Chapter 5

Applications of Integration

Exercise Set 5.1

1. D(x)=—§x+9, S(x)z%x—kl

a) To find the equilibrium point we set
D(x) =S (x) and solve.

—§x+9=lx+1
6 2
9—1=lx+§x
2 6
4 [1 5 8 4)
8=—x —+=—=—
3 2 6 6 3
38 X Multiplying b >
—-8= ultiplyin -
4 plymg Y4

Thus x, =6 units. To find p, we substitute
X, into D(x) or S(x) . Here we use D(x) .
br = D(xE)

=D(6)

=-=(6)+9

=-5+9

=4
When 6 units are sold the equilibrium price
is $4; therefore, the equilibrium point is

(6.84).
Notice, we could have used §(x)to find the

equilibrium point as well. Substituting, we

have:

Pe = S(xE)
=5(6)
-Le)+1

2
=3+1

This results in the same equilibrium point

(6,%4).

b)

<)

The consumer surplus is

I:E D(x)dx—prE.
Substituting —%x +9 for D(x) ,6for x,,

and 4 for p, we have:

6f 5
j[——x+9jdx—6~4
oy 6

5x2 °
=|- +9x| —24
12

0

{[—ﬂwﬁj—[—ﬂw-oﬂ—m
12 12

=[(-15+54)—(0)]-24
=39-24

=15

The consumer surplus at the equilibrium
point is $15.

The producer surplus is

X Dg —J‘:E S(x)dx.

Substituting %x +1 for S (x) ,6for x,, and

4 for p, we have:

6-4—jﬁ(lx+ljdx
ol 2

S
=24 x—+x}
_4 0
6’ )
=24—|| =+6|—-(0"+0)
\ 4
=24- 29+6}
4
=24-[9+6]
=24-15
=9

The producer surplus at the equilibrium
point is $9.
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Exercise Set 5.1

D(x)=-3x+7, S(x)=2x+2
a) D(x)=S(x)
=3x+7=2x+2
5=5x
I=x
pe=S(x,)=2(1)+2=4
When 1 unit is sold, equilibrium price is $4;
therefore, the equilibrium point is (1,$4) .

b) [ (-Bx+7)dx—1-4

r 2
S 23 x| -4
2 0

=—=1.50

The consumer surplus at the equilibrium
point is $1.50.

¢) 14~ (2x+2)dx
=4-[x* +2x]
=4—[(12 +2:1)-(0? +2(0))]
=4-[(1+2)-(0)]
=4-[3]

=1
The producer surplus at the equilibrium
point is $1.

D(x) z(x—4)2, S(x) =x"+2x+6
a) To find the equilibrium point we set
D(x)=S(x) and solve.
(x—4)2 =x"+2x+6
x*—8x+16=x"+2x+6
—8x+16=2x+6
10 =10x
I=x
Thus x, =1 unit. To find p, we substitute

X, into D(x) or S(x) . Here we use D(x) .

b)

)

559

When 1 unit is sold the equilibrium price is
$9; therefore, the equilibrium point is

(1.$9).

The consumer surplus is

j(:E D(x) dx—x.p;.

Substituting (x —4)2 for D(x) , Lfor x,,

and 9 for p, we have:

[[(x—a) dx-1.9

0
= [ (x* ~8x+16)dx-9

1

3
={%—4x2+16x} -9

I °

l—4+16 -(0-0+0) [-9
[5-4+10)-0-000)

The consumer surplus at the equilibrium
point is $3.33.
The producer surplus is

X Py —JOXE S(x)dx .
Substituting x> +2x +6 for S(x), 1 for x,,

and 9 for p, we have:
1
2
1:9— [ (¥ +2x+6)dx

- |
9|4 ¥ +6x}
3

0

:9—_ l+1+6 -(0+0+0
[5+1+6)-0+040)

| 3
=§zl.67
3

The producer surplus at the equilibrium
point is $1.67.
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b)

9]

X —6x+9=x"+2x+1
8 =8x
I=x
Dy = D(xE) =(1—3)2 =4
When 1 unit is sold, equilibrium price is $4;
therefore, the equilibrium point is (1,$4) .

J(j(x—3)2dx—l-4

(¥ —6x+9)dx—4

0

s 1

=|—-3x° +9x} -4
3

0

=:(§—3+9)—(0—0+0)}—4

{3yl

1

Py
3

T3
3

The consumer surplus at the equilibrium
point is $2.33.

1~4—j;(x2+2x+1)dx

- 1
X

4| 4
3 0

=4- l+1+1 -(0+0+0
[5+101]-t0-000)

=2~167

The producer surplus at the equilibrium
point is $1.67.

Chapter 5: Applications of Integration

D(x)z(x—6)2, S()c)zx2

a)

b)

To find the equilibrium point we set
D(x) =S (x) and solve.

()c—6)2 =x?
X' —12x+36=x"
-12x+36=0
36 =12x
3=x

Thus x, =3 units. To find p, we substitute
X, into D(x) or S(x) . Here we use S(x) .
Pe :S(XE):S(3):(3)2 =9

When 3 units are sold the equilibrium price
is $9; therefore, the equilibrium point is

(3,$9).

The consumer surplus is
j(:E D(x) dx—x.p;.
Substituting (x —6)2 for D(x) , 3 for x,,

and 9 for p, we have:
3

[ (x=6) ax-3-9

3
=j0 (x* —12x+36)dx-27
3 3
{ —6x2+36x} -27
0

_6'32”6'3)_(0_0”)}27

=[(9-54+108)—(0)]-27
63-27

=36

The consumer surplus at the equilibrium
point is $36.
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Exercise Set 5.1

¢) The producer surplus is

X Py —JOXES(x)dx.

Substituting x”for S (x), 3 for x, , and 9 for

Py We have:

3.9 —J‘:xzdx

The producer surplus at the equilibrium
point is $18.

D(x)z(x—S)z, S(x)=x2
a) D(x)zS(x)
(X—S)z =x
x> —16x+64 = x’
64 =16x
4=x
P =S(x;)=(4) =16

When 4 units are sold, equilibrium price is
$16; therefore, the equilibrium point is

(4,816).
b) ['(x-8) dv-4-16

0

= 26 =~85.33
3

The consumer surplus at the equilibrium
point is $85.33.

561

_ea
3
_128 e
3

The producer surplus at the equilibrium
point is $42.67.

D(x)=1000—10x, S(x)=250+5x

a)

b)

To find the equilibrium point we set
D(x)=S(x) and solve.
1000 —-10x =250+5x
750 =15x
50=x

Thus x, =50 units. To find p, we
substitute x, into D(x) or S(x) . Here we
use D(x) .
Pr = D(xE)

= D(50)

=1000-10-50

=500

When 50 units are sold the equilibrium price
is $500; therefore, the equilibrium point is

(50,$500) .
The consumer surplus is
YE
jo D(x)dx—prE .
Substituting 1000 —10x for D(x), 50 for

x;, and 500 for p, we have:
50

[ (1000~ 10x)dx~50-500

=[1000x - 5x* ] 25,000

=[(1000-50-5(50)") - (1000-0-5-0?)
—25,000

= [50,000 - 12,500] - 25,000

=12,500
The consumer surplus at the equilibrium
point is $12,500.
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D
a)

b)

The producer surplus is
XE
Xp Py _-[o S(x)dx .
Substituting 250 + 5x for S (x) , 50 for x,,
and 500 for p, we have:

50-500 - [ (250-+ 5x)dx

2 50

=25,000 —|:250x +5%

o

=125,000 -
{[250-50+ﬂ]— 250-0—ﬂ]]
2 2

= 25,000 — [12,500 +6250]

=6250
The producer surplus at the equilibrium
point is $6250.

(x) =8800—30x,
D (x) =S (x)
8800 —30x =7000+15x

1800 = 45x
40=x
pr = D(x,)=8800-30-40 = 7600
When 40 units are sold, equilibrium price is
$7600; therefore, the equilibrium point is
(40,$7600) .

40

jo (8800 —30x)dx —40-7600

S(x)=7000+15x

=[8800x—~15x>]" ~304,000

0

_ [(8800-40—15(40)2)—

(8800-0-15(0? ))] —~304,000
= 352,000 — 24,000] - 304,000

=24,000
The consumer surplus at the equilibrium
point is $24,000.

c)

Chapter 5: Applications of Integration

40
40-7600— [ (7000 +15x)dx

2 40
=304,000 —{7000x + 152" }

0

15(40)’
= 304,000~ | 7000-40+————" | -

[7000 -0+ 15 (0)2 H
2

= 304,000 — [280,000 +12,000]

=12,000
The producer surplus at the equilibrium
point is $12,000.

D(x)=5-x, for 0S x<5;

S(x)=\/m

a)

b)

To find the equilibrium point we set
D(x) =S (x) and solve.

5—x=x/m
(5—x) =(Va+7)

25-10x+x* =x+7

x*-11x+18=0

(x-2)(x=9)=0

x—2=0 or x—-9=0
x=2 or x=9

Note, x = 9is not a solution to the equation.
Only x =2 is in the domain of D(x) ,

thus x, =2 units. To find p, we substitute

X, into D(x) or S(x) . Here we use D(x) .
D ZD(xE)zD(Z)ZS—Z =3

When 2 units are sold the equilibrium price
is $3; therefore, the equilibrium point is

(2.83).

The consumer surplus is

J:E D (x) dx—x.p, .

Substituting 5—x for D(x), 2 for x,, and 3

for p, we have:
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Exercise Set 5.1

=2
The consumer surplus at the equilibrium
point is $2.

¢) The producer surplus is

X, Dp— J‘:E S(x)dx.
Substituting 7+ x forS(x) , 2 for x,,and
3 for p, we have:
23— [[(Va+7)dx
2

=6-— (x+7)%dx

0

=6—_§(x+7)%l)

=6- :@(2+7)%)—@(0+7)% H
- 6__2(9)% _2(7)%}

13 3
2 2 %
=6—|—(27)-=(7)"?
e0-300")
= (.35 Using a calculator

The producer surplus at the equilibrium
point is $0.35.

10. D(x):7—x, for0<x<7,

S(x)=2vx+1
a) D(x) =S(x)
7—x=2m

(7-x) =(2\/ﬁ)2

49 —14x+ x> =4(x+1)

X —18x+45=0
(x=3)(x-15)=0

x=3 or x=15
Only 3 is in the domain of D(x) ,
thus x, =3 units.

Dr =D(xE)=7—3=4

563

When 3 units are sold, equilibrium price is
$4; therefore, the equilibrium point is

(3,%4).
b) [(7-x)dc-34

2
X

r 3
= 7x——} -12
2 0

= [7.3_ﬁ]_[7.0_ﬂﬂ_12
2 2

The consumer surplus at the equilibrium
point is $4.50.

¢ 3-4-[ (2Vx+1)ax
=12—j:(2(x+1)%)dx

3

—12- %(x+l)%}

0

o o)

=12— Q_E}
|3 3
8 e
3

The producer surplus at the equilibrium
point is $2.67.

100
D(x)=—, S(x)= \/;
()= s
a) To find the equilibrium point we set
D(x)=S(x) and solve.
100 \/—
= —Jx
Jx
100 = vx v/x
100 =x
Thus x, =100 units. To find p, we
substitute x, into D(x) or S(x) . Here we
use S(x).
pr =5S(x,)=5(100) =100 =10
When 100 units are sold the equilibrium

price is $10; therefore, the equilibrium point
is (100,$10).
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b) The consumer surplus is
YE
jo D(x)dx—prE .
1 -
Substituting 22 = 100x * for D(x), 100
Jx

for x,, and 10 for p, we have:

j;oo(loox%)dx— 100-10

1 100
100
{ 00 ] ~1000

2
0

= [(200(100)% ) - (200 (0) )] ~1000

=[2000]-1000
=1000
The consumer surplus at the equilibrium
point is $1000.
¢) The producer surplus is
XE
X Dg —JO S(x)dx.
Substituting \/; forS(x) , 100 for x,, and

10 for p, we have:

100-10—j;°°(x%)dx

100

= 1000—_%(x)%:|

_3 0
= 1000 (3(100)% )—(3(0)% j
3 3
1000~ M—o}
BB
— 1000~ 2990
3
=¥z33333

The producer surplus at the equilibrium
point is $333.33.

12. D(x)zj%, S(x)=2Vx+1

a) D(x)=S5(x)
%:zm
1800 = (2vx+1)vx+1
1800 =2(x+1)
900 = x+1
899 = x

Chapter 5: Applications of Integration

Dy = S(xE) =2+/899+1 =2+/900 =60
When 899 units are sold, equilibrium price
is $60; therefore, the equilibrium point is
(899,$60) .

b) Jjgg(lsoox + 1’%)dx ~899-60

y 899
=1800[2(x+1) 2} 53,940

0

= 1800[ (2v/899-+1)~ (20 +1) |- 53,940
=1800[ 2(30) - 2(1) |- 53,940
=1800(58)— 53,940

= 104,400 — 53,940

= 50,460

The consumer surplus at the equilibrium
point is $50,460.

¢) 899-60— jj”(zm )dx

= 53,940 — jj”(z(x + 1)%)dx

899
= 53,940—2[§(x+ 1)%}

0

= 53,940 —%[((899 #1)%)~((0+1)* )}
=53,940 —%[27,000 -1]

=53,940 —%(26,999)

=17,941.33

The producer surplus at the equilibrium
point is $17,941.33.

13. D(x) z(x—4)2, S(x) =x"+2x+8
a) To find the equilibrium point we set
D(x)=S(x) and solve.
(x—4)2 =x>+2x+8
X’ —8x+16=x>+2x+8
—8x+16=2x+8
8§ =10x
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Exercise Set 5.1

b)

4
Thus x, = §=0.8 units. Assuming partial

units are acceptable, to find p, we substitute
X, into D(x) or S(x) . Here we use D(x) .
pe =D(x;)

256
25
=10.24

When 0.8 units are sold the equilibrium
price is $10.24; therefore, the equilibrium

pointis (0.8,$10.24).
The consumer surplus is
XE
IO D(x)dx—x,p,.
Substituting (x — 4)2 for D(x) ,0.8 for x,,
and 10.24 for p, we have:

[ (x~4) dx-08-1024
0

r 3 0.8
= @] ~8.192
0

i [(0.8—4)3]_[(0—4)3]]_8.192
3 3

{25 o

=222 Using a calculator

The consumer surplus at the equilibrium
point is $2.22.
The producer surplus is

X Dp — J‘:E S(x)dx.
Substituting x” +2x +8 for S(x), 0.8 for

x; ,and 10.24 for p, we have:

565

0.8-10.24— j:'g(xz +2x+8)d

3 0.8
:8.192—{%+x2+8x}

0

=8.192- M@+ (0.8) + 8(0.8)] - (0)}

=8.192-7.21066667

=0.98
The producer surplus at the equilibrium
point is $0.98.

