) = —co.

x—0"

As inputs x approach 0 from the right, outputs
f (x) increase without bound. We have,

lim f(x)=co

x—0"
Since the function values as x — O from the left
decrease without bound, and the function values

as x — 0 from the right increase without
bound, the limit does not exist. We have,

limf(x) does not exist.
x=0

1
f(x)=—+3

X

y

8

7

6

sH

b

2l 1
ﬁ?_ f(x)’x+3
1 1 Il Il 1 1 1 1 1 Il
—5—4—3—2—1_ﬂ_ 12345%

Find lim f(x).

As inputs x get larger and larger, outputs
f (x) get closer and closer to 3. We have
lim f(x)=3.

x—00

Find lim f(x).
As inputs x approach 0 from the left, outputs
f (x) decrease without bound. We have,

lim f(x) = —co.

x—0"
As inputs x approach 0 from the right, outputs
f (x) increase without bound. We have,

lim f(x)=co
x—0"

Chapter 1 Differentiation

Since the function values as x — 0 from the left
decrease without bound, and the function values
as x — 0 from the right increase without
bound, the limit does not exist. We have,

limf(x) does not exist.
x=0

1
53. g(x)=m+4

Since x = —2 makes the denominator zero, we
exclude the value —2 from the domain.
Creating an input-output table we have

X 3125 (21 ]-19 | -15] -1

vl | O

¢x) [ 3] 2 [-6]1a]e6

Next we plot the points and draw the graph.
y

o~ ® O
Illl(llll

v =
phy
—o W

X
&
bk
g
=

e

s
—L
ol
wh
%

Find lim g(x).

As inputs x get larger and larger, outputs
g (x) get closer and closer to 4 . We have

lim g (x)=4.

Find lim g(x).

x—-2
As inputs x approach —2 from the left, outputs
g (x) decrease without bound. We have,
lim g (x) = —oo,
x—>-2"
As inputs x approach —2 from the right, outputs

g (x) increase without bound. We have,
lim g(x)=oo.
x—-2"
Since the function values as x — 2 from the left
decrease without bound, and the function values
as x — 2 from the right increase without
bound, the limit does not exist. We have,

lim g (x) does not exist.
x—-2
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Exercise Set 1.1

HLUJ-F-UI@\I\:

Find lim g (x).

As inputs x get larger and larger, outputs
g (x) get closer and closer to 2. We have

lim g (x)=2.

Find Ig} g (x) .
As inputs x approach 3 from the left, outputs
g (x) decrease without bound. We have,

lim g(x) = —oo,

x—3"

As inputs x approach 3 from the right, outputs
g (x) increase without bound. We have,

lim g(x) =oo,
3t

Since the function values as x — 3 from the left
decrease without bound, and the function values
as x — 3 from the right increase without
bound, the limit does not exist. We have,

limg (x) does not exist.
x—3

2x+1, forx<1

F(x):{

We create an input-output table for each piece
of the function.

X, forx >1.

For x <1
X -1 0 09
F(x) -1 1 2.8

We plot the points and draw the graph. Notice
we draw an open circle at the point (1,3) to
indicate that the point is not part of the graph.
For x 21
X 1 2 3
F(x) 1 2 3

71

We plot the points and draw the graph. Notice
we draw a solid circle at the point (1,1) to

indicate that the point is part of the graph.
Y,

5

4
3FpF
.
1

Find lim F(x).

x—1"

As inputs x approach 1 from the left, outputs
F(x) approach 3. That is,
lim F(x)=3.

x—1"

Find lim F(x).
-1t

As inputs x approach 1 from the right, outputs
F (x)approach 1. That s,

lim F(x)=1.
xolt

Find lim F(x)

Since the limit from the left, 3, is not the same
as the limit from the right, 1, we have

lim F (x) does not exist.

x—1

—x+3, forx<?2
56. G(x) =
x+1, forx=>2
¥
sl
7L
6
sk
i
3
11 1 i;TGI 111 1
—3—2—L1_1 234567 x
iy
We have lim G(x)=1and lim G(x)=3.
x—2" x—2"
Therefore, lin; G (x) does not exist.
—x+4, forx<3
57. ¢ (x) =
x—3, forx>3.
We create an input-output table for each piece
of the function.
For x <3
X 0 1 2 2.9
g (x) 4 3 2 1.1
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We plot the points from the table at the bottom
of the previous page and draw the graph. Notice

we draw an open circle at the point (3,1) to

indicate that the point is not part of the graph.
For x>3

X 3.1 4 5 6

58.