14. D(x)=13-x, for 0S x<13;

S(x)=vx+17
a) D(x)=S(x)
13—x=+x+17

b)

(13— x)’ =(\/x+17)2
169 —26x+ x> = (x+17)
X' =27x+152=0
(x=8)(x-19)=0
x—8=0 or x-19=0

x=38 or x=19

Only 8 is in the domain of D(x) ,
thus x, =8 units.
pr=D(x,)=13-8=5
When 8 units are sold, equilibrium price is
$5; therefore, the equilibrium point is
(8.95).
8
0

[ (13-x)dx-8-5

=32
The consumer surplus at the equilibrium
point is $32.
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15.

¢) 85— j(x+1 )dx

=40—j0 (x+17) dx

40 —|:§(x +17)%}8

0

- 40—%[((8+17)%)—((0+17)%)}

— 40 —%[(25)% —(17)%}

=~ 3.39519709

=3.40
The producer surplus at the equilibrium
point is $3.40.

D(x) — efx+4.5, S ()C) — ex75.5
a) To find the equilibrium point we set
D(x)=S(x) and solve.

x+4.5 _  x-55

e T =¢
In (e—x+4.5) =1n (ex—S.S)
—x+45=x-55
10=2x
5=x

Thus x, =5 units. To find p, we substitute
X, into D(x) or S(x) . Here we use D(x) .
P = D(xE)

— D(S) — 675+4.5 — ef().S ~ 061

When 5 units are sold the equilibrium price
is $0.61; therefore, the equilibrium point is

(5.80.61).
b) The consumer surplus is
XE
IO D(x)dx—x,p,.
Substituting ¢ ***? for D(x), 5 for x,, and
0.61 for p, we have:

jj ¢S —5.0.61

=[-e T -3.05
_ |:(_efs+4.5 ) _ (_670+4.s ):| ~3.05
=[-e"" +e*7]-3.05

= 86.36

The consumer surplus at the equilibrium
point is $86.36.

Using a calculator

Chapter 5: Applications of Integration

¢) The producer surplus is
XE
X Py _-[o S(x)dx .
Substituting ¢* > for §(x), 5 for x,, and
0.61 for p, we have:

5-0.61—J: (¢7%%) dx

=3.05-[%]

—3.05— [(6575.5 ) _ (eofs.s ):I
=3.05-[e* -]
=245
The producer surplus at the equilibrium
point is $2.45.
16. D( ) \/56 S(x)zx
a) D(x)= S( )
V56 —-x=x
(Vs6-x ) =(x)
56—x=x’
0=x"+x-56
0= (x—7)(x+8)
x=7=0 or x+8=0
x=17 or x=-8

A negative quantity is not possible,
thus x, =7 units. To find p, we substitute

x,into D(x) or S(x). Here we use S(x).
Dr =S(xE) =7

When 7 units are sold the equilibrium price

is $7; therefore, the equilibrium point is

(7.87).
b) j(:\/56—xdx—7-7

=[(s6 —x)%dx —49

{—%(56—@@7 49

- —%[((56—7)%)—((56—0)%”—49
—%[(343)—(56)%]—49
~ 171

The consumer surplus at the equilibrium
point is $1.71.
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17.

18.

Exercise Set 5.1

7

) 7-7—J‘0xdx
-
=49 x_}
0
72

2

_a9- ﬂ}

2
=2 450
2

The producer surplus at the equilibrium
point is $24.50.

Answers will vary. When a surplus exists,

consumers are purchasing goods or services at a
price lower than what they are willing to pay,
and producers are selling goods or services at a
price above which they are willing to provide
the good or service. By purchasing a good or
service at a price below the perceived value,
consumers feel like they get a deal and are
happy. Likewise for the producers.

Answers will vary. Consumer surplus is the

net benefit, in aggregate, consumers receive by
purchasing goods or services at a market price
below what they are willing to pay. In other
words, it is the difference in what the consumers
are willing to pay and what they have to pay for
a certain good or service. On a hot summer day,
a consumer might be willing to pay $5 for a
bottle of water. If the market price of the water
is $1, then the consumer will receive a $4
surplus for the first bottle of water.

Producer surplus is the net benefit, in aggregate,
producers receive by selling goods or services at
a market price above what they are willing to
provide the good or service. In other words, it
is the difference in the price that producers
receive in the market and the price that
producers would be willing to provide the good
or service. It is important to note that producer
surplus is not the profit producers earn.

19. D() x+1’

a)

b)

9]

d)

567

x+8 X +4
(x)=

20
Graphing the equations and using the

INTERSECT feature we have:

~

Inkerseckion
WSl

The equilibrium point is (6,$2) .

8
Consumer D S
surplus -

Producer
surplus o

0
The consumer surplus is

j(:E D(x)dx—x,p,.

+8
Substituting a 1 for D(x), 6 for x,, and
X+

2 for p, we have:
Jﬁ(x+8)dx—6~2
o\ x+1
=~19.62137104 -12

=7.62

The consumer surplus at the equilibrium
point is $7.62.

The producer surplus is

X Py —JOXES(x)dx.

Using a calculator

2
X+
Substituting

4 for S(x), 6 for x, , and

2 for p, we have:
2
2 6(x +4)dx
ol 20

x3 X ’
=12-| 4>
60 5],

24
=12-=
5
_38 750
5

The producer surplus at the equilibrium
point is $7.20.
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20.

21.

D(x):IS—%x, s(x)=23x

a) Using the calculator, we have:

Inkerseckion <_
nw=z? ]

The equilibrium point is (27,$6).

b)

1

Consumer
surplus
S

|||\4\50
0

27 1
) j 15—=x |dx—27-6 =121.50
( 3

[T
=]

Producer
surplus

0

The consumer surplus is $121.50.
d) 27-6- [ 2-3fxdx = 40.50
The producer surplus is $40.50.

a) Entering the data into the STAT editor on
the calculator and plotting the points, we get

the following scatter plot:
20

A linear function appears to be the best fit
for the data.

b) Using the linear regression feature on the
calculator, we get the equation:
y=-25x+225.

¢) The consumer surplus is
IO D(x)dx—x~p .
Substituting —2.5x +22.5 for D(x), 6 for x,
and 7.50 for p we have:
[*(-25x+22.5)dx —6(7.50) = 45
0

The consumer surplus is $45.
d) First find the value for x when y=11.50.
11.50 =-2.5x+22.5

—11=-2.5x
44 =x

Chapter 5: Applications of Integration

Next, find the consumer surplus.
j:’4(—2.5x +22.5)dx —4.4(11.50) = 24.20

When the price of bungee jumping is $11.50
per half hour, Reggie’s consumer surplus is
$24.20.

Exercise Set 5.2

P(t)=PRe"
Substituting 3 for ¢, 700 for F, and 0.09 for k we
have:

P(3) = 700"
— 70060,27
~700(1.309964)

= 9016.98
The amount in the account is $916.98 after 3
years.

P(t)=Pe"

P (4) — 70060'10(4)
= 700"
~1044.28

The amount in the account is $1044.28 after 4
years.

T
kt
_[0 R(t)e"dt
Substituting 2000 for R(t), 0.06 for k, and 8 for
T we have

8
-"8(2000) "0 gy — [2000 eo,oer:|
0 0.06 \

2

— 000 (60.48 _ 1)
0.06

~20,535.81

The future value of the continuous money flow
is $20,535.81.
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JTR(;)ek’dt 7. Wefind P, such that
0

Substituting 800 for R(t) , 0.07 for k, and 10 for
T we have

jl()(800) O g — |: 800 007 :|10
0 0.07 ,

800 ,
0.07 (¢ -1)
—11,585.75

The future value of the continuous money flow
is $11,585.75.

T
kt
_[0 R(t)e"dt
Substituting 1500 for R(¢), 0.05 for k, and 20
for T we have

20
120(1500) 05 gy = 1500 205
0 0.05 \

1500
= m(el - 1)
= 51,548.45

The future value of the continuous money flow
is $51,548.45.

T
kt
_[0 R(t)e"dt
Substituting 1200 for R(r), 0.06 for k, and 15
for T we have

J’ls (1200) 20 gy — |:1200 2006 i|15
0 0.06 A

_ 1200 (1)
0.06
~29,192.06

The future value of the continuous money flow
is $29,192.06.

50,000 = [ Pe™™Vdr

B 1 20
50,000 = P, meo.osst}
(- . 0

50,000 = F, ;el'7 —;e0
| 0.085 0.085

1
50,000 = P, _m(e” —1)}

50,000 = P, [52.63467520]
50,000
52.63467520 °
949.94 = P,

A continuous money flow of $949.94 per year,
invested at 8.5%, compounded continuously for
20 years, will yield $50,000.

We find F, such that
20
50,000 = [ " Re* ™ dt

20

50,000 = P, {—0 (;75 e‘“’”’}
: 0

1
50,000 = P, {m(e” —1)}

50,000 = P, [46.42252094]
1077.06 = P,

A continuous money flow of $1077.06 per year,
invested at 7.5%, compounded continuously for
20 years, will yield $50,000.

We find P, such that
40,000 = [ P dt
0

r 1 30
40,000= £, o e‘“’”}
L 0

40,000 = P, Lez'7 —Leo
1 0.09 0.09

40,000 = P, _rlog(e” - 1)}

40,000 = P, [154.21924139]
40,000

15421924139 °
259.37 =P,
A continuous money flow of $259.37 per year,

invested at 9%, compounded continuously for
30 years, will yield $40,000.
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10.

11.

12.

13.

We find P, such that
30
40,000 = [ " Pyedr

1 30
40,000 = P, {—e‘“’}
0.1

0
1
40,000 = P, {a(é —1)}

40,000 = P, [190.85536923]
209.58 = P,

A continuous money flow of $209.58 per year,
invested at 10%, compounded continuously for
30 years, will yield $40,000.

P=Pe"
Therefore,
P
Py=—=Pe™"
e

Substituting 50,000 for P, 0.07 for k and 20 for
t, we have:

P, =50,000¢ ")

P, =50,000¢™"*

P, = 50,000(0.24659696)
P, ~12,329.85

Dori and Dwayne should make an initial
investment $12,329.85.

P
Py=—=Pe™"

e
P, = 60,000¢ ")
P, =60,000¢ ™

P, ~18,071.65

Addie and Wesley should make an initial
investment of $18,071.65.

P=Pe"

Therefore,
ke

P
Py=—=Pe™"
e

Substituting 100,000 for P, 0.05 for k and 10 for
t, we have:

P, =100,000¢ """
P, =100,000¢ ™
P, ~ 100,000 (0.60653066)

P, = 60,653.07

The present value of $100,000 due in 10 years,
at 5%, compounded continuously is $60,653.07.

14.

15.

16.

17.

Chapter 5: Applications of Integration

P e
P =—=Pe
0 ekr

Po — 50’ 0006—0.074(16)
P, = 50,000 '
P, = 15,302.60

The present value of $50,000 due in 16 years, at
7.4%, compounded continuously is $15,302.60.

The accumulated present value is
A= JTR(z)e’k’dz
. .
Substituting 2700 for R(r), 0.09 for k, and 10
for T, we have:
A=["2700¢ " dr
0
_[ 2700 ew}“’
-0.09 X
=[-30,000(e™ -¢")]
~ =30,000(-0.59343034)

~17,802.91
The accumulated present value is $17,802.91.

A= JOTR(t)e_k’dt :
Substituting 2700 for R(¢), 0.10 for k, and 10

for T, we have:
10
A= jo 2700e"" dt
[2700 MT
=[——e
0.1 X
=[-27.000(c” - )]
~—27,000(-0.63212056)

=17,067.26
The accumulated present value is $17,067.26.

A= J'OTR(z)e’k’dz .

Substituting 95,000 for R(t), 0.06 for k, and 30
[65-35=30] for T, we have:
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19.

20.

Exercise Set 5.2

A= j” 95,000¢""%
0

_[95.000 46 »
-0.06 ,

95,000, _
:[W(e 18 —eo):|

~ 95’—0060(—0.834701 1)

=~1,321,610.09

The accumulated present value is
$1,321.610.09.

The accumulated present value is
A= JTR(t)e_k’dt

. .

40
A= [741,000e"" dr

0

_[41.000 o, 0
~0.07 A

41,000,
=[ Yy _eo)}

= 550,096.96

The accumulated present value is $550,096.96.

c=c¢,+ IOL m(t)e"dt
Substituting 500,000 for ¢, , 20,000 form (t) s
0.05 for r, and 20 for L, we have:

¢ = 500,000 + jozo 20,000e~% dt

20
= 500,000 + [Mem’ }

0

— 500,000 — 400, 000[5005(20) —e00s0) ]

= 500,000 —400,000[ " —¢" |

= 752,848
The capitalized cost under the given
assumptions is $752,848.

c=c¢,+ IOL m (t) e "dt

¢ = 400,000 + j;s 10,0000 gt

25
= 400,000 J{—l 0,000 e‘O'OSS’}

—-0.055

0
= 400,000 — 2000 [ =]
0.055
= 535,847
The capitalized cost under the given
assumptions is $535,847.

21. c=g¢, +J‘0Lm(t) e "dt

Substituting 600,000 for ¢, , 40,000 +1000e"""

form(z) , 0.04 for r, and 40 for L, we have:
¢ = 600,000+ [ (40,000+1000¢"" )¢ dr

= 600,000+ (40,0006 +1000¢ ™" )t

40

= 600,000 + { 40.000 -oosr | 1000 -oon }

-0.04 -0.03
= 600,000 + [— 1,000,000e ™ —

0

100,000 T’
3

= 600,000 +[ ~1,000,000¢™"**) -

100,000 £7003040) _
3

[_L 000, 00064).04(0) _ M 6—0.03(0) ﬂ

0

3

= 1,421,397
The capitalized cost under the given
assumptions is $1,421,397.

22. ¢= [N +J‘0Lm(l‘) edr
¢ =300,000+ [ (30.000+500¢) ¢ di

=300,000+ (300006 ™ + 500re ™™ i
30’ OOO e‘().()Sr +

= 300,000 —{

20

soome*’-“' (<0.05¢ 1)

= 300,000 +[ —600,000¢ " +

20

200,000 (<0.05¢ 1) |

0

= 300,000+ ~600,000¢ " +
200,000¢ ) (~0.05(20)~1) -
(~600,000¢ " +

200,000¢ ") (-0.05(0) - 1))

= 732,121
The capitalized cost under the given
assumptions is $732,121.
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23.