We plot the points and draw the graph. Notice
we draw an open circle at the point (3,0) to

indicate that the point is not part of the graph.
Y,

N
™

| T R
1234567 8x

— N W

11
7271_] .

2+
3
Find lim g(x).

x—3"

As inputs x approach 3 from the left, outputs
g (x) approach 1. That is,

lim g (x) =1.

x—3"
Find lim g(x).

-3t

As inputs x approach 3 from the right, outputs
g(x) approach 0. That is,

lim g(x)=0.

-3t

Find lim g(x).

Since the limit from the left, 1, is not the same
as the limit from the right, 0, we have

limg (x) does not exist.

x—=3

3x—4,

f(X)={x_2’

forx <1

forx>1

We have lim f(x)=-1and lim f(x)=-1.
-1t

x—1"

Therefore, linll f (x) =-1.

59. G(x)= {x ’

60.

Chapter 1 Differentiation

2
for x < —1

x+2, forx>-1.

We create an input-output table for each piece
of the function.

For x < -1
X -3 -2 -1.1
G(x) 9 4 -1.21

We plot the points and draw the graph. Notice
we draw an open circle at the point (—1,1) to
indicate that the point is not part of the graph.
For x> -1

X —0.9 0 1

G ( x) 1.1 2 3
We plot the points and draw the graph. Notice
we draw an open circle at the point (—1,1) to

indicate that the point is not part of the graph.

| N I 11
2 -1 [ 1

—1+

Find lim G(x).

As inputs x approach —1 from the left, outputs
G(x) approach 1. We have,

lim G(x)=1.

x—-1"
As inputs x approach —1 from the right, outputs
G(x) approach 1. We have,
lim G(x)=1
xo-11
Since the limit from the left is the same as the
limit from the right, we have

lim G(x)=1.

F( )_ —2x-3, forx<-1
Y= X, for x > —1
F
SR
—1F

We have lim F(x)=-land lim F(x)=-1.

x—>-1" xo-1t

Therefore, lim F(x)=-1.

x—-1
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62.

63.

64.

65.

66.

67.

68.

Exercise Set 1.1

lim C(x)=3.30
x—0.25"
lim C(x)=3.30
x—0.25"

lim C(x)=3.30

x—0.25

lim C(x)=2.90
x—02"
lim C(x)=3.30
x—02%

lim C (x) does not exist.

x—0.2

lim C(x)=3.70
x—0.6~
lim C(x)=4.10
x—0.6"

lim C (x) does not exist.
x—0.6

lim p(x) =0.39

x—1"

lim p(x)=0.63

xolt

lim p (x) does not exist.

x—1

lim p(x)=0.63
x—27
lim p(x)=0.87
x—2"

lim p (x) does not exist.
x—=2

lim p(x)=0.87
X526~
lim_p(x)=0.87
x—2.6%
lim p(x)=0.87

lim p(x) =0.87
x—3"
lim p(x)=1.11
-3t

lim p (x) does not exist.
x—=3

lim p(x)=1.11
x—3.4"
lim p(x)=1.11
x—3.4%
xlggp(x)=1.ll.

(0.87+0.24 =1.11)

69.

70.

71.

72.

73.

74.

75.

73

lim p(r)=11.0 hundred

r—1.5"

lim p()=12.0 hundred

115"

lim p(t) does not exist.

t—1.5

lim p(r)=12.0 hundred

1—1.75"

lim p(#)=13.0 hundred

1175

lim p(t) does not exist.
t—1.75 p( )

Answers will vary. At the values

t =0.5,0.75,1.5,1.75 the population could be
jumping up because of a large number of births.
At the values ¢ =1.25 the population could be
dropping because of a large number of deaths
among the deer population.

lim p(1)=33
0.6~
lim p(r)=35
1—0.6"

lim p (t) does not exist.

t—0.6
lim p(r)=35
t—0.8"
lim p(r)=34
1—0.8"

lim p(t)does not exist.
t—0.8 p ( )

Answers will vary. At the values

t =0.1,0.4,0.5,0.6 the population increase
could be contributed to births in the bear
population.

At the values ¢ = 0.3,0.8 the population could

be dropping because of deaths in the bear
population.

As inputs x approach 2 from the right, outputs
f (x) approach 4. We have,

lim f(x) =4 . In order for lin;f(x) to exist we
x—2" =
need lim f(x)=4.We will use the letter ¢ for
x—27
the unknown in the equation and this gives us

lim l(x)+c =4

x—2"
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74

76.

77.

Substitute 2 in for x to get the equation:
1
5(2) +c¢ =4 and solving for ¢ we get

I+c=4

c=3.
Therefore, in order for the limit to exist as x
approaches 2, the function must be:

Llx+3 forx<?2
f(X)={2 3

—-x+6 for x > 2.

As inputs x approach 2 from the left, outputs
f (x) approach 0. We have,

lim f(x) =0. In order for lin}f(x) to exist we
x—2" =
need lim f(x)=0. We will use the letter ¢ for
o2t
the unknown in the equation and this gives us

lim E(x) +c=0
x—2"

Substitute 2 in for x to get the equation:
3 .
5(2) +c¢ =0 and solving for ¢ we get

34+c=0

c=-3.
Therefore, in order for the limit to exist as x
approaches 2, the function must be:

f() {—%x+l forx <2
x)=

$x+-3  forx>2.
As inputs x approach 2 from the left, outputs
f(x) approach —5. We have,

xlil;q f(x)==5.In order for lgrzlf(x) to exist

we need lim f (x) =-5. We will use the letter

x—2F
¢ for the unknown in the equation and this gives
us
lim (-x* +¢)=-5

x—o2t

Substitute 2 in for x to get the equation:
—(2)2 + ¢ =-5 and solving for ¢ we get
- (4) +c=-5

c=-1.
Therefore, in order for the limit to exist as x
approaches 2, the function must be:

f(x) ={x2 -9

-+ -1

forx<?2

for x > 2.

78.

79.

Chapter 1 Differentiation

G hf( ) -3, forx=-2
ra x)=

P X2,  forx=#-2.
Using the calculator we enter the function into
the graphing editor as follows:

Flakl Flote Flotz
~N B -3 D=2
“ e Rm Tt Ees Dt 22

=
why=
wMe=
~NE=
~Ne=
Notice, when you select the table feature you
get:
il | Ve
- ERKOE | 28
-t ERROR | 2E
) ERKOE | 16
-3 ERROFR
"2 o3 ERROFR
'i ERROR
ERROR | 0
“=H

The calculator graphs the function:

\/

Using the trace feature, we find the limits.

a) lim f(x)=4

x—-=2"

b) lim f(x)=4

c) ;:I;ff(x):4
d) Xl;;lif(x)=4
e) xl:rilf(x):4
f Eéf(x)=4¢—3=f(—2)

g) limf(x)=4=f(2)

X2 =2, forx <0
Graph f(x)= ;
2—x", forx > 0.

Using the calculator we enter the function into
the graphing editor as follows:
Flakl Fletz Flokz

N ERTE-Z LRl
-] = kg e
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Exercise Set 1.1

When you select the table feature you get:

The calculator graphs the function:

\L
1\

Using the trace feature, we find the limits.
Find lim f(x).

As inputs x approach 0 from the left, outputs
f (x) approach —2 . We have,
lim f(x)=-2.

x—0"

As inputs x approach 0 from the right, outputs

f(x) approach 2. We have,
lim f(x)=2
x—0"

Since the limit from the left, —2 , is not the
same as the limit from the right, 2, we have
lxlir(}f(x) does not exist.
Find xlg{lz (x) .
As inputs x approach —2 from the left, outputs
f (x) approach 2. We have,

lim f(x)=2.

x—>-2"
As inputs x approach —2 from the right, outputs
f (x) approach 2. We have,

lim f(x)=2

x—-2"
Since the limit from the left is the same as the
limit from the right, we have

lim f(x)=2.

x—-2

A ET e 80.
] 7 EERROR
=2 2 EERROR
-1 -1 ERROR
1] EEROE | 2
1 ERROE | 1
h EREOE “Z
EREOR -7
H=3

81.