24.

25.

The equation for the consumption of a natural
T P

resource is J Pedt = —O(ekT - 1).
0 k

Substituting 101.4 for F,, 0.026 for k, and 14
[2020 — 2006 = 14] for 1, we have
"'14101 400260 _ 101.4 (e().()26(14) _1)

o 0.026

_ 1014 (e 1)
0.026

L ———(0.43907421)
26

=1712.4
If demand continues to grow exponentially at
2.6% per year, the world will consume
approximately 1712.4 trillion cubic feet of
natural gas from 2006 to 2020.

joT Petdr = %(e” -1).

J‘025153eo,025z _ 90 153 (60025 25) 1)

0.025
=6120(" -1)

~ 6120(0.86824596)

=~ 5313.7
If demand continues to grow exponentially at
2.5% per year, the world will consume

approximately 5313.7 million metric tons of
bauxite from 2005 to 2030.

The equation for the consumption of a natural
T P

resource is J Pedt = —O(ekT - 1).
0 k

Using the information from Exercise 23, we
want to find 7, such that

101.4 (eo.ozar _ 1)
0.026
We solve for T as follows:

6112 =3900(e"™" - 1)
1.5672= "7 =] Phigmebomsides
2.5672 = "7

In(2.5672) = In (")
In(2.5672) = 0.026T

6112 =

Adding 1 to both sides.

Taking the natural logarithm
of each side.

Recall that Ine* = k.

ln (25672) ~ Dividing both sides
0026 by 0.026.
363=T

26.

217.

28.

Chapter 5: Applications of Integration

Assuming the world consumption of natural gas
continues to grow at 2.6% per year, and no new
reserves are found, the world reserves of natural
gas will be depleted 36 years after 2006, in
2042.

Using the information from Exercise 24, we
want to find 7, such that

( 0BT _ 1)

(23 billion is 23,000 million.)
We solve for T as follows:

23,000 = 6120("™" 1)

3.7582 = " 1

47582 = "7
In(4.7582) = In (""" )
In(4.7582) = 0.025T

In(4.7582)

0.025
624=T
Assuming the world consumption of bauxite
continues to grow at 2.5% per year, and no new

reserves are found, the world reserves of bauxite
will be depleted 62 years after 2005, in 2067.

23,000 = 153
0.025

We will use the equation

T kg, P _ P —kT
jo Pedt —_—k(e -1) —;(l—e ).
Substituting 0.00003 for k, 1 for P, and 20 for 7,

we have:

20
—0.00003, -0.00003(20
l-e 'dt = —e (20) )

0. 00003(
~33,33333(1-¢

~19.994 Using a calculator.
After 20 years, approximately 19.994 lbs of
Plutonium-239 will remain in the atmosphere.

Jl Petar = -1) = (1-¢7).

—0.0006 )

-0.023t _-0.023(20)
J‘ 1-e70051 gy 0023(1 )
~43.47826(1—¢*)

~16.031

After 20 years, approximately 16.031 lbs of
Cesium-237 will remain in the atmosphere.
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29. a) P= Poe"'
We will substitute the known information
and solve for k.

34.5 =30 8ek(2()1()—20()6)

34.5 =30.8¢"
345
35,

30.8

i 322 |- nfe)

0.02836 = k
The exponential growth rate of demand for
oil is 0.0284 or 2.84% per year.
b) Using the growth rate and the initial demand
from Part (a) we have the exponential
demand function P = 30.8¢"%*%" .

Substituting 9 [2015—2006 = 9] for t, we

have:

pP= 30.860.02836(9)
— 30-860,25524
~30.8(1.29077)
=39.76

In 2015, the world demand for oil will be
approximately 39.76 billion barrels.
¢) The equation for the consumption of a

T P

natural resource is j Petdt = i(e” - 1).
0 k

We want to find 7, such that

1293 = 30.8 (eo.ozs%r _1)
0.02836

M = 03T _
30.8
1.1906 =~ 0028367 _q

2.1906 =~ 028367
In(2.1906) = In e*
In(2.1906) ~ 0.02836T

In(2.1906)

0.02836
2717=T

573

Assuming the world consumption of oil
continues to grow at 2.84% per year, and no
new reserves are found, the world reserves
of oil will be depleted 27.7 years after 2000,
in 2033.

30. [ R(r)e "
Substituting, we have:
J’(‘“) IZe().()7(407t) dt

)
Letting f(z) =f"and g (t) — pP07(40-1)
We use tabular integration by parts to integrate.

f() and repeated | Signof | ¢ (z) and repeated
derivati Product .
erivatives integrals
R \ + O07(40-1)
2t \ 1
\ A __60.07(404)
0.07
2 \\\A 1 007(40-1)
(0.07)°
0 \\A _ 1 £O07(40-1)
(0.07)°
J’4Ot260.o7(407r)dt
0
= {_Lﬁ 00701} _ 2 £207(040-1) _
0.07 (0_07)2
40
2 L 07(40-1)
(0.07)’ )
— |:_L(40)2 eo.o7(40740) _
0.07
2 . (40) LVT0-40) _ 2 . LOVT(0-40) _
(0.07) (0.07)
1 2 0.07(40-0)
———(0 _
( 007" ¢
2 . (0)60.07(4070) 2 . £007(40-0)
(0.07) (0.07)
=50,872.58

The future value of the continuous money flow
is approximately $50,872.58.
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31.

r K(T—1)
_[0 R(t)e"" dt

Substituting, we have:
30

.[0 (ZOOOt + 7) 080301 gy

30

:J-O30ZOOOteo_og(yH)dt+ ) 760.08(30—:)dt

=000 J-30 teo_os(m—r) di+7 3060'08(3()”)61';
0 0

We will use integration by parts to evaluate the
first integral.

J‘teo,os(m—r)dt

Let

u=tand dv=e"""d;

Then

du=drand v=—— ™)
0.08

Therefore, we have:
J‘ teo.os(mfr) dt

_ 1 te0,08(30—t) _J‘_ 1 eo.os(zo—:)dl
0.08 0.08
1 o1 1 -
— teo.os(m ) _ eo.os(m ) +C

0.08 0.08 0.08

= -12.56"0") ~156.25¢""%) +C
Next, we find the definite integral

J‘;O [eo.os(wft)dt

30
— |:_12'5t60,08(30—t) —156.25¢"%00-1) ]0
=[-12.5(30) "™ —156.25¢" ") -

(—1 2.5 (()) e‘)-"8(304)) —~156 2560.08(3()—0) ):|

= (-375¢° —156.25¢") - (0—156.25¢™*)

==375-156.25-0+1722.37

=1191.12

Next, we integrate the second part of the
original integral. From the process of
integration by parts we know:

J‘eo.ox(mft)dt __ 1
0.08

_ _12.560.08(3()7t) +C
Finding the definite integral, we have:

eo.os(mfr) +C

32,

33.

Chapter 5: Applications of Integration

30
J‘ 60‘08(307’)dt

- [_12.560'08(30”) ]30

0

_ |:_12 5,,0.08(30-30) _(_12 560.08(30—0))]

=-12.5¢" +12.5¢**
~—12.5+137.79

=125.29
Finally, we have:

30 .
2000 J‘O 1"0%000 g 4 7 J’O SO 0860-1) g

~2000(1191.12)+7(125.29)

=~ 2,383,117

The future value of the continuous money flow
is approximately $2,383,117.

Note, if we had done all the calculations before
rounding, the result would have been

$2,383,119.65.

[S)

r —k(T-1)
_[0 R(t)e™ " at
J‘(jo oo 0070100 1

10
—0.7+0.07
= JO e'e " dt

10
-0.7+1.07
ZJ eV gy
0

10
_ 1 —0.7+1.07¢
=|——=e
1.07 S

_ L -0.7+1.07(10) _Lefo.ul.m(o)
1.07 1.07

_ L 10 L e 07
1.07 1.07

= 20,585.02

The accumulated present value is approximately
$20,585.02.

[T R()e*ar

20
J‘( lefo.os(zofr)dl

0
Use integration by parts.
Let

u=t and dv=e
Then,

-008(20-1) 1,

du=dtand v= Leo‘og(zo”)
0.08

Finding the indefinite integral we have:
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J‘tew,os(zofz)dt

_ 1 tem.os(zoﬁ)_‘[ 1
0.08 0.08

oos0-y L1

T 008 0.08 0.08
=12.51¢ ") ~156.25¢ ")+ C
Next, find the definite integral.

20
J‘ tefo.ox(zofr)dt

0

efo.ox(zofr)dt

o 008(20-0) 4 ~

— [12.5l670.08(20—t) _ 156.25670'08(204) j|2()

0

(12-5(0) ~008(20-0) _ 1 56 25,-008(20- o))}

= (250¢° - 156.25e°) - (o - 156.256*"6)

=250-156.25-0+31.55

=125.30
The accumulated present value is approximately
$125.30.

r —k(T-1)
_[( R(t)e ™" dt

0

_[ (2t+7)e”
_ J‘O‘ 25 0605-1) dl+.[0157e_0'06(15_[)dt

_ 2."15 1o 00605-1) g 7J‘5e—0,06(15—r)dt
0 0

We will use integration by parts to evaluate the
first integral.

J‘tem.o@(lsfr)dl

.06(15- t)dl

Let

u=tand dv=e gy

Then

du=dtand v =——¢ %05
0.06

Therefore, we have:
J‘tem.o@(lsfr)dt

— tefo,oe(lsfr) _J‘ 1 670.06(154)0,1‘

0.06 0.06
— 1 tef().()(v(let)_ 1 . 1 ef().()6(157t)+c
0.06 0.06 0.06

= 16.667%—0.06(15—:) _277.7786—0.06(157t) i C
Next, we find the definite integral

35.

575

J‘15 tefooa(ls t)dt
|: 6667[{00615 ) —277.778¢ ~0.06(15~ z)]o
=[16.667(15)¢ "0 —277.778¢ ™0+

(16.667 (O) efo.oa(lsfo) _ 277.7786—0.06(15—0) ):|

= (250¢° —277.778¢" ) - (0 277.778¢**)

=~250-277.778-0+112.936

=~ 85.158

Next, we integrate the second part of the
original integral. From the process of
integration by parts we know:

~0.06(15-1 L oos(is—
J‘e 0.06(15 )dl — e 0.06(15 )+C
0.06
=16.667¢ """ +.C
Finding the definite integral, we have:
15
J‘( e—O.()(y(lS—r)dt

0

- [16 667 ¢ 05015 ]15
. 0

=16.667¢’ —16.667¢ "’

=9.891
Putting it all together we have:

2 15 le—().()ﬁ(li—t)dl+7‘[1564).()6(15—r)dl
0 0

~2(85.158)+7(9.891)

=239.55
The accumulated present value is approximately
$239.55.

A continuous investment $2500 per year at 6%
will yield:

15
jls 25006 g — 2500 0061
0 0.06 N
2500 (eo 06(15) 60406(0))
"~ 0.06
— 2500 (e()_g _ 1)
0.06
~60,816.80

A single initial investment of $20,000 at 6%
will yield:

20,0002°%19 = 20,000¢"°

= 49,192.06

Therefore, the account in which $2500 per year
is continuously invested will have the greatest
future value of $60,816.80.
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36.

37.

38.

39.

The present value of an amount A due n

years from now is the amount that must be
invested today at a given interest rate,
compounded continuously, to grow to A in n
years.

Suppose an amount of money flows into an
investment continuously at a given rate until
some time in the future. Then the sum of all the
present values of the amounts of money that
flow continuously into the account is the
accumulated present value of the continuous
money flow.

Answers will vary.

y=1530025x

500

! L 1 ! 1) 25

0
The area and the number of tons of bauxite are

the same. Both are 5313.7 million metric tons.

y=2000¢006x
3500

0

0
The area and the future value of the continuous
money flow are the same. Both are $20,535.81.

Chapter 5: Applications of Integration

Exercise Set 5.3
e
2 52
b
=lim | x7dx
b—o0J2
-
= lim x_:|
b—00 i -1 X
b
1
= lim ——}
b—oo X )
= lim —l—(—lj
b—00 i b 2
— 1 1
—0+E (ASb%“{—;—)O)
_1
2

The limit does exist. The improper integral is
convergent.

- d
|07

. b 2
=lim | x"dx
b—oo J4

)
X
= lim —}

b—oo| —]

r b
= lim —l}

b—oo X

[
=lim|———| ——
b—o0 i b 4

4
The limit does exist. The improper integral is
convergent.

e d
L

. b ,1
=lim | x dx

b—o0 3

= lim [ In(x)].

b—oo
= lim[In(b) ~1n(3)]
Note that In b increases without bound as
b increases. Therefore, the limit does not exist.
If the limit does not exist, we say the improper
integral is divergent.
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o dx
4 x

. b ,1
=lim | x dx

b—ooJ4
= lim[In(x) .
= lim[In(b) ~In(4)]

The limit does not exist. The integral is
divergent.

J:o 3¢ dx
b
=1lim | 3e¢™dx
b—o0 J0
b
=lim [ie’” }
booo| 3 b
=lim[ ™ ]
=£LI£1°|:_673IJ 6730)i|
fim[

=1-0 |:Asb—>°°,€3b — 09,50 %—>Oj|
2

The limit does exist. The improper integral is
convergent.

J:o 4™ dx

b
=lim | 4e™*dx
b—o0 J0

b
4
. —4
= lim [—e *
b 1) —_—
b—> 4 o
. 4
=lim| —e x:l
b—oo

[T,
= Jim [ e ~(~¢") ]
[_

=lim[ —e™* +1]

h—o0
=1
The limit does exist. The improper integral is
convergent.

577

- dx
153
. b -3
=1lim | xdx
b—ooJ1
) b
=lim x_}
baoo—_z 1
r b
=lim —L
boeo| 2x° .
1 1
=lim| ———| - 5
S
1 1
=0+— (Asb—><><>,———>0)
2
_1
2

The limit does exist. The improper integral is
convergent.

- dv
1ox4
. b 4
:]11m lx dx
F b
=lim| —
b4>°°_—3 l
F LT
=lim ——3}
boeo| - 3x7 |
. 1 1
=lim| ———| - 2
)
_1
3

The limit does exist. The improper integral is
convergent.

=lim[In(2+x)]

b—00 0

=lim[In(2+5)~1n(2+0)]
=lim[In(2+5)~1n(2)]
Note that In(2 +b)increases without bound as

b increases. Therefore, the limit does not exist.
If the limit does not exist, we say the improper
integral is divergent.
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10.

11.

12.

o 4x
0 3+x

b 4
= lim [ ——dx

b—>e0d0 34 x

. b
=lim[41n(3+x)]
=lim[41n(3+b)~41n(3+0)]
=1lim[41n(3+b)~41n(3)]

Note that In(3+b)increases without bound as

b increases. Therefore, the limit does not exist.

If the limit does not exist, we say the improper
integral is divergent.

jm4x_2dx
2
. b -2
=lim | 4x"dx
b—o0 J2
[ 4x! ’
=lim —:|
1;—)00_ -1 X
T
= lim ——}
1:—)00_ X N
[ 4 (4
=lim| ——| ——
1;—)00_ b 2
=0+2 (Asb—>°<>,—%—>0)
=2

The limit does exist. The improper integral is
convergent.

jm7x_2dx
2
b
=lim | 7x7%dx
b—o0J2
o b
= lim | =
1;—)00_ —1 )
r b
= lim —1}
1;—)00_ X )
[ 7 7
=lim|-———| ——
b4>°°_ b 2
_7
2

The limit does exist. The improper integral is
convergent.

13.

14.

15.

Chapter 5: Applications of Integration

J e'dx
0

b
=lim | e'dx
b—o0J0

=tim[e'];
= fim[ <" ~(")]

=lim[ ¢ 1]

As b — oo,€” — o ; thus, the limit does not
exist. The improper integral is divergent.

jmez"dx
0
. b 2
=lim | edx
b— J0
- b
= lim —e“:|
1:—)00_2 R
1 1
=lim| —e* —| =¢°
boeo| 2 2
1 1
=lim| —e* —=
b—eo| 2 2

As b — o0,€*” — oo ; thus, the limit does not
exist. The improper integral is divergent.

J:o x2dx

. b 2
=lim | x"dx
b—o0J3

-
= lim x—}

b—oo| 3

= lim | 2 -4

b—oo 3 3

- 3
= lim b——9:|
b—oo| 3

v ..
Asb— rxv,? — oo ; thus, the limit does not

exist. The improper integral is divergent.
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17.

18.

Exercise Set 5.3

J:O xtdx

. b4
=lim | x"dx

b—oo 5

_x5 b
=lim| —
booo| §

= lim |~ -1
ol 55

[ 45
= lim b——625}
5

b—oo

bS
Asb— oo,? — oo ; thus, the limit does not

exist. The improper integral is divergent.

o
j xe“dx
0

b
=1lim | xe'dx
b—o0 J0

= limI:e'”(x 1 ]Z

b—o0

=lim[e" (b-1)—(¢* (0-1))]
1

Using integration by parts.

b—oo

=lim[e" (b-1)+1]

As b —> o0,€” (b—1) — oo ; thus, the limit does

not exist. The improper integral is divergent.

JTO In x dx

=1im [ Inx dx

b—oo 1

= gi_)rg[xlnx—x]lb
=lim[(bInb~b)~(1In1-1)]

= lim[ (b(Inb—1))+1]

b—oo
As b — oo,b(Inb—1) — oo ; thus, the limit does

not exist. The improper integral is divergent.

19.

20.

J me "™ dx, m>0
0

b )
=lim | me ™dx

b—o0 J0
b
. m  _
= lim [—e ’”X}
b—o —m o
fim [ —” ]
=lim [ e’
b—o0
I: eﬂnh +1:|
b—o0

. 1
- 1!1_)1’2,|: emb :|

=1-0 |:Asb—> o0,e™ 5 00,50

)]

=lim

1
emb - Oj|

=1
The limit does exist. The improper integral is
convergent.

j: QeMdt, k>0
b
T —kt
=fim [ e e
r b
= lim gek’}
1:—)00__k o
r b
= lim —gek’}
b4>°°_ k b
:llm _ge’k'l’_ _ge*k'O
1;—)00_ k k
= lim —ge”""+ge0
ok k
. Jo 1
‘2211_;(1‘67
=%(1—0) |:Asb—><><>e — 00,50 kh—>0:|
_Q
k

The limit does exist. The improper integral is
convergent.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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< dt
21 o 24,
=lim [ "dy
[ 000 b
= lim
b=eo| —0.001 .
[ 10007
= 1}1_)[1010 - {0001
— lim| — 1000 _(_ 1000
= et bO‘OOI (ﬂ_)0,00l
1000
=0+ ”0001 (AS b — c0,— bi)(?(())(())l - O)
1000
- ”0.001
=~ 998.86
The limit does exist. The improper integral is 25.
convergent.
P
L +1
= lim 02
b—oo J] l +1
_1 2
= lim[n(¢" +1)];
1 2 _ 2
‘}L‘E[ In(b? +1) 1n(1 +1)]
T 2
= lim[In(5" +1)-1n(2)]
Note that In (b2 + 1) increases without bound as
b increases. Therefore, the limit does not exist.
Thus, the improper integral is divergent.
2. [ rar

—oco

0 o
= tdt+ _[0 t dt  Using Definition 2 with ¢ = 0.

= lim [ tdr+1im [ R

a—-0da b—o0

> 0 > b

= lim | =] +1im| &

a—»-o| 9 ., booo| )
0* o ¥ 0
= lim | ——— [+ lim| — ——
asoo| 2 2| bow| 2 2

2 2
. ..a . .
Neither lim — nor lim — exists, so the

a—- ) b—oo )

integral is divergent.

26.

Chapter 5: Applications of Integration

:0+l (Asb—>oo—+ 0)
2 b7+
_1
2

The limit does exist. The improper integral is
convergent.

The area is given by

j —dx— lim x* dx

b—oo

-
= lim x—}

b—oo| 1

The area of the region is %

The area is given by

ool . b 1
j —dx=1im | x dx
2 2

X b—oo
. b
= lim[In(x)],
— tim(1n(5) - 1n(2)]
The limit does not exist. As b increases,

In b increases without bound. The area is
infinite.
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28.

29.

30.

Exercise Set 5.3

The area is given by

J:o 2xe_x2 dx

R
=lim | 2xe™ dx
b 0

—500

b—oo

=lim —e_b2 - (—e'oz )}

r b
. _2
= lim —e*]

b—oo

= lim| = + 1]

b—oo|
. 1
=lim| ——+1
b—oo b
L €

=—0+1 I:Asb—>°<>,—%—>0i|
e

=1
The area of the region is 1.

The area is given by:

IM;dx
°© J(Bx-2)

= tim [ (3x—2) 2 dx
6

b—oo

1
The area of the region is —.

From Theorem 2, The accumulated present
value is given by
" Petdr = L

k

0
Substituting 3600 for P and 0.07 for k, we have:

3600

[ “ 3600600 dr = 22 ~ 51,428.57 .
0 0.07

The accumulated present value is approximately
$51,428.57.
- Pe "dt = L

k

0

[ " 3500e°% g7 = 2200 _ 58.333.33 .
0 0.06

The accumulated present value is approximately
$58,333.33.

31. Total profit

581

is given by:

P(x) = [ 200e" dx

= lim

b—oo

= lim

b—oo

= lim

b—oo

b

. 200e""** dx
(200 o]
| -0.032 X

[—6250670'03“ :IZ

= z}im —625000032 —(—62506_0‘032(0))}
. 6250

- lim| - S35+ 6250

=6250

The total profit if it were possible to produce an
infinite number of units is $6250.

32. Total profit

is given by:

P(x) = [~ 200x7""dx

= lim

b—oo

= lim

b—oo

= lim

b

1 200x—1.()32dx
(200 0|
| -0.032 1

[-6250x70" ]

b
1

b—oo
= lim | 62506 ~(~6250(1) """
b—oo |
[ 6250
- Jim| -5 +6250}
= 6250

The total profit if it were possible to produce an
infinite number of units is $6250.

33. The total co

st is given by:

C(x)= | 3600x"*dx

b
= }im 1 3600x"*dx
r b

= fim| 2800 s

e 087 |,
T —087°
= lim [ 4500 ]1

[ 4500 4500
= 1!1_)11010 - pO8 - 108
=0+4500 (Asbew,—%eo)

0

=4500

The total cost would be $4500.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



582

34.

35.

36.

37.

Total production is given by:

j:’ 2000¢"4 dr
b
= lim [ 2000 ds

r b
i ] 2000 o
boeo| —0.42

i 2000 s (2000 o
beo| —0.42 —0.42

[ 2000 2000
= hm 0.42b +
boeo| —0.42¢" 0.42
~0+4762
=~ 4762

0

The firm can produce approximately 4762 tires.

From Theorem 2, The accumulated present
value is given by

J:o Pedt = %

Substituting 5000 for P and 0.08 for k, we have:

5000

| ~ 50006 % dr = 2 ~ 62,500 .
0 0.08

The accumulated present value is $62,500.
oo P

j PeMdt =—
0 k

J’:’ 200001 . 0971 ¢

— lim ObZOOOe’O'Ogtdt

b—oo

B b
= llm 2000 e—0,0St
ves| 0,08 i
= lim 25,0000 —(~25,000¢ " )]
. [ 25,000
- 1!22__ 008 +25, 000}
= 25,000

The accumulated present value is $25,000.

c=c¢,+ J‘:m (t)e"dt
Substituting 500,000 for ¢, 0.05 for », and
20,000 for m(t) , we have:

38.

39.

Chapter 5: Applications of Integration

¢ = 500,000+ j: 20,000e " di

= 500,000 + lim ﬂ 20.000¢% g1

b
= 500,000 + }}im [M e }

—0.05
= 500,000+ lim | ~400,000 (¢ —¢ ") |

b—oo

0

= 500,000 +[ ~400,000(0 1) ]
= 500,000 + 400,000
= 900,000

The capitalized cost is $900,000.
c=c¢,+ J‘:m (t)e"dt
¢ = 700,000 + j: 30,000 dr

=700,000 + lim : 30,000¢0%% dz

b
= 700,000 + gim [Meo.om :|

~0.05
=700,000 + lim [ 600,000 (¢ =" |

b—oo

0

= 700,000 +[ -600,000(0 1) ]
= 700,000 + 600,000
= 1,300,000

The capitalized cost is $1,300,000.
P
IT PeMdt = —(1 —e )
0 k

As T — =, we have:

lim [ P()e ™ dt

T—ood0
r T
1z P —kt
=lim| —e
T—oo| —k b

th iefkT_ iefk{)
| —k —k

N [

Substituting 0.00003 for k, and 1 for P, we have
P 1

% 0.00003
The limiting value of the radioactive buildup is

33,3331 pounds.

~ 33,3331,
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a0. | " petiar = L
0 k

o 1
j 1™ g = ~435
0 0.023

The limiting value of the radioactive buildup is
about 43.5 pounds.

4. E=|'Retar

a) Note that 60.1 days is
0.1

60.
00 = 0.16465753 yr .
365 ° y

Using the half-life, we find k as follows:
1 ~k(0.16465753)

EPO = Poe

= phoesesTSy) ding by P,

—0.16465753
=1n(e 0.164657. k)

l)
2
1
In (5) =—-0.16465753k

~0.16465753
4.20963 = k
The decay rate is 420.963% per year.

b) The first month is % yI.

E = J'O%210641,20963tdt

— 10 [64.2()9631‘ :I%z
—4.20963 0
_ 10 [64-20963(%2) _ e4.20963(0)j|

—4.20963
10
 —4.20963

= (.702858
In the first month, 0.702858 rems of energy
is transmitted.

¢) E= J‘(:01064L20963tdl

-0.3508025
[ 1]

b
E — gim . 10674.209631‘(1[

—300

_ 10 J'°°Pe,k, _Pr
4.20963 0 k

=2.37551
The total amount of energy transmitted is
2.37551 rems.

42,

43.

583

E=["Petdr

a) Note that 16.99 days is approximately
0.046548 yr.

l P =P, o~ H(0.046545)

—k(0.046548
o054

In (%j —In ( 0046548 )

In (%) =—0.046548k

14.891 =k
The decay rate is 1489.1% per year.

b) The first month is % VI.

E= J%ZIOEM‘SWdt
0

_ 10 [6—144891t:|%2
-14.891 0
= 0.47739
In the first month, 0.47739 rems of energy is
transmitted.

) E=[ 10e™"" dr

E = lim [ 10e#%" g

b—0o0J0

10

14.891
= 0.67155
The total amount of energy transmitted is
0.67155 rems.

e d.
I

b _2
= l1mj X Adx
b—o0 J0

% ]
=lim| —
b—oo %

0

r b
= lim| 32/ }

b—oo o

= lim| 3 —3(0)%]

=lim[3-3/5 ]

b—oo

As b — oo, % — oo, Therefore, the limit does
not exist. The improper integral is divergent.
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M [T 46. [ o
o Ux —° .
1 2x
= Illm Jlb xi%dx - a1—1>1}‘°1° a e dx
b—00 _ 0
- 1
s = lim —e“}
= ]l1m 7 L 2 a
L 72 1 -1 1 2(0) 1 2(a)
T =t 52
= lim 2xﬂ L
ot ! 1 o 1, :|
r = lim | —e¢ ——e™
= lim 2" —2(1)%} a2 2
- 1
= li b — =—-0
=lim[2-Vb 2] 2
As b — oo, \/Z — oo, Therefore, the limit does _ l
not exist. The improper integral is divergent. 2
Therefore, the limit exists. The improper
oo integral is convergent.
45 _[ dx - g g
0 (x+1) 2 o )
) ; 47. JO xe " dx
= tim [ (x+1) 2dx .
b—o0 J0 . —x
- b zggg , e dx
) (x+1)_é | 2
= l}gg o = }L‘E}, . —5~(—2)xe_x dx Multiplying by 1.

L 0

- b
[ 2 K = lim _le—xz Using substitution where
=lim| - boo| D u=—x? and du=-2x dx.

b=l x+1 ], -

- 1 1 o2
— 1 _ —b N (())
= fim| ——2 —[— 2 H e 2 [ 2¢

b=l Ab+1 VO+1

- o1
. 2 =lim| — —+—
=lim| — +2 b 9pb 2

bool Ab+1
2 —0+1 |:Ab ! 0
=0+2 As b — o0, — -0 Ty ST 7
|: Vb +1 :| €

1
=2 =_
Therefore, the limit exists. The improper 2
integral is convergent. Therefore, the limit exists. The improper

integral is convergent.
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48. | xedx
= J.L xe’x2 dx + J: )ce’x2 dx

. 0 7!(2 . b 7)(2
=lim | xe" dx+lim | xe™ dx

a——da b—oo

. 1 21 T 1 .7
= lim | ——e¢™ +1lim| ——e™
a——o0 2 ’ b—00 2 )

See Exercise 47.