75

20x”

Graph (x) = 5 o s

~J

Using the trace feature on the graph, we have:
lim g (x) =0

x—00

lilpmg(x)=0.
Graph f(x)—;
P x> —4x-5

Using the calculator we enter the function into

the graphing editor as follows:
Flakl Flokz Flekz
ARl 2—4n-00

Using the following window:
WIMDOOW

The calculator graphs the function:

Il
| |

Using the trace feature on the calculator we find
the limits.

Find lim f(x).

As inputs x approach —1 from the left, outputs
f (x) increase without bound. We have,

lim f(x)=co.

x—>-1"
As inputs x approach —1 from the right, outputs
f (x) decrease without bound. We have,

lim f(x)=—eo

x—-1"
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Since the function values as x — —1 from the
left increase without bound, and the function
values as x — —1 from the right decrease
without bound, the limit does not exist. We
have,

lim f (x) does not exist.

x—-1

Find lim f(x).
As inputs x approach 5 from the left, outputs
f (x) decrease without bound. We have,

lim f (x) =—o0.

x5
As inputs x approach 5 from the right, outputs
f (x) increase without bound. We have,

lim f(x) =0

x5t
Since the function values as x — 5 from the left
decrease without bound, and the function values
as x — 5 from the right increase without
bound, the limit does not exist. We have,

limf(x) does not exist.
x5

Exercise Set 1.2

By limit principle L1,
lim7="7

x—3

Therefore, The statement is a true.

By limit principle L2, the statement is true.

By limit principle L2,
tim[ ¢(x)] =[tim (x)T =[5] =25
x—1 § B x—1 8 - - ’

Therefore, the statement is false.
By limit principle L6, the statement is true.

By the definition of continuity, in order for f to
be continuous at x =2, f (2) must exist.

Therefore, the statement is true.

The statement is false.

This statement is false. If lim F' (x) exists but is

x—4

not equal to F(4), then F is not continuous.

By the definition of continuity, the statement is
true.

10.

11.

12.

13.

14.

15.

16.

Chapter 1 Differentiation

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

lim(3x+2)=3(1)+2

x—1
=5.
lim (4x—5)=4(2)-5=3.

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

lim (x> —4) = (-1)" -4

x—-1

lim (x* +3)=(-2)" +3=7

x—-2

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

lim (x* —4x+7) = (3)" ~4(3) +7
=9-12+7
= 4.

lim (x> —6x+9) = (5) —6(5)+9=4.

x—5

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

1}3;(2;& -3x* +4x-1)
=2(2)" -3(2)" +4(2)-1
=2(16)-3(8)+8-1
=32-24+8-1

=15.

lim (3x° +4x* = 3x+6)

o =3(-1) +4(-1)" =3(-1)+6
=10.
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17.

18.

19.

20.

Exercise Set 1.1

It follows from the Theorem on Limits of

Rational Functions that we can find the limit by

substitution:

lim(xz—sz(S)z—S

) 3-2
9-8

-2

= W

_x*-25 (3-25 9-25 -16
lim—; = > = =—
=3 x7 =5 (3) -5 9-5 4

We attempt to find the limit by substitution:

2 2
fim =2 ) =9
= x=3  (3)-3

0

0

This is an indeterminate form. In order to find

the limit we will simplify the function by
factoring the numerator and dividing out
common factors. Then we will apply the

Theorem on Limits of Rational Functions to the

simplified function.
x*=-9 (x—3)(x+3)

lim =1lim

x=3 x — 3 x—3 X — 3
1 simplifying,
- lxlil;l (X + 3) assuming x#-3
=3+3 substitution
=6.