1 1
= ——1lim |:e’(0)2 _ ef(a)2 :| — —lim |:e—/72 _ e—(l))2 :I
2 a—eo 2 boeo

1 1
=——(1-0)-=(0-1
L(1-0)1(0-1)
1 1
=——+_
2 2

=0
Therefore, the limit exists. The improper
integral is convergent.

49. I:E(t)dt

= J‘wte’k’dt
0
: b —kt
=1lim | te™dt
b—o0 J0
r b
, | "
= lim —-e " (—kt —1)
b—oo I (—k) )
. kt+17
=lim| — oo
b—oo L ke N

| w1 ( k(0)+1
=lim| —————| -
b—00 ke kzek(o)

. kb+1 1
s
1 kb +1
Zk—z [Asb%w,—w—)()}
The integral represents the total dose of the
drug.
1
50. 100 = el
21
100
1
k=— k>0

kis 0.1 mg/hr.

51.

52,

53.

54.

5S.

585

Since the area of the region under the graph
of y= iz on [1,00) is finite, you could buy
paint toxcover it. The area of the region under
the graph of y = 1 on [1,00) is infinite, so you
could not buy enojilgh paint to cover the total

area.

You would use the concept of the

accumulated present value of a perpetual
continuous money flow to determine the present
value of the entire stream of future rental
income.

y = xe~0-1%

0 L L L 100
0

Using the fnlnt feature on a graphing calculator
with a large value for the upper limit, we find

= 4
[ —dax=r=314
I l+x

Using the fnlnt feature on a graphing calculator
with a large value for the upper limit, we find

dx =1.2523.

Jl 5+¢"
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Chapter 5: Applications of Integration
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7. f(x)= % 1]
P([l,e]) = Jlef(x) dx
= leldx

=[Inx]

=1In(e)—1In(1)

=1-0

3 3 - b
1 _(_1 = lim if”}

12.  f(x)=4e™, [0,)
P([0.00)) = [ (x)ax

b
=lim | 4e™*dx
b—o0 J0

booo| —4

0

= lim _—e_“’ - (—6_4(0) )}

b—oo|

= lim ——_+1}

b—oo e

=1

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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13.

14.

15.

f(x)=ke,  [2,5]
Find k such that j; kxdx = 1
We have

5,
jsxdx = |:x_:|
2 2

2

2 2

25 421

2 2 2
Thus k= L = 3 and the probability densit
TR P y ey

2
2

function is f (x) = oF

f(x)=ke, [L4]
Find k such that jf kxdx = 1
We have

54
rxdx = |:x_:|
1 2

1

Thus k = % = % and the probability density

2
2

function is f(x) = Ex.

flx) =k, [-11]
Find k such that | kv’dx =1
We have

16.

17.

18.

Chapter 5: Applications of Integration

Thus k=—= % and the probability density

W]~

function is f (x) = %xz.

fx) =k, [2.2]
Find k such that ji kx’dx =1
We have

frels]
303
8§ —8_16

3 3 3

Thus k = % = % and the probability density

3

3
function i =—x".
unction is f(x) 16 by

f(x)=k [L7]
Find k such that j: kdx =1
We have
Jlax=[x]]
=[7-1]
=6

1
Thus k=6= 3 and the probability density

function is f(x) =

N

f(x)=k  [3,9]
Find k such that j: kdx =1
We have

Jj dx = [x]z
=[9-3]
=6

1
Thus k=6= 3 and the probability density

| -

function is f (x) =
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20.

21.

Exercise Set 5.4

f(x)=k(2-x), [0.2]

2
Find k such that [ k(2—x)dr=1
We have

1
Thus k = 2 and the probability density function

1 2—x
i =—(2-x)= .
is/(x) =5 (2-x) =2
f(x)=k(4-x), [0.4]
4
Find k such that [ k(4—x)dx=1
We have

1
Thus k = 3 and the probability density function

isf(x)=%(4—x)=4gx.

. [13]

3k

Find k such that j Sdx=1
I x

‘We have

J‘jidx = [ln(x)]l3
= [in(3)-mn(1)]

=In3-0=1n3
1
Thus k= —1 3 and the probability density
n
1 1 1
function is =— —= .
f(x) In3 x xIn3

22,

23.

24,

. [12]

. 2k
Find k such that j Sdx=1
I x
‘We have

12§dx = [ln(x)]l2

=[n(2)1n(1)]

=In2-0=1n2
1
Thus k = Y and the probability density
n
1 1 1
function is =— —= .
=17 T " 2
f(x)=ke', [0,3]
Find k such that j: ke*dx =1
We have

Joeas=[e]

and the probability density

e -1

1 X
function isf(x): S l-ex = f T
e — e —

f (x) = ke*,
Find k such that joz ke'dx =1
We have

J‘Ozexdx = [e‘” Jz

[0.2]

=e -1
1
Thus k =— I and the probability density
et —
function isf(x) _ et = <
e -1 -1

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley

589



590

6> 27
T100 100
_36-4
100
32
100
= 3 =0.32
25
The probability that the dart lands in the

interval [2,6] is i ,or 0.32.
25

b) The answer to part (a) is the area under

the graph of f over a subinterval from 2 to 6.

26. a) f(x)z%xz, for0<x<5

43 13
T125 125
-9 0504

125

The probability that the dart lands in the
interval [1,4] is 8 or 0504,
125

b) The answer to part (a) is the area under

the graph of f over a subinterval from 1 to 4.

Chapter 5: Applications of Integration

27. f(x):%, for4 < x <20

16 16
_20-9
16
1 0.6875
16
The probability that the number selected is in

the subinterval [9,20] is % , or 0.6875.

28. f(x)=%, for5<x<29

_15
24
= > =0.625
8
The probability that the number selected is in

the subinterval [14,29] is g ,or 0.625.

29. From Example 10, we know

1
f(x)=ke™, for 0< x <eo, where k =—and a
a

is the average distance between successive cars
over some period of time.
First, we determine k:

k =L=0.01 .
100

The probability that the distance between cars is
40 feet or less is calculated as follows:
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P(0<x<40)= J‘:OO.Ole—o.mx g

40
— 001 ef().()lx
~0.01 \

_ [_efo.ou :|40
o

_efo.ol(40) _ (_64).01(0) )

— e 10
=—e " +1
=-0.670320+1
= 0.329680

=~ (0.3297
The probability that the distance between
two successive cars, chosen at random, is 40
feet or less is 0.3297.

30. f(x)=ke™, for0<x<eoo
k= L 0.005 .
200
P(O <x< 10) = J‘M)().Ooseﬂoosxdx
0

_[ 0005 o]
-0.005

_ [_e—o.oosx j|“’
o

—0.005(10 —0.005(0
e _ (g 0o0s))

0

=—e " te
= 0.0488
The probability that the distance between

two successive cars, chosen at random, is 10
feet or less is 0.0488.

31. f(r)=2¢™, for0<r<oo
P0<1<5)=["2ear

5
15
-2 )

=—" +¢
=—""+1

= —0.0000454 +1
=0.9999546

= 0.999955
The probability that a phone call will last no
more than 5 minutes is 0.999955.

591

32, f(r)=2¢", for0<r<oo

P0<r<2)=[ 2 dr

5]
-2 o
= e (=)

-4 0
=—e +e

= (0.9817
The probability that a phone call will last no
more than 2 minutes is 0.9817.

33. f(t):ke"", for 0 <t < oo, where k:landa
a

is the average amount of time that will pass
before a failure occurs.
First, we determine k:

k =L=0.01 .
100

The probability that a failure will occur in 50
hours or less is

P(O <x< 50) = 1500-0164)'()“dx

50

=l: 0.01 eo.mxi|

-0.01 )
_T_ -001T®
=[]

_64).01(50) _ (_64).01(0) )

= e 40
=—e" +1
=—0.606531+1
= 0.393469

= 0.3935
The probability that a failure will occur in
50 hours or less is 0.3935.

3. R(1)=1-] 0.01e""dr

Integrating we have:

T
R(1) = 1_[ 0.01 4}
~0.01 ,

) = 1_[_6—0,0”]2
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35.  f(x)=8.1305¢""", for 1< x <85

85
a) Find k such that jl Kf (x)dx =1
We have
) "8.1305¢" 7 dx

[8 1305 qre, }

0.074 < |
~ 109. 8716216[ 0074(35) eo-om(n)]
~59,119.34
Thus,

= ————~0.000017 .

59,119.34

b) The probability density function is
kf(x) = (0.000017)8.130560'07“, for [1,85]
=(1.382x107) "7

The probability that a female who died in
2003 was between 25 and 40 years old is:

P ([25,40]) = J:: (1 382%107* ) SO0 g

_[1382x10% ¥
0.074

25

~[0.0018676¢"™* ]‘:5’

= 0.0018676(¢" ) — 740

= (0.024
The probability that a female who died in
2003 was between 25 and 40 years of age
was approximately 0.024.
Note: if we waited until the end of all

calculations to round, the probability would

be 0.02404.

36.  f(x)=17.359¢"""", for 1 < x <85

85
a) Find k such that jl Kf (x)dx =1

We have
) *17.3596°%7 dx
17.359 o]
0. 067 .
~259. 0896|: 0.067(85) _60,067(1):|
=~ 76,770.19
Thus,
1
=——~0.000013=1.3x10"".
76,770.19

Chapter 5: Applications of Integration

b) The probability that a male who died in
2003 was between 20 and 30 years old is:

P([20.30]) = [ (1.3%107)17.359¢" " dx
=[0.003368¢"*"* |
20

~0. 003368( 0.067(30) eo.om(zo))

=0.012274
The probability that a male who died in
2003 was between 20 and 30 years of age
was approximately 0.01227.
Note: if we waited until the end of all

calculations to round, the probability would
be 0.012299.

37. f(1)=0.02¢"", for 0<t <eo

P(0<1<150)= jo‘s" 0,026 gt

_[002 o ]”
-0.02 X

[ ~0.02 ]'50
=|—e
o

_p0020150) _ (_64)‘02(0) )

=—e" +¢°
=—e" +1
= —0.049787 +1

= (0.950213
The probability that the rat will learn its way
through a maze in 150 seconds, or less, is
approximately 0.950213.

38.  f(1)=0.02¢"", for 0<t<eo

P(0<1<50)=["0.02¢ ™ dr

~ 50
[ e 0.02j|
0

_670.02(50) _ (_670.02(0) )

=—e"'+1

=0.632121
The probability that the rat will learn its way
through a maze in 50 seconds, or less, is
approximately 0.632121.
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39.

40.

41.

Exercise Set 5.5

f (x) = x’ is a probability density function over
[0, b] . Thus,
b
[ F(x)ax=1
jbx3dx =1
0
4P
4 0
4 4
LARN U
4 4
4
LA
4
b =4
b=14
b =12

b=+2

f(x)=x"is a probability density function over
[0.42].

[ 12xdx=1

[4x'] =1

4a* —4(-a)’ =1
4a’ +4a* =1
8a’ =

s 1

a =—

8

1

a=—

2

f (x) = 12x7is a probability density function

over the interval —l,l .
22

In Exercise 37 we found that
P(O <t< 150) =(.950213 . Since thisis a

probability density function, we know
) 150 oo
[ r(ax=]"f(x)dx+]_f(x)dx=1
Thus,
o 150
J‘lS()f(x)dx - 1—-[() f(x)dx
=~1-0.950213
=0.049787

Thus, the probability that a rat requires more
than 150 seconds to learn its way through the
maze is 0.049787.

593

42. Answers will vary. Examples include the

probability of precipitation in a weather
forecast, the probability that a particular
candidate will win an election, the probability
that a flight will arrive on time, the probability
that particular treatment will heal a sick patient,
and the probability that a particular team will
win an athletic competition.

43 - 54. Check your answers using the solutions to

Exercises 1-12.

Exercise Set 5.5
7()=5. )
4
E (x) = jbx~ (x) dx Expected value of x.

w

by
=

I
[ S—

>
N

&

1] % ’
4_2}3
17 3
_2_7_7}
1149 9
"2_7_5}
140
=75
=5
E(x2)=J‘jx2 f(x)dx Expected value of x.
E(x2)=L7x2~ldx
1 ’
4| 3 l
1|73
"Z_?_?}
_1[343 27
_Z_T_?}
1 316
=73
79
E)
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U=E (x) =5 Mean
o = E(xz)— E()C)J2
79 Substituting 79/3 for E{ x2
:?_[5]2 and 5 for E(x) ( J
= B =25
3
1975
33
= i Variance
3
o=Vo’
= i = i Standard deviation
3 3
1
2 f)=1 [
s 1
E(x) = L x;dx

1|:)c3:|8
503,
_ 118 3| 1485 97
513 3| 5 3 3
11
=E = —
H=E(x)=7
o’ =E(x2)—[E(x):|2
_2_[22_2
3 2] 12

o [B_ 5
12 23

3.

Chapter 5: Applications of Integration

f(x)z%x, [0.4]

E(x) = jbx . f(x) dx Expected value of x.
E(x) = j:»%xdx

= j:%xzdx

E(xz) = jbxz f(x) dx Expected value of x°.
a

_1.25
8 4
=8
u=E(x)= % Mean
o= E()c2 ) —[E ()C)J2
8T Substituting 8 for E(xz)
=8- 3 and 8/3 for E(x)
_g ™
9
_72 4
9 9
= § Variance
9
oo
= § = 2 Standard deviation
9 3
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f(x)ng, [0’3] E(x2)=J‘hx2-f(x)dx Expected value of x°.
9 a
32 32 E(x2) = 3 2.1 d
E(x)=I()x~§xdx=J0§xzdx (x ) L x3 4x X
_EFT -] e
903 |, 7
3 3 N
=z{3__0_}=3_9=2 Ml
913 3 9
3* o
E(xz):jzx2 %xdxz.[ %x3dx _|:16_E:|
zH -1
9 4 |, _
4 4
SERIEER -
U=E(x)=2 &:E(xz)—[E(x)T
o E(xz)—[E(x)]2 ~ _[1_}2 SubstitutingSforE(xz)
9 .1 - 6 and 13/6 for E(x)
2 )
1 1 36
TR _180 169
36 36
1 11 .
f(x)=zx, [1.3] =% Variance
E(x) = jbx . f(x) dx Expected value of x. o= \/g
E(x)zrx 2 vdx = % 2% Standard deviation
1
3 x2
e 6 f(x)z%x, [1.2]
3 3
X 2 2 2
Lzl E()c)=j1 X gxdx=J g *dx
33 13 2 x3 2
55 ke
_26 L2128 )27 14
12 "33 3] 33 9
BE -
6 E(xz)—j1 x2~—xdx:_[ Zxtdx
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u=E(x)="

O'ZZE()CZ)—[E()C)]2

5 (147 13
=5_[9} _

9| 162
13 1 [13
o=,|—==,]—
Vie2 9\ 2

Expected value of x.

3 [0]2 Substituting 3/5 for E(xz)
5 and 0 for E(x)

=— Variance

Expected value of X

8.

Chapter 5: Applications of Integration

o=

= |= Standard deviation

1 12 12 4
E(xz):j_lzx2 %xzdx— _1 %x“dx
H
15,
B 15 15 5
5
=E(x)=-=
H=E(x)=~7

1 1
f(x) =5 [1.5,7.5]
b
E(x) = x-f(x) dx Expected value of x
7.5 1 1
E(.X) _J‘I.S E;dx
—J‘TSL
s s
1 7.5
=E x]1.5
1
=—[75-15
lnS[ ]
_5
~InS
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Exercise Set 5.5

Expected value of X

,u:E(x):nis Mean

o= E(xz) —[E()c)]2

_1_[1}2
In5 | In5
_27_ 36
“In5  (in5)
" (ins)  (ins)
_27In5-36
- (lnS)2
o
_ [271n5-36
- (1n5)2

V27In5-36

= - - Standard deviation
In5

Substituting 27/1n5 for E(xzj
and 6/1In5 for E(x)

Variance

11
10. f(x)=m-;, [0.8,3.2]

32 1 1 32 ]
E(X)ZJ‘OBX'E';dX: O.SM X

1 3.2 1 2.4
=— 1] =—[32-08]=22
In4 [x]o'x In4 [ ] In4

2\ 3.22Ll _ nL
E( ) josx .ln4 : 081n4xdx

1 |:_x2 32

T In4l 2 |,

1| (32) (08)

CIn4| 2 2

_48

" In4

2.4

E(x)=22

=1z
X

y7,
o =E( 2)—[E(x)]2
ﬂ{ﬁ}
" In4 |In4
_48 576

In4  (In4)’
_ 4.8In4-5.76
(In4)’

o=\o"

_ [481m4-576
(In4)’
J4.8In4-5.76

In4

11.

-2 -1 1 2913

Using Table 2, we have
P(0<x<2.13)=0.4834

12. P(0<x<0.36)=0.1406

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley
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13.

2 371 1137 2

P(-137<x<0)
=P (0 <x< 1.37) Symmetry of the graph.
=0.4147 Using Table 2.

14. P(-2.01<x<0)=P(0<x<2.01)=04778

15. Using Table 2, we have:

\

%)
=
N

-1.89 0.45 1.89

Symmetry of the graph
=0.4706+0.1736  Using Table 2
=0.6442

16. P(-2.94<x<2.00)
=P(-2.94<x<0)+P(0<x<2.00)
=P(0<x<2.94)+P(0< x<2.00)
=0.4984+0.4772
=0.9756

Chapter 5: Applications of Integration

17. Using Table 2, we have:

y

2 1 0 1135145 5

P(1.35<x<1.45)
=P(0<x<145)-P(0<x<1.35)
=0.4265-0.4115

=0.0150

18. P(0.76<x<145)
=P(0<x<145)-P(0<x<0.76)
=0.4265-0.2764
=0.1501

19. Using Table 2, we have:

y

127, 058

P(-1.27 < x<-0.58)
=P(0.58<x<1.27) Symmetry of the graph.
=P(0<x<1.27)-P(0<x<0.58)
=0.3980-0.2190

=0.1790

20. P(-245<x<-1.24)
=P(1.24<x<2.45)
=P(0<x<245)-P(0<x<124)
=0.4929-0.3925
=0.1004
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21. 25. P(24<x<30)
Mean =22

Standard deviation o =5
First, we standardize the numbers 24 and 30.

30 is standardized to —H_ 30-22 8 =1.6
o 5 5
24 is standardized to a s 24-22 = % =04
-3 -2 -1 0 1 2 33 le Th o 5 5
: en,
P(x=3.01) P(24 < x<30)
=0.5-P(0<x<3.01) =P(04<z<1.6)
=0.5-0.4987 =P(0<z<1.6)-P(0<2<04)
=0.0013 =0.4452-0.1554
22. P(x>101) =0.2898
=05-P(0<x<101) 26. P(2<x<27)
=0.5-0.3438 We standardize 22 and 27.
=0.1562 27 is standardized to —H_ 27 22 é =1.0
o 5 5
23. a) _ _
¥ 22 is standardized to a s 22-22 = 9 =0
o 5 5
Then,
P(22<x<27)
\ =P(0<z<1.0)
/ \ =0.3413
- % > s - 27. P(19<x<25)
( 1< xSl) Mean u =22
_ <y <. < Standard deviation o =5
- P( = )+ P (O =X= 1) First, we standardize the numbers 19 and 25.
=P +P(0<x<1 — —
( ) ( o ) 25 is standardized to b-u = 25-2 = 3 =0.6
Symmetry of the graph o 5 5
=2[P(OS xs 1)] 19 is standardized to J:H:?:—O.G
5
=2[0.3413]  Using Table 2 Then 7
=0.6826 P(19< x<25)

b) 0.6826 =68.26% _ P(-06<2506)

24. a) P(-2<x<2) =P(-0.6<z<0)+P(0<z<0.6)
=P(2<x<0)+P(0<x<2) =P(0<z<0.6)+P(0<2<0.6)
=P(0<x<2)+P(0<x<2) Symmetry of the graph
=2[P(0<x<2) =2[P(0<2<06)]
=2[04772] =2(0.2257]
=0.9544 =0.4514

b) 0.9544 =95.44%
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28.

P(18<x<26)
First, we standardize the numbers 18 and 26.
b—pu 26-22 4

26 =—=0.8
o 5 5

lg:ﬂ:M:__‘t:_O.g
o 5 5

Then,

P(18<x<26)

=P(-0.8<2<0.8)
=P(-0.8<2<0)+P(0<z<0.8)
=P(0<z<0.8)+P(0<z<0.8)
=2[P(0<z<038)]

=2[0.2881]

=0.5762

29 — 46. Check answers using solutions to Exercises

47.

48.

11-28.

We first standardize 300 orders. The mean is
250 and the standard deviation is 20, so 300 is
standardized to

b—u _300-250 50
o 20 20
Therefore,

P(x=300)
=P(z225)
=0.5-P(z<25)
=0.5-0.4938
=0.0062

=0.62%
The company will have to hire extra help or pay
overtime 0.62% of the days.

SENER
2

Using Table 2

We first standardize 1100 loaves. The mean is
1000 and the standard deviation is 50, so 1100
is standardized to

b—p _1100-1000 _ 100

=2
o 50 50
Therefore,
P(x=1100)=P(z>2)
=0.5-P(z<2)
=0.5-04772
=0.0228
=2.28%

The company will have to pay bonuses 2.28%
of the days.

49.

50.

51.

Chapter 5: Applications of Integration

We first standardize 40 seconds. The mean is
38.6 and the standard deviation is 1.729, so 40
is standardized to

o 1.729
Therefore,
P(x<40)
=P(z<0.81)
=0.5+P(0<z<0.81)
=0.5+0.2910

=0.7910
The probability that the next operation of the
robogate will take 40 seconds, or less, is 0.7910.

Using Table 2

Standardize 35 seconds and 40 seconds.

H=36.2

6=2.108

40 is standardized to 2=# 2307362 _, ¢4
o 2.108

35 is standardized to 4% = P =302 _ 4 57
- 2.108

Therefore,

P(35< x<40)

~ P(-0.57<z<1.80)
~P(-0.57<z<0)+P(0<z<1.80)
~P(0<2<0.57)+P(0<z<1.80)
= 0.2157 +0.4641

= 0.6798
The probability that the next operation will take
between 35 and 40 seconds is 0.6798.

We first standardize the scores 80 and 89. The
mean is 65 and the standard deviation is 20.
89 is standardized to

b—p _89-65 24 _

— =—=1.2
o 20 20

80 is standardized to

a-p _80-65_15_ s
o 20 20

Therefore,

P(80<x<89)

=P(0.75<z<1.2)
=P(0<2<12)-P(0<2<0.75)
=0.3849-0.2734

=0.1115
The probability of making a B on the biology
examis 0.1115.

Using Table 2

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



52.

53.

54.

Exercise Set 5.5

a)

b)

¢)

b)

P(sz)Z%ZOS

0.3=0.5-0.2 and 0.2 corresponds to
z=0.521n Table 2, so we have z = —-0.52.

P(sz)=%=0.5

0.5=0.5+0and O corresponds to z=01in
Table 2, so we have z=0.

95
P(x<z)= o0 =095
0.95=0.5+0.45 and from Table 2 we see
that 0.45 corresponds to a value of z
halfway between 1.64 and 1.65, or 1.645.
Thus, z=1.645

Find z such that P(x < z) =0.35

0.35=0.5-0.15and 0.15 corresponds to
z=0.391in Table 2. Then the score that
corresponds to the 35™ percentile is 0.39
standard deviations less than the mean, or

1020- 0.39(140) =~ 965.
Find z such that P(x < z) =0.60

0.60 =0.5+0.1and 0.1 corresponds to
z=0.251n Table 2. Then the score that
corresponds to the 60" percentile is 0.25
standard deviations more than the mean, or

1020+0.25(140) = 1055.

Find z such that P(x < Z) =0.92

0.92 =0.5+0.42 and 0.42 corresponds to
z=1.411in Table 2. Then the score that
corresponds to the 92" percentile is 1.41
standard deviations more than the mean, or

1020 +1.41(140) = 1217.

1=2010=23

a)

Standardize 185 and 215.
b—u  215-201 _ﬂ

215 ~0.61
o 23 23
1g5; 44 1892201 16 9
o 23 23
P(185< x<215)

=P(-0.70<z<0.61)
=P(-0.70<z<0)+P(0<z<0.61)
=P(0<2<0.70)+P(0<z<0.61)
=0.2580+0.2291

=0.4871
The authors score will be between 185 and
215 about 48.71% of the time.

b)

601

Standardize 160 and 175.
b—u 175-201 =26

175: 274 = =2 113
o 23 23

j60; A4 100201 A1, 40
- 23 23

P(160 < x <175)

=P(-1.78<z<-1.13)
=P(1.13<z<1.78)
=P(0<z<1.78)-P(0<z<1.13)
=0.4625-0.3708

=0.0917
The authors score will be between 160 and
175 about 9.17% of the time.

Standardize 200.

200. 224 20°201_ZL_ g4
o 23 23

P(x>200)

= P(z>-0.04)

=P(-0.04<z<0)+P(0<z)

=P(0<2<0.04)+P(0<z)

=0.0160+0.5

=0.5160

The authors score will be between greater
than 200 about 51.6% of the time.

—

Expected value of x.
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602 Chapter 5: Applications of Integration

b 3
E(x2)=L xz-f(x)dx Expected value of x”. 56. f(x):?’x%’ [a’oo]
2\ _ [ 2 1 -
E(.X')—J‘u-x b_adx E(x):J‘ _x3i4dx
_ a X
= 1 x_3 i . h3ad’
b-al 3 | = jim | —5-dx
= 1 E_i = lim b3a3x73dx
b—a 3 3 b—ooda )
- 1
3 3 —1i 3 -
_ 1 |b’-a —ggg?)a[ 2le
b-a 3
_ 2 2 = lim 3a’ L G
1 .(b—a)(b +ab+a) faes b2 242
b—a 3 1
3
:b2+ab+a2 =3q [()Jrg}
3 3
b+a :3a
,u=E(x)= Mean 242
3a
2 _ %
o =E ( ) [ J 2
3a’°
= b +abta” |:b a:| Substituting E(XZ)ZL X x—4dx
2 »3a°
b> +ab+a’ {b +2ba+a} — lim [ 22-dx
b—oda x
—1; b 3.2
_4b’ +4ab+4d’ 3’ +6ba +3a’ =lim | 3a’x"dx
12 12 . . b
_ 4> +4ab+4a> —3b* —6ba—3a’ = lim 3a [‘;}
12 . N 1
b* —2ba+a’ =lim3a’ | ——-| ——
= b—oo b a
12 |
(b—a)2 . =3a3[0+—}
= Variance a
12 3
&
o=Ne v
3 (b—a)2 =3d’
12 ,u=E(x)=3—a Mean
b—a . 2
= Standard deviation )
2\/_ o’ :E(xz)—[E(x)]
=3a* - 3_a 2
2
_32 94°
4
124> 9a
4 4
2
=3L Variance
4
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Exercise Set 5.5

o=+o"
2
=, ’3% = a;/g Standard deviation

57. f(x)= %x, [0,2]

m 1
Jy Fx)ax=>
m] 1

Jo 5=
lJ‘Omxdx =%
J‘mxdx =1

—
>< (=}
8| T
L
S E
Il
—_

m 0
2 2
"y
2
m> =2
m=v2
58. f(x)==x", [-1]]
[ (e)dx =
I 2
méxzdx=l
12 2
HE
2], 2
m () 1
2 2 2
m 1 1
—_r =
2 2 2
m3
- =0
2
m=0

59. f(x)=ke™, [000

60.

~—

+e’ =
—e " 1=
l_ —k-m
5=
1 —k-m
ln(§j=ln( k )
In(1)-1In(2)=-k-m [in1=0]
—In2
=m
-k
In2
—m
k

Standardize 16.
_l6—u

‘702

We are looking for a value of ¢ for which

P(z<c) =%=0.02 .Now, ifc >0, then

P(z<c)=P(z<0)+P(0<z<c)

=0.5+P(0<z<c)
Then,
P(0<z<c)=P(z<c)-05
=0.02-0.5
=-0.48

Which is not possible. Therefore, ¢ <0, and
P(0<z<c)=05-P(z<c)

=0.5-0.02

=0.48

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley



604

61.

Looking in Table 2 for the number closest to
0.48, we find that 0.4798 and 0.4803 are the two
closest numbers. Since we want to ensure that
only 1 bag in 50 will have less than 160z we
select the larger value 0.4803.

This value corresponds to ¢ =2.06, but in our
case ¢<0,soweuse ¢c=-2.06. We set
z=-2.06 and solve for u.

2.06=10"#
0.2
(—2.06)(0.2) =16 - u
—0412=16—u
©-0412=16
1=16+0.412
U1=16.412

The mean weight should be adjusted to
16.412 oz to ensure that only 1 bag in 50 will
have less than 16 oz.