. x*=25
lim
-5 x—95

First we will simplify the function by factoring
the numerator and dividing out common factors.

2 _
TR e B G Ca)
-5 x—95 x5 x—5
= lim (x+5)
=5+5
=10.

=4,

21.

22,

23.

77

limvx* -9

limvx* -9

By limit principle L2,
lim =9 = flim (" ~9)
;
- (mx) —9 Byl2andLl
=\16-9
=7
limvx? —16 = \/{iig(xz -16)  ByL2
= Jlimx* ~lim16  ByL3
;
(1333 x) ~16 By L2 and L1
(5) 16
25-16
Jo
3.
By limit principle L2,
limJx* =9 = lim . ~9)
= £i£121x2 —1{1:1219 By L3
;
- (mx) 9  BylL2andLl
=J(2)" -9
=J4-9
=-5.

Therefore, lim+/ x> =9 does not exist.
x—2
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24,

25.

26.

27.

limyx* =16 = [lim(x* ~16) ~ ByL2
= fimx* ~lim16  ByL3
2
(lin} x) ~16 ByL2and LI

=J(3)" -16
=J9-16
_JT

Therefore, lim+/ x> —16 does not exist.
x—3

lim Vx* =9

x—3"

By limit principle L2,

lim Vx> =9 = [lim (x* -9)
x—3" x—3"

= [lim x> -~ lim9 ByL3
-3t -3t

2
= (limx) -9 ByL2andL1

lim Vx> 16 =\/ lim (x*-16) ByL2
x——4" x——4"
=\/ lim x> - lim 16  ByL3
x——4" x—>—4"
2
= [lim x] —-16 ByL2and L1
x——4"
=J(4)" 16

The function is not continuous over the interval,
because f(x) is not continuous at x =1. Asx
approaches 1 from the left, f (x) approaches 2.
However, as x approaches 1 from the right
f(x) approaches —1. Therefore, f(x)is not

continuous at 1.

28.

29.

30.

31.

32.

33.

Chapter 1 Differentiation

The function is not continuous over the interval,
because it is not continuous at x = —2 .

The function is not continuous over the interval,
because k(x) is not continuous at x =—1. The
function is not defined at x = —1, in other
words k(—l) does not exist. Therefore, k(x) is
not continuous at —1 .

The function is continuous over the interval.

The function is not continuous over the interval,
because it is not continuous at x =—2 . The
limit does not exist as x approaches -2,

furthermore, t(—2) does not exist. Therefore the
function is not continuous at x = -2 .
a) lim f(x)=-land lim f(x)=2.

-1t x—=1"

Therefore, linll f (x) does not exist

b) f(1)=-1
¢) Since the limit of f(x) as x approaches 1

does not exist, the function is not continuous

at x=1.
d) lim f(x)=3and lim f(x)=3
x—-2" x—>-2"

Therefore, li1‘£12 f (x) =3
e) f(-2)=3

f) The function f (x) is continuous at x = -2,
because
1) f(-2) exists, f(-2) =3,
2) lim f(x) exists, lim f(x)=3,and

3) lim f(x)=3=f(-2).

a) As inputs x approach 1 from the right,
outputs g (x) approach —2 . Thus, the limit

from the rightis —2. lim g(x)=-2.

-1t
As inputs x approach 1 from the left,
outputs g (x) approach —2 . Thus, the limit
from the leftis—2 . lim g(x)=-2.

x—1"

Since the limit from the left, —2 , is the
same as the limit from the right, —2 , we

have. lin}g(x) =-2.
b) When the input is 1, the output g(1)is -2 .
Thatis g(1)=-2.
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34.

Exercise Set 1.1

)

d)

e)

b)
9]

d)

The function g(x) is continuous at x =1,
because

1) g(1) exists, g(1) =2

2) linllg(x) exists, linllg(x) =-2,and

3) limg(x)=-2=¢(1).
As inputs x approach —2 from the right,
outputs g (x) approach —3. Thus, the limit

from the right is 3. lim g(x)=-3.

x—=-2
As inputs x approach —2 from the left,
outputs g (x) approach 4. Thus, the limit

from the leftis4. lim g(x)=4.

x—>-2"
Since the limit from the left, 4 , is not the
same as the limit from the right, =3, we say

}quzg (x) does not exist.