Standardize 8.5.
_85-u
0.3
We are looking for a value of ¢ for which

P(z > c) = ﬁ =0.01. Now, since we are

guarding against overflow we will havec >0 .
We have:

P(z>c)=P(z20)-P(0<z<c)
=0.5-P(0<z<c)

Then,

P(0<z<¢)=05-P(z>¢)
=0.5-0.01
=0.4900

Looking in Table 2 for the number closest to
0.49, we find that 0.4901 and 0.4898 are the two
closest numbers. Since we want to ensure that
only 1 cup in 100 will overflow we select the
larger value 0.4901. This value corresponds to
c=2.33.Weset z=2.33and solve for u.

233=327H
0.3
(2.33)(0.3)=8.5-u
0.699 =8.5— 1
U+0.699 =8.5
U =8.5-0.699
(1 =17.801

62.

63.

64.

Chapter 5: Applications of Integration

The mean volume should be adjusted to 7.801
oz to ensure that only 1 cup in 100 will
overflow.

Answers will vary. The should include

finding the expected value, the mean, the
variance, and the standard deviation of a
continuous random variable. The areas for a
standard normal distribution are also defined in
terms of an integral.

Answers will vary. To show that a

particular function g(x) is not the antiderivative
of f(x),find g'(x)and show that
g'(x) = f(x).

Using the fnlnt feature on a calculator, we have

[~ e dx=1.772.

—oo

Exercise Set 5.6

Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

y=x
from x=0tox=1

v=['2l7(x)] ax

Substituting O for a, 1 for b,
and x for f(x).

Volume of a
solid of revolution

V=] alxf ar

1
V= Oﬂxzdx
X :
3 0
AT 3
=3[1-0]

- 1)

= %, or about 1.05
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v=["alf(x)] ar
V= J‘Ozlr[x]z dx
I

{ 3 T
B 3 0
7
= 5[23 - 03J

= 8?”, or about 8.38

Find the volume of the solid of revolution

generated by rotating about the x-axis the region
under the graph of

y=vx

from x=1tox=4

V= Lbﬂl:f(x):lz dy ~Volumeofa

solid of revolution

4 2 .
_ / Substituting 1 for a, 4 for b,
V= J‘1 ”|: X:| dx and x for f(x).

V= Jf zxdx

~Awr]
=21

= 157”, or about 23.56

v=["alf(x)] ar

V= fﬂ[Zx]z dx

V= J:/r~4x2dx
3 3
3
1
_47r 3 43
=53]
_A7 6
3
1047

, or about 108.91

605

Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

y=e
from x=-—2tox=5
b 2 Volume of a
V= .[a ”[f(x):l dx solid of revolution

V= Js ﬂ'[ex :|2 dx Substituting —2 for a, 5 for b,
-2 and e* for f(x).

=Z[e" —e*], or about 34,599.06
2

v={"z{r(x)] ax
V= J: 7Z'|:€X :|2 dx
v=[ zetdr

= §[64 —e® :I, or about 85.76
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Find the volume of the solid of revolution
generated by rotating about the x-axis the region

under the graph of
1
y==
X

from x=1tox=3

V= J‘jﬂ[f(x):lz dx

2
3 1
V= 7Z'|:—:| dx
1 X

Volume of a
solid of revolution

Substituting 1 for a, 3 for b,
and 1/x for f(x).

31
V=| 7 —dx
1 X
(.
V—Jl Tx " dx

— 3:|
=T ——
4

= 3%, or about 2.36

10.

11.

Chapter 5: Applications of Integration

Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

2

e

from x=4tox=9

v=["alf(x)] ar

4]

% =Jjﬁ-%dx

Volume of a
solid of revolution

Substituting 4 for a, 9 for b,
and 2/+/x for f(x).

V= 4;rjjldx
X

=47[ln x]?1
=47[In9—1n4]

=4rxln (%), or about 10.19

v=["alf(x)] ar

V= jf ;{%}2 dx

4 1
V=Jl ﬂ';dx
V=rx 41dx

I x

=7r[lnx];1
=7[In4-1n1]

= rrln4, or about 4.36

Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of
y=4
from x=1tox=3
b 2
v=["z[f(x)] dx

Volume of a
solid of revolution

V= [laf ax S e
v =["167dx

=167[x]

=167[3-1]

=167[2]

=32, or about 100.53
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12. V= 2[f(x)] ax

V= j [5] dx

V= jl 257dx
= 257r[x]f
=257[3-1]

=507, or about 157.08

13. Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

y=x'
from x=0tox=2

V= Jabﬂ.[f(x):lz dyx ~ Volumeofa

solid of revolution

_ Jz T x2 2 Substituting 0 for a, 2 for b,
and x2 for f(x).

V= JOZ xtdx

Y
-3

= BzTﬂ-, or about 20.11

3[(2+1 —(- 1+1)3]
=§[27]

=9, or about 28.27

607

15. Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

=+l+x

from x=2tox=10

1% :Jbﬂ_[f x :IZ dx Volume of a

solid of revolution
10
v=[ Vi x]

Substituting 2 for a, 10 for b,
and I+x for f(x).

10
V= 7[(1+x
2

[ 2]10
72’[ (1+10) —(1+2) ]

=510 -07']

T
="[121-
“[121-9]

=22
2

=567, or about 175.93

16. V=["a[r(x)] ax
= ["a[2Vx] ax
V= le Arxdx
o]
=27[2" 1" ]

=27[3]
= 67, or about 18.85
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17. Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

4-x°
from x=-2tox=2

V= Jbﬂ_[f(x):lz dx Volume of a

solid of revolution

2 I
ﬂ_[ ] Jx Substituting 2 for a, 2 for b,

and V4-x2 for f(x).

= 32—” or about 33.51

18.

19.

Chapter 5: Applications of Integration

Find the volume of the solid of revolution
generated by rotating about the x-axis the region
under the graph of

y= rz _ xz
from x=—-rtox=r

V= Jbﬂ_[f(x):lz dx Volume of a

solid of revolution

V= J ﬂ'|: V —x :| dx Substituting —r for a, r for b,
‘md\/:forf
V=] A - ax
_ S
X
=7x|rix——
3

The graphs are semicircles. Their rotation about
the x-axis creates spheres of radius 2 and radius
r respectively. In Exercise 18, by finding the
volume of the solid of revolution created by

rotating y =~/r’ —x* , we actually derived the

general formula for finding the volume of a
sphere with radius 7.
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V=j”r:[fx

V= j [ Vinx ] dx
=j 7 In xdx
= z[xInx— x]2

7[[ ene’ —¢’

ﬂ'[ '.’ae3 -

ﬂ[2 ’]

, or about

Using Formula 8
(e Ine— e):|
e e):l

126.20

21. Find the volume of the solid of revolution
generated by rotating about the x-axis the region

under the graph of

y:
from x=1tox=2

V= Jabﬂ[f(x):lz dx

V= len[\/;]z d&x

V= le ntxe " dx

Volume of a
solid of revolution

Substituting 1 for a, 2 for b,

and Vxe™* for f(x).

2

= ﬂ'[( 1)2 e (—x —1)] Using formula 6
-1

2
Le” e

2

1

= ﬂ(ﬂ), or about 1.04

e

o 1T
22. v:jl ;{—} dx
X

V= le 7rxl—2dx

= -[1 X 2dx

. b ,2
=lim| zZx "dx

b—oo 1

r 1 b
. X
=lim| r—
b—oo -1 !

b
. v
=lim| ——
b—oo X

. v T
=lim|——-| ——

b—oo b ( 1):|

[ =
=lim| ——+—

I74>¢>°_ b 1:|
=[0+7]

=7

23. Using the fnlnt feature on a calculator with

609

successively larger values of the upper limit, we

find that the integral diverges.

+1o0md .6 1. 1086
B

V3. B4 7ERET]
CORMo el 0]
4%, 1. 1800

1813829414

fr
+1

- e

In
o
A4

Therefore, the surface area of Gabriel’s horn

does not exist.
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Exercise Set 5.7
1. Solve:y'=5x"
y= ij4dx
5
= s(x—]+ c
5
=x’+C

This solution is called a general solution
because taking all values of C gives all the
solutions. Taking specific values of C gives
particular solutions. The following are particular
solutions of y'=5x*. Answers may vary

depending on the choice of C.

y=x"
y=x" -1
y=x"+r1
Solve: y' = 6x’
y= j6x5dx
6
=6/ = |+C
6
=x+C General Solution

Three particular solutions follow. Answers may
vary.

y=x°
y=x"-1
y=x"+1x

Solve:y'=e* +x
y= J(ezx + x)dx
1 1
== +=x"+C

2 2
This solution is called a general solution
because taking all values of C gives all the
solutions. Taking specific values of C gives
particular solutions. The following are particular
solutions of y' = ¢** + x . Answers may vary
depending on the choice of C.
y — _62)( +_x2

2 2

1,1,
=—e¢"+—x" -3
YT0 T

y =lez‘” +lx2 +3
2 2

Chapter 5: Applications of Integration

Solve:y'=e* —x+2
y= J‘(e“ —x+2)dx

1 1
= Ze“ - Exz +2x+C General Solution

Three particular solutions follow. Answers may
vary.

1 1
y=—e" ——x* +2x
4 2

y zle“ —lxz +2x—4
4 2
1 4x 1 2

y=—e" " ——x"+2x+57.2
4 2

8
Solve: y'=——x> +x°
X

y=j §—)cz-i-x5 dx
X

=81nx—lx3 +éx6 +C

This solution is called a general solution
because taking all values of C gives all the
solutions. Taking specific values of C gives
particular solutions. The following are particular

. 8
solutions of y' = —— x> + x” . Answers may vary
x
depending on the choice of C.

y=81nx—lx3+lx6
3 6
1L, 1
y=8lnx——x"+—x"+5
3 6

y =81nx—lx3 +lx6 -17
3 6

3
Solve: y'= =+ x> —x*

X
y=j E-ch—)c“ dx
X

=3>lnx+lx3 —%xs +C

Three particular solutions follow. Answers may
vary.

y =31nx+lx3 —lx5
3 5

1 1
y=3Inx+=x'——x" -7
3 5

y =3lnx+lx3 —lx5 +§
3 5 3
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Solve y'=x*+2x—3, given that y =4 when
x=0.
First, find the general solution.

y=fy'dx
= [(x* +2x-3)dx

yzéx3 +x° =3x+C

We substitute y =4 and x =0 into the general
solution to find C.

4=(0)' +(0)' -3(0) +C

4=C
Thus the particular solution determined by the
given condition is

1
y=§x3 +x° =3x+4.

Solve y'=3x>—x+5, given that y =6 when
x=0.
First, find the general solution.

y=Iy'dx

= J(sz —x+5)dx

y=x —%xz +5x+C
Substitute to find C.
6=(0)’ —%(o)2 +5(0)+C

6=C
Thus the particular solution determined by the
given condition is

1
y=x3—5x2+5x+6.

Solve f'(x) = x% —Xx, given f(l) =-6.
First, find the general solution.

f(x) = _[f'(x)dx
= j(x% —x)dx

f(x) zgx% —%xz +C

We substitute —6 for f (x) and 1 for x into the

general solution to find C.

10.

11.

611

5 2
6=2-Lic
5
_6_§+l:C
5 2
-60 6 5
- 4= =
10 10 10
S
10

Thus the particular solution determined by the
given condition is

_3 % 1., 6l
O RTI

Solve f'(x)=x* +x, given f(1)=-7.
First, find the general solution.

f(x) = jf'(x)dx
= j(x% +x)dx

f(x) =%x% -i—%x2 +C

We substitute —7 for f (x) and 1 for x into the

general solution to find C.

—7= 2(1)% +%(1)2 +C

7
—7=§+1+C
7 2
115
——=C
14

Thus the particular solution determined by the
given condition is

5 %, 1., 115
X)==x" +—x"——.
f() 7 2 14
Show that y = xInx +3x—2is a solution to
1
y'-—=0.
X

First find y' and y" .
y=xlnx+3x-2

1
y'=x-—+1-Inx+3
X

=Ilnx+4

Then we substitute into the differential
equation, as follows
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12.

13.

1
n__:O
X
I 10
X X
0 |0

Since a true equation 0 = 0 results, we know
that y = xInx+3x —21is a solution of the

differential equation.

Show that y = xInx —5x+7 s a solution to

1
y'——=0.
X

First find y' and y" .
y=xlnx—-5x+7
1
y'=x-—+1-Inx-5
X
=lnx-4

Then we substitute into the differential
equation, as follows

" 1
y -—=
X
1 1
———10
X x
0 |0

Since a true equation 0 = 0 results, we know
that y = xInx —5x+71is a solution of the

differential equation.

Show that y = e* +3xe"is a solution to
y'=2y'+y=0.
First find y' and y" .
y=e¢e" +3xe"
y'=e" +3(xe‘” +ex)
=e" +3xe’ +3e"
=4e" +3xe*
y'=4e" +3(xe‘” +ex)
=4e" +3xe" +3e*

=7e" +3xe"
Then we substitute into the differential
equation, as follows

14.

15.

Chapter 5: Applications of Integration

y'=2y'+y=0

(76‘” +3xe” ) - 2(46‘” +3xe” ) + (e‘” +3xe” )
Te* +3xe" —8e* —6xe” +e* +3xe*
(7-8+1)e" +(3-6+3)xe"

0+0

0
Since a true equation 0 = 0 results, we know

S O o o O

that y = e* +3xe” is a solution of the differential
equation.

Show that y = —2¢* + xe" is a solution to
y'=2y'+y=0.
First find y' and y" .
y=-2¢" +xe*
y'=-2e" +xe" +e"
=—e" +xe"
y'=—e"+xe" +¢

= xe*
Then we substitute into the differential
equation, as follows

y'=2y'+y=0

(xex)—Z(—ex +xe*)+(—2€x +xe*) 0
xe* +2e¢" —2xe* —2e" +xe* |0

0

0

(2—2)6‘ +(1 —2+1)xex
0+0
010
Since a true equation 0 = 0 results, we know

that y = —2e" + xe” is a solution of the
differential equation.

Solve P 4x’y
x

First, we separate the variables, as follows:

dy=4x’ydx  Multiplying by dx.
d
LA =4x*dx Dividing by y.

y

We then integrate both sides:
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J‘% = J4x3dx

1n| y| =x'+C
4
|y| =e' " Definition of logarithms.
4
y — iex +C
—+ o C .
y=xe -e Properties of exponents.
4 c
y=Ce" [Cl =te ]

Thus, the general solution to the differential

o 4
equationis y = C,e* , where C, = te .

16. Solve j—y =5xy

X
First, we separate the variables, as follows
d
@ 5x*dx.
y
We then integrate both sides:
d
[ =[5xtdx
y
1n| y| =x+C
):5 +C
y|=e
f=e” e
y= t+e* - e€
y=Cle‘5 [Cl =iecJ

Thus, the general solution to the differential

. . 5
equationisy =Ce* , where C, = +e€.

17. Solve 3y’ ? =8x

x
First, we separate the variables, as follows:
3y2dy = 8xdx Multiplying by dx.

We then integrate both sides:
ijzdy = _[8xdx
y =4x’+C
y= 3 4)6'2 + C Taking the cubed root

of both sides.
Thus, the general solution to the differential

equation is y =x/4x* +C.

18. Solve 3y’ ? =5x

by
3y*dy = 5xdx
I3y2dy = _[Sxdx
y? zgxz +C

y= ﬁ%xz +C

Thus, the general solution to the differential

equationis y = ﬁ%xz +C.

19. Solve d_y = 2_x

dx y
First, we separate the variables, as follows:

2

dy = X ix
y

ydy = 2xdx Multiplying by y.

We then integrate both sides:
Jydy = J2xdx

Multiplying by dx.

1 2 2
—y =x+C
27

y2 =2x*+2C

y =2 +C,, [c, =2C]

Thus, the general solutions to the differential
equation are

y=4/2x +C, andy = —2x° +C, , where

C, =2C.

20. Solve d_y -

dx 2y
2ydy = xdx
JZydy zjxdx
y? =lx2 +C
2
y? zlx2 +C
2

1
=+, [=x"+C
Y72

Thus, the general solutions to the differential
equation are

/1 > /1 >
=, —x+Candy=—,/—x"+C.
Y 2 Y 2
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21. Solve d_y = E
dx 'y
First, we separate the variables, as follows:

6
dy=—dx Multiplying by dx.
y

ydy = 6dx Multiplying by y.
We then integrate both sides:

Jydy =J6dx
%yz =6x+C

y* =12x+2C

y=+J12x+C,, [C =2C]

Thus, the general solutions to the differential
equation are

y=4/12x+C, and y =—,/12x +C,, where

C =2cC.

22. Solve ﬂ = l

dx y’
ydy = Tdx
jyzdy=J7dx
[
gy‘ =Tx+C
y’ =21x+3C
y' =21x+C, [C, =3C]

y=321x+C,

Thus, the general solution to the differential
equation is y =3/21x+C,, where C, =3C.

23. Solve y'=3x+xy; y=5, whenx =0.
First, we separate the variables, as follows:

d d
4 =3x+xy Replacing y' with _y.
dx dx
dy
—=x(3+ Factoring.
dx ( y) actoring
dy=x (3 + y) dx Multiplying by dx.
d
Y dx Dividing by (3 +y).
3+y

We then integrate both sides:

Chapter 5: Applications of Integration

[=2 = [ xax

3+y
1n(3+y):%x2+C [3+y>0]
2
3+y=e?
2
3+y=e? €€
2
y=e? ¢ =3
x2
y=Ce? -3 [Cl =ec]

Thus, the general solution to the differential
2

equationisy=C,e? —3 where C, = ¢°.
We substitute O for x and 5 for y to find C,.

0%

5=Ce? -3

8=C,e’

8=C, 1

8=C,

Therefore, the particular solution is
2

y= Sex7 -3.

24. Solve y'=2x—xy; y=9, whenx=0.
First, we separate the variables, as follows:

dy
_=2x_
dx v
dy

~Z —x(2-
o= x(2-)
d
Y _ xx.
2-y

We then integrate both sides:
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dy
Jﬂz‘[xdx
—In|2-)]| =%x2 +C

ln|2—y| = —%xz -C

2

p-yf=e™

C

2

2—y=iei2 e €

2

—y=te 2. -2

2

-y=Ce * =2 [Cl =ie’CJ

2

y=2-C 167'7
2
y= 2+C26J7 [Cz = _Cl]
Thus, the general solution to the differential
2
equation is y = CzeJT +2 where C, =te™“.
We substitute 0 for x and 9 for y to find C, .

0?

9=Che * +2
7 =C2€0
7=C,

Therefore, the particular solution is
2

y=Te 2 +2.

25. Solve y'=5y7; y=3, whenx=2.
First, we separate the variables, as follows:

ﬂ = 5)172 Replacing y' with ﬂ

dx dx

dy =5y dx  Multiplying by dx.
yzdy = 5dx Multiplying by y2.
We then integrate both sides:
Jyzdy = Jde

1 v =5x+C

3

vy =15x+3C

y=315x+C, [C, =3C]

Thus, the general solution to the differential
equation is y = 3/15x+C, where C, =3C.
We substitute 2 for x and 3 for y to find C,.

26.

27.

615

3=315(2)+C,

3=330+C,
27=30+C,
3=,

Therefore, the particular solution is

y=3/15x-3.

Solve y'=7y; y=3, whenx=1.

dy -2

"
y'dy = Tdx
We then integrate both sides:
Jyzdy = J7dx

1 y' =7x+C

3

vy =21x+3C

y=321x+C, [c, =3C]

We substitute 1 for x and 3 for y to find C,.

3=321(1)+C
27=21+C,
6=C,

Therefore, the particular solution is

y =321x+6.

Solve dy =3y
dx

First, we separate the variables, as follows:

dy =3ydx Multiplying by dx.
d
& =3dx Dividing by y.
y
We then integrate both sides:
d
[ = [3dx
y
In | y| =3x+C
3x+C
b =e
y — ie3x+C
y=te e
y=Ce" [Cl :iec:|

Thus, the general solution to the differential
equation is y = C,e’", where C, = £¢°.
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28.

29.

30.

Solve dy =4y
d

X
ﬂ=4dx
y
dy
J;—J4dx
In|y|=4x+C
|y|:e4x+C
y= ie4x+C
y=te* e
y=Ce" [C1 :iec]

Thus, the general solution to the differential
equation is y = C,e**, where C, = te°.

Solve d—P =2P
dt

First, we separate the variables, as follows:
dP =2Pdt Multiplying by dt.

dp
— =2dt Dividing by P.
P
We then integrate both sides:
dP
= =[2ar
P
In|P|=2t+C
|P| — ezr+C
P — i62t+C
P =xe - ef
P=Ce" [Cl = iec:l

Thus, the general solution to the differential
equation is P = C,e*’, where C, = te°.

Solve C;—I; =4pP
d—P =4dt
P
d?P = j4d;
In|P|=4t+C
|P| — e4t+C
P — ie4r+C
P=+e* ¢
P=Ce" [C =]

Thus, the general solution to the differential
equation is P = C,e*, where C, = e .

31.

32,

Chapter 5: Applications of Integration

Solve f'(x) = 1 4x+x , given that
X

==

Integrating, we have:

F(x)=[r(x)dx
=I(%—4x+\/;jdx

=Inx—2x2 +§x% +C

We substitute 1 for x and % for f (1) to find C.

23
=+
3

9=C
Therefore, the particular solution is

f(x) =Ilnx—-2x’ +§x% +9.

R'(x)=300-2x

(x) = jR'(x)dx

(x)=[(300—2x)dx
=300x—x"+C

Substitute to find C.

0=300(0)—(0)" +C

0=C
Therefore, the total revenue function is
R(x) =300x—x>.

R
R
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33. C'(x)=2.6-0.02x
(x) = JC'(x)dx
(x)=[(2.6-0.02x) ax
=2.6x-0.01x> +K
We use K as the constant of integration so we

do not confuse it with total cost.
Next, we substitute to find K.

C(0)=120
2.6(0)-0.01(0)" +K =120
K =120

Thus, the total cost function is
C(x) =2.6x-0.01x" +120.

The average cost function is given by:

A(x) :M

_2.6x-0.01x" +120
X

C
C

=2.6-0.01x +@.

X

34. a = hkl
dt

a) A _ hkar
I
dl

= jhkdz

Inl =hkt+C I1>0
I = e/1kt+C
I — ehkr . eC
I=Clehkt [Cl =ecj|
The general solution to the differential
equation is I = C,e"", where C, = €.

b) Substituting the initial condition 1, =7(0),

we have
I, = Clehk(o)
I, =C,

So the particular solution is 1 = 1,¢"" .

35.

617

dP =200
dC (c+3)"

a) Integrating, we have

P(C)= jﬁdc

= -200[(C +3) % dC
=200 ) 4k

-0, K, [K, = —200K]

(c+3)”

_ 400

Jo+3 !

We substitute 10 for P and 61 for C to find

10 = 400 e

Jo1+3
10= 400 +K,

8
10 =50+K,
-40 =K,
Thus, the particular solution, given the
400
conditions is P(C)= —40.
( ) NC+3

b) The firm will break even when P =0.
Substituting, we have:
400

Jo+3

400

Jc+3
40/C +3 =400
Jc+3=10
C+3=100
C=97

When total cost is $97, the firm will break
even.

0= —40

40 =

36. Substituting the information given in the

problem, we have

dv

— =k(24.81-V)

dt
We solve the equation by separation of
variables.
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v
24.81-V
| _V__ [ kat
24.81-V
~In(2481-V)=kt+C  [24.81-V >0]
In(24.81-V)=—ki—C
2481-V =¢"¢
2481-V=¢".e€
—V=e" e -24381
V=2481-¢"-¢°
V=2481+Ce™ [C =—¢C]
Substitute to find C,.
20=24.81+C,e "
—4.81=C,
Therefore, the particular solution to the
differential equation is
V(t)=-4.81e™" +24.81.
37. 0 R__k
das S+1
First, we separate the variables, as follows:
k
dR =——-dS Multiplying by dS.
S+1

We then integrate both sides:
k
Jar =[——as
S+1
R=kIn(S+1)+C  [S+1>0]
The general solution is R =k ln(S + 1) +C.

b) We substitute the initial conditions to find C.

R=kIn(S+1)+C
0=kIn(0+1)+C

0=kln(1)+C
0=k-0+C
0=C

Thus the particular solution given the initial
conditions is R = kln(S +1) .

) It is reasonable to assume that a

consumer will receive O pleasure units by
consuming 0 units of a product.

38.

39.

Chapter 5: Applications of Integration

E(x):%; g=ewhenx=4

Elasticity is given by
E(x)=-2.%
q dx
Therefore,
_X.dq_4
g dx x’
Solving the differential equation by separation
of variables, we have:

_xdg_4
q dx x
ﬂ=—izdx
q X

J‘% = J‘—4x’2dx

lnq=i+C [q>0]
X
4ic
qg=e*
4
qg=e* e
q :Cle% [Cl :ec:|

Substitute to find C,.
4

e=Cet
e=Ce
1=C,

4

Therefore, the demand function is g = e*.

E(x) ¢ =190 when x = 10

—_— x .
200-x’
Elasticity is given by
d
E(x)= X4
q dx
Therefore,
x dg  x
g dx 200—x’
Solving the differential equation by separation
of variables, we have:
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Exercise Set 5.7

_Xd9__ x
g dx  200—x

ﬂ - ! dx

q 200 —x
J'ﬂ - _J ! dx
q 200 —x

Ing =1In (ZOO—X)+C [Z&?ipo]
g= n(200-x)+C
q — 6111(2007)() . eC
q=C (200~ x) [c=¢]

Substitute to find C,.
190 = C, (200-10)
190 = C, (190)

1=,

Therefore, the demand function is
q =200—x.

40. E(x)=2; forallx>0
Elasticity is given by
E(x)=-2.%

q dx

Therefore,

X dq _
q dx

Solving the differential equation by separation

of variables, we have:

X dgq —»
q dx
d
—qz—gdx
q x
d 2
I—qz—J—dx
q X

lnq:—21n(x)+C [q>0,x>0]
Ing=Inx"+C

_ ln(x2)+C
_ lln2 (o
= -e
q:C lnvf2 |:(:1 :eC:I
q=C-x”
Cl
9=
X

Therefore, the demand function is g = —21
X

619

41. E(x) = n; for some constant n and all x > 0.
Elasticity is given by
E(x)=-*.%
q dx
Therefore,
X dq
_; e

Solving the differential equation by separation
of variables, we have:

_X.dq _
q dx
ﬂ=—£dx
q X
dq n
M (24
2
Ing=-nln(x)+C [¢>0,x>0]
Ing=Inx"+C
q= eln(x*”)w
eln)f" eC
qg=Ce" ! [Cl =eCJ
g=C,-x"
X

Therefore, the demand function is g = —’i

42. a) Solve d—P= kP
dt

d—P=kdt
P
dP
j?=Jkd1
InP=ki+C [P>0]
P=ekt+C
P:ekH—C
P=ekt -eC
P=C1€kt |:C1 =ec:|

Thus, the general solution to the differential
equation is P = C,e", where C, = €.
b) Substituting the initial condition we have
P =C 20
£y =C,

Therefore, the solution is P = P,e".
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43.

44.

45.

4R _ R

ds S
First, we separate the variables

dR de Ml'l'de

——— =K' — ult 1n, -

R S plying by R
Then we integrate both sides.

dR d
j_ = I L)
R S

InR=kInS+C [S,R>0]

InR=InS"+C

R= elnSk +C

R= elnSk e

RZCIeI"Sk [Cl zec]

. 46.

R=C,-S
Thus the solution to the differential equation is

R=C,-S" where C, =¢“.

d
Solve d_y =5x'y’ +x°y°
X

First, we separate the variables, as follows 47.
dy 4, .3\.2

—=5x"+x

il SRS

d

—Z = (5x4 + x3)dx. 48.
y

We then integrate both sides:
d
J‘—z = J.(5x4 +x3)dx
Yy
1 1
——=x"+—x'+C
y 4
4 4.5 4
——=4x" +x" +4C
Yy
—4 = (4x5 +x* +Cl)y [C1 = 4C]
—4
4x° +x* +C,
Thus, the general solution to the differential

=Yy

equation is y = m, where C, = 4C.
1

~1/x ﬂ 2 .2

Solve e =x

X

First, we separate the variables, as follows
dy B el/x
2T 2

y X
We then integrate both sides:

dx.

Chapter 5: Applications of Integration
d
J‘—f = Jx’ze”xdx
y
=—""+C [u =x",du= —xiz]

1/x
=e'"=-C

=(el/x_C)y
1

1/x
e —-C
Thus, the general solution to the differential

=Yy

1
equation is y = P where C, = —C.
+

/x
e 1

Answers will include finding consumer and

producer surplus, the many applications of
exponential growth and decay, applications of
probability, finding the volume of a solid of
revolution and the many applications of
differential equations.

It is necessary to use the + because of the
absolute value in the equation.

@ _3

dx 'y

ydy = 5dx

jydy=J5dx

1. =5x+C

2)’

y> =10x+2C

y' =10x+C, [, =2C]

y=%/10x+C,

Thus, the general solution is

y=4/10x+C, andy = —/10x +C, , where

C =2C.
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