When the input is 2, the output g(-2)is
—3. Thatis g(-2)=-3.

Since the limit of g(x)as x approaches —2

does not exist, the function is not continuous
at x=-2.

lim k(x)=2and lim k(x)=2.

xo-1t x—>-1"

Therefore, lim1 k(x)=2.

k (—1) is not defined, or does not exist.
Since the value of k(—l) does not exist, the

function is not continuous at x =—1.
lim k(x)=-2 and lim k(x)=-2
x—3" x—3"
Therefore, 1irr31k(x) =-2
k(3)=-2
The function k(x)is continuous at x =3,

because
1) k(3) exists,

2) limk(x) exists,, and
x—3

3) limk(x)=-2=k(3).

3s.

36.

a)

b)

9]

d)

b)

79

As inputs x approach 1 from the right,
outputs h(x) approach 2 . Thus, the limit
from the rightis 2. lim 2(x)=2.

o1t
As inputs x approach 1 from the left,
outputs & (x) approach 2 . Thus, the limit
from the leftis2 . lim 2 (x) =2.

x—1"
Since the limit from the left, 2, is the same
as the limit from the right, 2, we have.

lxlgllh(x) =2.

When the input is 1, the output (1) is 2.
Thatish(1)=2.

The function h(x) is continuous at x =1,

because
1) k(1) exists, h(1)=2
2) limh(x) exists, limh(x) =2, and

x—1 x—1
3) limh(x)=2=h(1).
As inputs x approach —2 from the right,
outputs h(x) approach 0. Thus, the limit
from the rightis 0. lim A(x)=0.

x—=2t

As inputs x approach —2 from the left,
outputs h(x) approach 0. Thus, the limit
from the leftis 0. lim /(x)=0.

x—>-2"
Since the limit from the left, 0, is the same
as the limit from the right, 0, we say

lim /(x) =0.
When the input is 2, the output /(-2)is
0. Thatis 2(-2)=0.
The function h(x) is continuous at x = -2,
because
1) h(-2) exists, h(-2)=0
2) lim h(x) exists, lim (x)=0, and
x—-2 x—-2

3) limh(x)=0=h(-2).

lim #(x) =0.25 and lim 7(x)=0.25.
x—1t x—1"

Therefore, ligllt(x) =0.25.
t(1)=0.25
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37.

)

d)

b)

g

The function t(x) is continuous at x =1,
because

1) (1) exists,

2) linllt(x) exists, and

3) limr(x)=025=1(1).

lim 7(x)=oc and lim f(x)=-co
x—=2" x—-2"

Therefore, lim2 f (x) = oo , which means that

the limit does not exist because as x gets
closer to —2 the function values increase
without bound

t(—2) is undefined or does not exist.
Since t(—2) is undefined and the limit of

t(x) as x approaches —2 does not exist, the

function is not continuous at x = -2 .

As inputs x approach 3 from the right,
outputs G (x) approach 3. Thus,

lim G (x)=3.
o3t

As inputs x approach 3 from the left,
outputs G(x) approach 1. Thus,

lim G(x)=1.
x—-3"

Since the limit from the left, 1, is not the
same as the limit from the right, 3, the limit

does not exist. limG(x) does not exist.
x—3

G(3)=1

The function G (x) is not continuous at

x = 3 because the limit does not exist as x
approaches 3.
The function G(x) is continuous at x =0,

because
1) G(O) exists,

2) Lirr(}G(x) exists, , and
3) lxli'%G(x) =0= G(O) .
The function G(x) is continuous at x =2.9,

because
1) G(2.9) exists,

2) lim G(x) exists, , and
x—29

3) lim G(x)=G(29).

38.

39.

40.

41.

42,

43.

Chapter 1 Differentiation

a) lim C(x)=1

x—2"
b) lim C(x)=-1

x—27
¢) limC (x) does not exist.
d) C(2)=1

e) The function C (x) is not continuous at

x =2 because the limit does not exist as x
approaches 2.
f) The function C (x) is continuous at

x =1.95, because
lim C(x) =-1= C(1.95) .

x—1.95

First we find the function value when x=5.
f(5)=3(5)-2=13. Hence, f(5) exists.

Next, we find the limit as x approaches 5. It
follows from the Theorem on Limits of Rational
Functions that we can find the limit by

substitution: lin}f(x) = 3(5) -2=13
Therefore, lim f (x) =13 = f(5) and the

function is continuous at x =5 .

The function g(x) is continuous at x =4,

because:
1) g(4) exists, g(4)=4

2) lgl}g(x) exists, lxlglg(x) =4, and

3) limg(x)=4=¢(4).

. 1. .
The function G(x) = —1s not continuous at
X

x =0because G(0)= % is undefined.

The function F (x) = \/; is not continuous at

x = —1because F(—l) = \/—_1 is undefined on
the real numbers.

First we find the function value when x =3.
g(3) =%(3)+4 =1+4=>5.Hence, g(3)

exists.
Next, we find the limit as x approaches 3. As the
inputs x approach 3 from the right, the outputs

g (x) approach 5, that is,

lim g(x)Z%(3)+4=5.

x—-3"
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45.

46.
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As the inputs x approach 3 from the left, the
outputs g(x) approach 5, that is,

lim g(x)=2(3)-1=5.
o3t

Since the limit from the left, 5, is the same as
the limit from the right, 5. The limit exists. We
have:

1x1£r31 g (x) =5.

Therefore, we have

limg(x)=5=g(3).

Thus the function is continuous at x =3.

The function f(x)is continuous at x =4,

because:
1) f(4) exists,

2) lim f () exists, and

3) limf(x)=3=£(4).

The function is not continuous at x = 3 because
the limit does not exist as x approaches 3. To
verify this we take the limit as x approaches 3
from the left and the limit as x approaches 3
from the right.
As x approaches 3 from the left we have

im F(x)=1(3)+4=5.
x—3

As x approaches 3 from the right we have
lim F(x)=2(3)-5=1.
x—3"
Since the limit from the left, 5, is not the same

as the limit from the right, 1, the limit does not
exist. lim F' (x) does not exist.
x—3

The function is not continuous at x = 4 because
the limit does not exist as x approaches 4.

lim G(x)=1(4)+1=3
x—4"

lim G(x)=—(4)+5=1
x—4t

lim G(x)# lim G(x)
x—4" x—4T

Therefore,

limG (x) does not exist.
x—4

Furthermore, the function is not defined at
x=4,5s0 G(4) does not exist.

47.

48.

49.

50.

81

First we find the function value when x =3.
f(3) = 2(3) —1=5. Hence, f(S) exists.

Next, we find the limit as x approaches 3. As the
inputs x approach 3 from the left, the outputs
f(x) approach 5, that is,

1
lim f () =§(3)+4 =5.
x—3"
As the inputs x approach 3 from the left, the
outputs f (x) approach 5, that is,

lim f(x)=2(3)-1=5.

Since the limit from the left, 5, is the same as
the limit from the right, 5. The limit exists. We
have:

lin}f(x) =5.
Therefore, we have
lim / (x)=5= /(3).

Thus the function is continuous at x =3.

The function is not continuous at x = 4 because
the function is not defined at x =4 . Therefore,

g(4) does not exist.

The function is not continuous at x =2 . To
verify this, we take the limit as x approaches 2.
Using the Theorem on Limits of Rational
Functions, we simplify the function near 2 by
factoring the numerator and dividing out
common factors.

. o x4

lim G (x) =lim

x—=2 =2 x—72
= 1imw

x—2 b 2

=lim (x+2)
=2+2=4

Therefore,

limG(x)=4.

x—2

However, when x =2, the output G(2)is
defined to be 5. That is, G(2) = 5. Therefore,
l_irrzlG(x) =4+#5=G(2). Thus the function is

not continuous at x =2 .

The function is not continuous at x =1 because
limF(x)=2#4=F(1).
x—1
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51.

52.

53.

54.

First we find the function value when x =5.
f(5) = (5) +1=6, f(S) exists.

Next we find the limit as x approaches 5. To

find the limit as x approaches 5 from the left, we

first simplify the rational function by factoring
the numerator and canceling common factors.

2 —_— —_—
lim f(x) = lim *—2*~3
x5 x5 x—5
x5 x—=5
= lim (x+1)
x5
=5+1
=6

To find the limit as x approaches 5 from the
right, we can use substitution.

lim f(x)=lim x+1
x5t x5t
=5+1
=6
Therefore, the limit exists.
lxlilgf(x) =6.
Thus we have,
lim 7 (1) =6.=£(5).

Therefore, the function in continuous at x =5 .

The function G(x) is continuous at x =4,

because:
1) G(4) exists,

2) limG(x) exists, and
x—4

3) limG(x)=5=G(4).

The function is not continuous at x = 5 because
g (5) does not exist.

1
86 (5)° =7(5)+10
~ 1
25-35+10
1
)

The function f(x)is continuous at x =3,

because:
1) f(3) exists,

2) lim f () exists, and

3) lim f(x)=-1=£(3).

Chapter 1 Differentiation

55. First we find the function value when x =4 .

56.

57.

58.

59.

1
) (4)" =7(4)+10
~ 1
T 16-28+10
1
)
1
)

Hence, F(4) exists.

Next we find the limit. Applying the Theorem
on Limits of Rational Functions we have:

fmF() =L oL
x4 (4) -7(4)+10 2
‘We now have,

1 1
limF(x)=———=——=F(4).
fim £ (x) (4) -7(4)+10 2 )

Therefore, the function is continuous at x =4 .

The function is not continuous at x =2,
because G (2)does not exist.

1

¢@= 2)"-6(2)+8

—~

o

Yes, the function is continuous over the interval
(—4,4) . Since the function is defined for every

value in the interval, the Theorem on Limits of
Rational Functions tells us lim g(x) = g(a) for

all values a in the interval. Thus g (x) is

continuous over the interval.

Yes, the function is continuous over the interval
(—5,5) . Since the function is defined for every

value in the interval, the Theorem on Limits of
Rational Functions tells us lim F (x) =F (a) for

x—a

all values a in the interval. Thus F(x)is

continuous over the interval.

No, the function is not continuous over the
interval (—7,7) because the function does not

existat x=0. f(0) =%+3, which is

undefined.
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61.

62.

63.

Exercise Set 1.1

No, the function is not Continuous over the
interval (0,c0)because the function does not

existat x=1. G(1)=L=1

—, which is
1-1 0

undefined.

Yes, the function is continuous on R . The
function is defined for all real numbers, so by
the Theorem on Limits of Rational Functions,

limg(x)=g(a)forallain R.

No, the function is not continuous over R ,
because the function does not exist at x =5 .

F(5)= 2 =3 which is undefined.
50

As the inputs x approach 0 from the left, the
outputs approach —1. We see this by looking at
a table:

X -0.1 | -0.01 | —0.001
| | -1 -1 -1
X

lim H =-1.

x—0" X

As the inputs x approach 0 from the right, the
outputs approach 1. We see this by looking at a
table:

X 0.001 0.01 0.1
B 1 1 1
X

lim M =1

-0t X

Since the limit from the left, —1, is not the
same as the limit from the right, 1, the limit
|

does not exist. lim-— does not exist.
x=0 x

64.

65.

66.

67.

68.

69.

70.

71.

72.

83

The limit as x approaches —2 from the left is:

3
lim 28 3
-2 X —4
The limit as x approaches —2 from the right is:
4+
lim 28~ 3

x—-2" .X'2 -4 -
Since the limit from the left is the same as the
limit from the right, the limit exists and is:

’+8
T3,

lim —
-2 x" —4

Another approach would be to simplify the
function, by factoring the numerator and
denominator and dividing out common factors.

X’ +8 (x+2)(x2—2x+4)
lim =i
2 x% — 4 xon2 (x+2)(x —2)
x’—2x+4
= lim —————  assuming x # -2

x—-2 x—=2

(-2)" —2(-2)+4

(-2)-2
12
—4
=-3
6
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